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ABSTRACT. This paper establishes the orderability of contact manifolds
which are quotients of fillable contact manifolds under finite group ac-
tions compatible with the filling, the prototypical example being RP?"~!
as the quotient of S>"~'. Our approach employs an equivariant formu-
lation of the so-called contact Floer cohomology theory. This leads us
to develop an analogue of Givental’s nonlinear Maslov index using the
k[[z]]-module structure on an equivariant version of contact Floer coho-
mology. A key idea is that mapping cones of continuation maps detect
crossings with the discriminant (recall that Givental’s index is a contin-
uous integer valued function on the complement of the discriminant).
To properly handle the inherent non-canonicity in defining such map-
ping cones, we lift the structure of contact Floer cohomology to chain
level by defining it as an co-functor on a suitable co-categorification of
the Eliashberg—Polterovich orderability relation on the universal cover
of the contactomorphism group.

1. Introduction

Let G denote a finite group; our main results concern rigidity phenomena
for contact manifolds Y which admit the following additional structure:

Definition 1.1. A G-filling of a compact contact manifold Y is an 0pe7ﬂ
convex-at-infinity symplectic manifold (W,w) with a contact-at-infinity sym-
plectic G—actz’mﬂ whose ideal restriction acts freely on the ideal contact
boundary OW , and a contactomorphz’snﬂ Y — OW/G. We say that Y ad-
mits an aspherical G-filling if the filling can be chosen so that w vanishes
on spherical homology classes.

In a sentence: we prove Y is orderable in the sense of [EP00] if it admits an
aspherical G-filling W and the G-action on W is not free.

Date: May 11, 2026.
Here open means that each connected component of W is non-compact.
2Each g € G acts by a symplectomorphism of W which commutes with the Liouville
flow in the convex end of W; see [AAC25| §2.1] for our conventions on convex ends.
3Note that Y inherits a preferred coorientation from any G-filling.
1
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1.1. Background. To start, let us recall some basic concepts in contact ge-
ometry. Let (Y2"~1 &) be a contact manifold. The group of diffeomor-
phisms preserving its contact structure is denoted by Cont(Y); elements
of this group are called contactomorphisms. A contact isotopif|is a path
ot € Cont(Y), defined for ¢ € [0, 1], based at ¢y = id, and we denote by
CI(Y') the group of all such contact isotopies. The quotient of CI(Y') by the
subgroup of contractible loops is the universal cover of Cont(Y").

Attempts to study Cont(Y’) and its universal cover have long been a major
theme of contact geometry. In [EP0Q], Eliashberg and Polterovich propose
to study these groups via the following relation: let us say that ¢o; < 1
if there is a path in CI(Y") from ¢g ¢ to @14, say ¢+, such that:

(1) s+ ps1(y) is never negatively transverse to £ for each y € Y.

Note that, in order for this to make sense, we require that £ is cooriented.

If po,+ and @1 differ by a contractible loop, then they are mutually related
by <, and so the relation descends to the universal cover of Cont(Y"). If the
induced relation on the universal cover of Cont(Y) is a partial order, then
Y is called orderable; otherwise, Y is called non-orderable.

It was shown in [EP00] that certain contact manifolds are orderable:

e real projective spaces RP?"~! (with standard contact structure),
e prequantization bundles over certain symplectic manifolds,
e spherical cotangent bundles ST* M, for certain M H

Since [EP00], much research has been done concerning orderability of con-
tact manifolds. A particularly noteworthy milestone is [EKP06] which es-
tablishes the non-orderability of the ideal boundary of stabilizations W x C%
of Liouville manifolds W when d > 2; in particular, S3,5%, ..., with their
standard contact structure, are all non—orderableﬁ

The tool used to prove orderability of RP?"~! is Givental’s “non-linear gen-
eralization of the Maslov index” from [Giv90, [Giv91], defined on the univer-
sal cover of the contactomorphism group of projective spaces using equivari-
ant cohomology of generating functions. Let us recall here that Givental’s
index is a map p : CI(RP?"~1) — 7Z satisfying:

(G1) (monotonicity) pu(po) < (1) if wor < w145

4To lighten the notation, we use the symbol ¢, rather than, say {¢¢:t € [0,1]}, to
denote contact isotopies. In the same way, a path of contact isotopies is denoted s ¢.
This notational convention is the same as the one used in, e.g., [Can23] [CHK23| [Can24b)].

5For the state of the art result that all spherical cotangent bundles are orderable we
refer the reader to [CN16, Theorem 1.1.].

6See also [HS24] for the case of W x C if W is T*S* or is a Weinstein manifold with
dimension at least 4.
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(G2) (continuity from above) pu(p:) = limg_,o4 u(Rsrpt) for any positive
contact isotopy Rs

(G3) (normalization) p(id) = 0;

(G4) (non-triviality) pv attains arbitrarily large values;

(Gb) (discriminant) p is constant on the path-connected components of
the complement of the discriminant.

Recall the discriminant in CI(Y') is the subset of those p; such that i has
a fixed point x satisfying ¢ja; = ay, for some/any contact form « near z.

One of our main results (Theorem involves the construction of invari-
ants satisfying through for contact manifolds Y other than real
projective spaces, and using Floer theory (settling Givental’s claim in [Giv9Tl,
pp. 43] that a Floer theoretic approach to his index should be possible).

Remark 1.2. Givental’s index famously generalizes the Maslov index: under
the inclusion Sp(2n) — Cont(RP?"~!) his index pulls-back to the Maslov
index; in particular, this yields [(G3)| and |(G4)] The index we define in
Theorem also has this property, see Proposition [1.12

Property suggests that “sufficiently positive paths” must intersect the
discriminant. This is related to the dynamics of Reeb vector fields. Recall
that a Reeb vector field is any vector field R whose flow preserves ¢ and
which is positively transverseﬁ to the contact distribution &. Let us denote
the time s flow of R by the symbol R,. It then follows that:

Vst = 90;1 o Ry (defined for s € R)

satisfies limg 400 pt(10s) = £oo. In particular, since Givental’s index is
locally constant on the complement of the discriminant, 1) ; must intersect
the discriminant for infinitely many values of s.

In Sandon’s work [Sanllal [Sanllbl [Sani2, [Sani3], the values of s when
s+ intersects the discriminant were discovered to be the critical values of
suitable generating functions and were called lengths of translated points.

Definition 1.3. The spectrum Specy(¢:) of ¢; relative to a Reeb flow R, is
the set of numbers s € R such that (pt_l o Ry lies in the discriminant.

The work of [AMI3] [AMI8] develops an elliptic Morse theory for a pair
(R, ¢+) whose associated spectrum of critical values is Specp(y¢); their the-
ory is based on the Rabinowitz—Floer homology (RFH) theory of [CF09).

The approaches of Sandon and Albers—Merry led to the introduction of
spectral invariants, namely, functions cg : CI(Y) — R satisfying:

(R1) (spectrality) cr(¢t) € Specg(vt).

A positive contact isotopy Rs is one for which the curves s — Rs(p) are positively
transverse to the contact distribution

81t can be shown that each Reeb vector field satisfies a(R) = 1 and da(R, —) = 0 for
a unique contact form «; indeed, many authors define Reeb vector fields in this way.
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The existence of such a spectral invariant is not guaranteed, as it implies
the spectrum is non-empty, a fact which is not always true; see [Can24al.

More recently [Can23, [DUZ23|, [(Can24bl [DUZ25] constructed such spec-
tral invariants for certain contact manifolds Y using Hamiltonian Floer
(co)homology in a symplectic filling; one requires that Y admits a filling
W satisfying certain hypotheses; we refer the readers to [Can24b, [DUZ25)]
for more details. This led to the construction of spectral invariants satisfying
(R1)| and four additional properties:

(R2) (monotonicity) cr(vor) < cr(e1e) if wor < 14,
(R3) (continuity from above) cr(p:) = lims_o4 cr(Rstr), where R is
any Reeb flow,

(R4) (normalization) cr(id) =0,

(R5) (sub-additivity) cr(votp1.t) < cr(wor) + cr(e1t)-
One of our main results (Theorem guarantees the existence of such
measurements under the assumption that Y admits a G-filling W with at
least one point with non-trivial stabilizer (for the G-action).

Such a spectral invariant is sufficient to guarantee the orderability of Y:

Proposition 1.4. The existence of cr satisfying [(R1) through |(R5) implies
Y is orderable.

This statement is known in the literature (see, e.g., [AA23]). We quickly
review the argument; the first step is to prove:

Proposition 1.5. Any spectral invariant cgr satisfying azioms |(R1) through
(R5) also satisfies:
lcr(wo,t) — cr(ipre)| < distalpot, 14),

where dist, is Shelukhin’s Hofer distance [Shel7] associated to the contact
form o whose Reeb flow is R.

Proof of Proposition[1.5 If po+ < Rgpi14 then:
cr(wot) < cr(Rstp1,e) < cr(p1e) +cr(Rst) < cr(pre) + s,
where the last step follows from:

cr(Rst) < lim cr(Ry i)k = (s/k)k = s;
k—ro00

here we appeal to the spectrum gap for Reeb ﬂowﬂ to conclude that s/k is
the only number in the spectrum of Ry, which lies in some small neigh-
borhood of 0. Thus:

lcr(po,t) — cr(p1e)| S min{s: por < Raprr and 14 < Rapoy}
< dista (0.t ¢1,t),
where the latter inequality is well-known; see [AA23] [Nak23]. O

9R, has no discriminant points if s € (—h,0) U (0, i) for some h > 0.
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Proof of Proposition[I.4 It follows easily from continuity and spectrality
that cr(Rs) = s, and hence dist, (1, Rgt) > s. This implies, by work of
[Hed24] that Y is orderable. O

Remark 1.6. The emerging picture from the spectral invariants cg is of a
contact geometry analogue to the well-known theory of spectral invariants
for Hamiltonian diffeomorphisms of symplectic manifolds initiated by [Vit92),
Sch00}, [Oh05], except there is one such structure for each Reeb flow R (as
with the Hofer-type norms in [Shel7]). However, certain closed contact
manifolds, e.g., the non-orderable ones, do not admit such structures (this
contrasts with the symplectic setting where all closed symplectic manifolds
are supposed to admit spectral invariants).

Remark 1.7 (Hypertightness). It does not seem to be too hard to adapt the
methods of this paper and [AFM15, [AFM17, [Oh21), [(Can24b, [DUZ25| to show
that any counterexample Y to the Weinstein conjecture admits invariants
of type through The essential idea is to exploit the fact that
any counterexample to the Weinstein conjecture is hypertight, that is, has
no contractible Reeb orbits for some Reeb flow R. For such manifolds, one
can “do Floer theory” directly in the symplectization SY, by appealing to
the compactness results of [BEHT03].

Remark 1.8 (Reeb orbits). Let us comment on the relationship of the in-
variants p satisfying through and the existence of Reeb orbits:
any contact manifold Y admitting such a measurement p must admit closed
Reeb orbits. Indeed, since u(Rs) can only change when R crosses the
discriminant, and p attains arbitrarily large values, so Rs must intersect
the discriminant for infinitely many values of s. This observation and the
discussion in Remark shows the invariants of type p are, in a certain
sense, rarer than the invariants of type cgr

1.2. Statement of main results and examples. Recall Definition [1.1| on as-
pherical G-fillings.

Definition 1.9. Let p; € CI(Y'), and let W be a G-filling of Y. Define a W-
contractible discriminant point of ¢y to be a discriminant point x such that
t — oi(x) lifts from'Y to OW and any lift is a contractible loop in W. The
W -contractible discriminant is the subset consisting of those ¢, € CI(Y') for
which ¢t has a W -contractible discriminant point.

Theorem 1.10. Let G be a finite group and suppose that'Y is a contact man-
ifold admitting an aspherical G-filling W . If the G-action on W possesses at
least one point with non-trivial stabilizer, then there exists a contact spectral

invariant cg satisfying [(R1) through |[(R5) for any Reeb flow on'Y .

101, fact, in certain cases, it will follow from our construction Theorem that the
values when u(Rs¢) changes are periods of contractible Reeb orbits (we need to assume
the map 71 (OW) — w1 (W) is injective to make this deduction).
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Moreover, cg(pt) is the value of s for which Ry o 80;1 has a W -contractible
discriminant point.

Thus we prove that all such manifolds Y admit spectral invariants for each
Reeb flow, in the sense of Remark and are, in particular, orderable.

If we assume moreover that SH(W) = 0 then our construction produces a
measurement u generalizing the Maslov class:

Theorem 1.11. Assume the hypotheses of Theorem[1.10. If, in addition, the
symplectic cohomologﬂ SH(W;Z/pZ) vanishes for some prime number p
dividing the cardinality of a stabilizer of the G-action on W, then there is a

measurement p : CL(Y') — Z satisfying properties|(G1) through|(G5),

Moreover, u can be chosen to satisfy the strengthened version of |(G5):
is constant on the path connected components of the complement of the W -
contractible discriminant.

The obvious example of Y satisfying the hypotheses of Theorem and
is RP?"~! with its standard contact structure, since it admits the
7./27-filling C™ with a fixed point, and C" is known to have vanishing sym-
plectic cohomology (for any choice of coefficients k). Similarly, our theorem
applies to the standard lens spaces L, p > 1, obtained by quotienting S ntl
by the Z/pZ action generated by z — e2™i/Pz and we recover some of the
results of [GKPS21], [AAS24].

The fact that our measurement generalizes the Maslov class can be made
quite precise:

Proposition 1.12. Suppose W = C", with the antipodal Z/2Z-action. If o is
an isotopy valued in the subgroup Sp(2n) whose time-1 map does not have 1
as an eigenvalue, then p(py) = CZ(p) —n, where the Conley-Zehnder index
associated to a non-degenerate linear symplectic flow is as defined in, e.q.,
[PRSZ20, Chapter 8][17

The proof of this proposition is given in §5.4.8 In the following subsections
we give concrete examples of manifolds to which both Theorem and

can be applied.

1.2.1. Quotients of stabilized cotangent bundles. Let W = T*M x C¢ and
suppose that Z/pZ acts smoothly on M with isolated fixed points. There is
an induced action on T* M by canonical transformations — importantly, this

HThe symplectic cohomology SH(W; Z/pZ) is a well-studied invariant for convex-at-
infinity manifolds; see, e.g., [Vit99} [Sei08| [Rit13]. To be concrete, we follow the conventions
of [CHK23| [Can24b], and work only in the free homotopy class of contractible loops. The
orientation scheme needed to work with primes p > 2 will be explained in

12For 1 to be normalized to zero, we require CZ(R.;) = n for € € (0,1), where R is
the standard Reeb flow on the sphere S?"~ !, extended radially to C". The quadratic
Hamiltonian generating this linear isotopy is e |z|>.
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action preserves the Liouville form Ap«ys. Then Z/pZ acts diagonally on W,
where the action on C? is by multiplication by e?™/P. This action preserves
Ar<0 + Aca, and thus has an ideal restriction; this is a free action on OW
because the action on M has isolated fixed points. Let Y = 0W/(Z/pZ). In
this setting, Theorem [1.10] applies if the action on M has at least one fixed
point. If, in addition, d > 0, then Theorem applies. The case when
M = pt recovers the case of RP2%~! and the lens spaces discussed above.

Interestingly, [EKP06, Theorem 1.16] and [HS24, Corollary 1.3] show the
ideal boundary 9(T*M x C%) is non-orderable (for d > 2 by [EKP06], or
d>1if dimM > 1 by [HS24]), and hence does not admit measurements

satisfying |(R1)| through |[(R5)| or |[(G1)| through [(G5)

1.2.2. Non-primitive prequantization spaces. Let (B,w) be a symplectic
manifold, and suppose there is a unitary line bundle 7 : W — B satisfyin

c1 = —|w]. As explained in [McD91), pp. 656], there is a natural way to equip
W with the structure of a symplectic manifold which is convex-at-infinity
(the construction uses the unitary structure on W). The fiberwise action of
e2mi/P ig g symplectomorphism with fixed point set equal to the zero set B.
If B is symplectically aspherical, it is known that the non-equivariant reg-
ular symplectic cohomology SH(W;Z/pZ) vanishes (this is shown in, e.g.,
[CHK23] in the case p = 2). Therefore Theorem and apply to
Y = (0W)/(Z/pZ), when B is aspherical.

The construction shows that OW is naturally identified with the unit circle
bundle in W, and that Y is simply the ideal boundary of the negative
line bundle W®? with base space (B, pw). The orderability of such Y was
established already for a special class of aspherical B in [EP00, §1.3.C].

Note that in order for our methods to apply, we require that Y = gW®P
for p > 1, ie., Y is “non-primitive,” with respect to the tensor product.
Some assumption is clearly necessary, since Y = S?"~! (which is a primitive
prequantization space) is non-orderable [EKP0G, HS24].

As a comparison, using the generating function approach of [Giv90, [Giv9l],
the work of [BZ15], [Zap20], (GKPS21] establishes the existence of measure-
ments satisfying through for certain special choices of ¥ — in
these constructions the base B is a toric manifold; see also [Sanl3| Ter21]
which uses generating functions to show Specp () # () for all ¢ and a spe-
cific Reeb vector field R when the base B is a closed monotone symplectic
toric manifold (provided that Y is not the standard contact sphere).

L3Recall that ¢; is the deRham cohomology class of represented by any differential
two-form c¢ solving da = 7*¢, where « is a global angular form, i.e., a is a one-form on W
which restricts to (2m) ' (zdy — ydz)/(2* + ¢?) in each fiber.
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Floer theoretic approaches also have been developed to study the orderabil-
ity (and construction of spectral invariants) for prequantization spaces; see
[ASZ16], and the RFH approach'] of [AF12, [AMTS, [AK23, BKK24] [

1.3. Infinity categorification of the Eliashberg—Polterovich relation. The ar-
guments used in the proofs of Theorems and are based on mapping
cones of chain maps. We briefly preview the set-up:

e to each contact isotopy ; lying in the complement of the discrimi-
nant (see Deﬁnition, we will associate a chain complex CFoq(4);

e to each non-negative path ¢ between ¢g; and ¢1; we will
associate a chain map CFeq(00,t) = CFeq(1,4);

e the mapping cone of this chain map is related to the intersections of
the path ¢, with the discriminant.

It is known that it is difficult to work with such cones on the level of homol-
ogy groups (e.g., this leads to the theory of triangulated categories). Many
arguments can be presented much more simply when one is working “on
chain level.” On the other hand, it is also known to be somewhat difficult to
properly keep track of chain homotopy terms when working on chain level.
A modern but well-established approach to working on chain level is the
theory of oco-categories following [Lur(9, Lurl7].

The first goal in this section (continued in §2.1)) is to introduce an oo-
category C(Y) of contact isotopies. Roughly speaking, an infinity category
is a collection of sets Cr(Y') of k-simplices, for k = 0,1,..., together with
“face” relationships between these sets of simplices. The 0-simplices should
be considered as the “objects” of the category and the 1-simplices should be
considered as the “morphisms.” In our construction, the 0-simplices Cy(Y)
are contact isotopies ¢, lying outside the discriminanﬂ and the 1-simplices
C1(Y') are the non-negative paths ¢, as in . Each 1-simplex ¢s; € €
has two faces in Cy(Y'), and these are simply the endpoints ¢g ¢ and @1 of
the non-negative path.

In a general co-category, the k-simplices represent homotopies between mor-
phisms and their compositions. The definition of the set of k-simplices Cx(Y")
in our oco-category is of the form:

(2) {“coherent” cubes [0,1]*7! — {non-negative paths [0, k] — CI(Y)}} .

Ly emphasize that here the spectral invariants we construct are monotone and
sub—additive and these properties are not established in the existing RFH literature.

15The paper [AF12] generalizes Givental’s work [Giva0, [Giv0l] in a different direction
from our paper. Their construction does not produce integer valued measurements for
contact isotopies ¢, but rather studies the “asymptotic growth rates” of Rabinowitz-
Floer homology groups when one iterates positive paths.

16The construction admits a minor variation where Co(Y) is the complement of the
W-contractible discriminant.
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d

The precise meaning of coherent will be explained in §2.11 We adopt the
following conventions in the edge cases when k£ = 0:

o [0,1]7" = {pt},
e a non-negative path [0,0] — CI(Y) is a chosen point.
The face and degeneracy maps for coherent cubes will be explained in

Our main structural theorem is that the equivariant Floer cohomology com-
plezﬂ induces an oo-functor:

(3) CFeq : €(Y) — NgyCh(K[[2]).

The right hand side is the so-called dg-nerve of the category of gradedlﬂ
chain complexes over the ring k[[x]]. The only piece of information we need
about this dg-nerve is how to define a functor valued in it. Luckily the
definition is rather compact:

Definition 1.13 (Taken from [Parl6l §7.6]). An co-functor (3) consists of the
following assignments:

e cach zero simplex 0 = @y is sent to a (graded) k[[x]]-module:
Vo = CFeq(1)

with a differential d, of degree 1;
e cach n-dimensional simplex o is sent to a map:

Co : VU\O — Va|n
of degree 1 — n; here o|j is the jth vertex of o.

These maps are required to satisfy the structural equation:

n—1

(4) (_1)j(ca\[j...n] © Cq[0...5] — cg‘[()jn]) =0 d0|0 + (_1)nd0|n O Cg.
1

<.
Il

Importantly, because 1-simplices are sent to chain maps, we can talk about
their mapping cones in a simple and canonical way. We now state the
theorem which will be used to prove Theorem and

Theorem 1.14. IfY admits an aspherical Z/pZ-filling W with p prime, then
there is an oco-functor for k = Z/pZ satisfying the following:

(a) the output CFeq(pt) is a finitely generated k[[x]]-module, for each
zero simplex ¢ € Co(Y),

(b) the homology of the cone of the chain map associated to any 1-
simplex in C1(Y) is x-torsion (i.e., multiplication by x¢ on the ho-
mology of the cone acts by 0, for some positive integer d ),

THere we are referring to the “Borel” version of equivariant cohomology, as advanced
by [SS10, [Seild] [SZ21] [GMP23], [Caz24l [SC25].
180ur gradings will be valued in the group 727 (or sometimes the trivial group).
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(c) if the Z/pZ-action on W has at least one fixed point, then the ho-
mology of CFeq(t) is not x-torsion, for any object pr € Co(Y).

d

The construction of the oo-functor is performed in §2| The proof of @
uses a local Floer homology argument in The proof of uses the PSS
isomorphism (Theorem [1.16)).

1.3.1. Homology level functor. Taking homology of the oco-functor in The-
orem [I.14] gives an ordinary functor:

(5) HFeq : hE(Y') — Mod(k][z]))

where h€(Y) is the so-called homotopy category|of C(Y") and Mod (k[[x]]) is
the category of modules over k[[z]]. Since HF o is a regular functor defined
on a regular category, we can take its colimit in the usual sense (as in, e.g.,
[Mac71]). This leads to the definition:

Definition 1.15. The equivariant symplectic cohomology SHeq(W) is defined
to be the colimit of in the category of k[[z]]-modules.

The k[[z]]-module SHeq (W) will be used to define the invariants cg and p.
As we shall see, the invariant p relies on the k[[z]]-module structure in an
important way.

1.4. PSS map. There is a larger co-category C(Y) such that Co(Y) = CI(Y)
and C(Y) C C(Y) is the full subcategory spanned by the contact isotopies
without discriminant points, (or W-contractible discriminant points, both
variants work equally well); see Remark

Inside this larger co-category C(Y'), we will define another co-category P(Y),
which we call the PSS category{””| Roughly speaking, simplices in P(Y") have
some of their vertices in €(Y"), and the other vertices are fixed at the constant
system id (see Definition for the precise definition). For the purposes of
the introduction, it suffices to say:
e any l-simplex id — o; in C(Y), with ¢; € €(Y), is in P(Y).

Such 1-simplices represent “continuation data” from the constant system id
to some output system ¢; € CI(Y), which must necessarily satisfy id < ;.

Theorem 1.16. Assume the hypotheses of Theorem[I.1]. Counting solutions
of moduli spaces of type [PSS96, [FSOT] defines an oo-functor:

(6) P(Y) = Nag(Ch(k[[z]]))
where:

e non-identity 0-simplices ¢y are sent to the outputs CFeq(¢1r) of the
functor from Theorem |1.1/);

see [Lur09, §1.2.3] for the definition of he.
20The name comes from [PSS96].
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o the identity 0-simplex id is sent to the equivariant Morse cohomology
complex CMeq(X) associated to a G-equivariant Morse-Smale pseu-
dogradient X which points outwards in the conver end of W (the

definition is reviewed in .

By virtue of how oo-functors work, the aforementioned 1-simplices in P(Y)
joining id to a ¢ € C(Y') are sent to chain maps:

PSS : CMeq(X) = CFeq(¢1)-

If we apply this to a 1-simplex of the form ps; = Rest, for € > 0 small
enough, then the induced map on homology:

PSS : HMeq(X) — HF oo (Rer).

s an isomorphism which can be understood as an equivariant version of the
PSS isomorphism of [PSS96, [FS07].

1.4.1. On canonicity. The reader may wonder whether our construction is
“canonical,” i.e., whether any two readers who follow our construction will
obtain the “same” co-functor. Our invariant is not canonical, in the same
way “the Morse complex” is not canonical: two readers can follow each
step of the construction correctly but pick auxiliary data differently and
end up with non-isomorphic complexes CF¢q(¢;) (they should, at least, be
quasi-isomorphic).

Our invariant is canonical in a weaker sense: there exists a canonical diagram
in the category of co-categories:

D(W) % NggCh(k][2]])

|7

e(Y)

where the vertical map is a trivial Kan fibration; see [Lur09, §2] or
for the definition. This diagram is canonical, in that two readers will agree
on the result. This statement is of course not entirely mathematical (and
borders on the philosophical). A more mathematical formulation of “canon-
icity” is that the diagram is well-defined up to a canonical isomorphism. A
similar statement holds with €(Y") replaced by the PSS category P(Y).

The oo-functor from Theorem is defined as a precomposition CFeq o s,
where s is a section of 7 (a similar statement holds for the oo-functor in
Theorem |1.16)). Well-known results from [Lur09] imply these sections exist
in abundance. Moreover, using basic properties of trivial Kan fibrations,
one can relate the two functors CFeq o s and CFeq 0 s’ by picking a “path”
between s and s’ in the “space” of sections and thereby prove the outputs are
chain homotopy equivalent. Such a comparison between sections s, s will
prove the homology level functors agree up to natural isomorphism. In this
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sense, the lack of canonicity is isolated into the single “contractible choice”
of section s.

Of course, such geometric language as “path” and “space” needs to be in-
terpreted properly, and we return to this more precisely in

1.5. Definition of the measurements. First [Alu09, Theorem IV.2.1] implies:
if a prime number p divides the order of the stabilizer of some point w € W,
then there is a Z/pZ-subgroup of the stabilizer. Then define Y’ to be the
quotient by the action of this Z/pZ subgroup. Since Y” is a covering of Y, it

is sufficient to prove Theorem and for Y’ instead of Y. Thus, for the
remainder of the discussion, we may suppose that Y =Y’ and G = Z/pZ.

We can therefore apply Theorems and

The quantities cgp and p satisfying Theorems and are defined in
terms of a unit element 1 € SHeq. It is constructed as follows: the chain
maps CMeq(X) — CFeq(p¢) from Theorem associated to a 1-simplex
©s.t, yield cycles 1(ps¢) € CFeq(pt) corresponding to the sum of local min-
ima in CMeq(X).

Lemma 1.17. The image of the element 1(ps;) in the colimit SHeq is inde-
pendent of the choice of 1-simplex @ ¢.

This lemma (proved in §5.1.1)) furnishes a canonical element 1 € SHey. Fol-
lowing [Can23|, DUZ23| [Can24b, [DUZ25] we define:

(7) cr(pe) :=inf {s: 1 is in the image of HFeq(p; ' 0 Rs) — SHeq(W)}.
In we prove that this definition of cg satisfies [(R1)| through [(R5)]

Turning to u, the new ingredient in Theorem is the hypothesis that
SH(W;k) = 0. We first explain how the classical symplectic cohomology fits
into the framework of our paper. Define the non-equivariant quotient as a
tensor productﬂ

(8) CFreq(t) := CFeq(0t) Qxfa] ks

where z acts by 0 on k. Its homology is denoted by HF¢q(¢¢) and we define:
SHpeq(W) := colimit of HF,eq(¢) over ¢y € hC(Y).

We show in that:

(9) SH(W:;k) =0 = SHpeq(W) =0,

where SH(W; k) agrees with standard definitions of symplectic cohomology,
such as the one in [Sei0§].

From and @D, there is a long exact sequence:

- — SHeq —— SHeq » 0

~

cey

2INote that this is a chain level construction, which cannot be directly accessed from
the homology level invariants.
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The measurement g satisfying Theorem [1.11] is:
w(pg) :=sup {d € Z : 279 is in the image of HFoq(¢¢) — SHeq(W)} ;

we extend from Cy(Y') (the complement of the discriminant) to all of CI(Y)
by continuity from above, i.e., in the unique way compatible with |(G2)

In we prove ([9) and show that p satisfies through |(G5)

1.6. Local Floer cohomology and cones of continuation maps. An impor-
tant ingredient is part @ of Theorem which asserts that cones of
continuation maps are always z-torsion. The key idea is that the cone of a
continuation map can be understood via the local Floer homologies of iso-
lated crossings with the discriminant. The rigorous development of this idea
is the object of §4 Beyond the statement about cones of continuation maps
being z-torsion, another important consequence of this theory is:

Theorem 1.18. If ¢, is a 1-simplex in C(Y') such that s does not lie on
the W -contractible discriminant, for each s, then the continuation map:

CFeq(0,t) = CFeq(1,t)
18 an isomorphism.

Consequently, if two isotopies po,p1,+ can be joined in the complement
of the W-contractible discriminant by any path (not assumed to be non-
negative), then the morphisms HFoq(pi ) — SHeq are isomorphic.

The first part of the statement goes back to [UZ22]. The method of proof
of the second part is to approximate any path by a zig-zag of positive and
negative paths; see [Ulj23] §9] and [DUZ25, §2.1.3] for further discussion of
such zig-zags. We prove Theorem [[.18]in §4.4.4]

1.7. On oo-categories. Since the oo-categorical language is not yet com-
pletely standard in symplectic geometry we recall here the reason for its
appearance in the Floer theoretic setting, as well as some basic properties;
the reader comfortable with oo-categories and their role in Floer theory may
skip this section.

One of the fundamental issues in Floer theory is that of invariance: how to
show that the chain complexes we construct do not depend (in a suitable
sense) on any choices auxiliary to the geometry at hand (e.g. almost com-
plex structures, choices of Morse-Smale pseudogradient, etc). Morally, one
expects these extra choices to be ultimately irrelevant whenever the space
of such choices is contractible, and more generally, certain allowable paths
in the data should give rise to chain maps.

In our setting we are naturally provided with the following setup: there
is a topological category Ciop(Y) whose objects are contact isotopies, and
whose morphism spaces consist of the non-negative paths connecting two
given objects. Lying over this (via a natural forgetful functor) is a larger
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topological category Diop (V) whose objects are all data necessary to define
the Floer cohomology complex, and whose morphism spaces consist of the
spaces of regular continuation data with specified endpoints. However, this
topological category Diop (W) and the dg-category of chain complexes do not
directly interact very nicely. The language of quasi-categories systematically
developed in [Lur09] provides a setting into which both dg-categories and
topological categories can be naturally integrated by means of taking the
topological and dg-nerves, Niop, Ngg respectively.

In the present paper the aforementioned oco-category C(Y') models the topo-
logical nerve of the category Ciop(Y'), and we define in §2.2.2|an co-category
of Floer data D(W) modeling the topological nerve of Diop(W); there is

forgetful functor D(W) — C(Y). We prove in §2.2.6|that this forgetful map
is a trivial Kan fibration:

Definition 1.19 (See [Lur(09, §2]). A trivial Kan fibration is a morphism of
simplicial sets D — C such that following lifting diagram is satisfied:

OA" —— D

3 .
L - ™
///

A" —— €

for all n > 0, where ¢ is the obvious inclusion map. If § — A is a trivial
Kan fibration, then 8 is called a contractible Kan complex, and should be
thought of as the simplicial set analog of a contractible space.

Trivial Kan fibrations and contractible Kan complexes enjoy many conve-
nient properties; the most important for our purposes is the following:

Proposition 1.20. Let 7 : D — C be a trivial Kan fibration. Then m admits a
section s. Moreover, the collection of such sections forms the zero simplices
in a contractible Kan complex S.

Proof. Define an n-simplex in the space of sections 8 to be a map
s:A"x B— FE

such that ms = prg. There is an obvious structure of a simplicial set with
these as the n-simplices. Since 7 is a trivial Kan fibration, monomorphisms
(injections) of simplicial sets have the left lifting property against m; see
[Lur09, Example 2.0.0.2]. By using this lifting property with the monomor-
phisms A™ x B — A™ x B, we prove that this simplicial set of sections §
is a contractible Kan complex. O

The general strategy is then as follows: There is a canonical Floer complex
functor:

CF : D(W) — Ngg(Ch(k[[z]]))



EQUIVARIANT CONTACT FLOER COHOMOLOGY 15

since the left hand side consists of exactly the data necessary to define Floer
theory. Then every section s of 7 induces a functor:

CFeq 05 : C(Y) = Ngg(Ch(k[[z]]))

by composition. Contractibility of the space of sections then says that any
choice of s (i.e., any compatible collection of Floer data) induces homotopic

Floer functors and, moreover, all such homotopies are themselves homotopic,
etc. We return to this discussion in §2.2.6|

Carrying out such a “chain-level construction” has the advantage of making
certain constructions (such as taking cones and tensor product@ consid-
erably simpler. In our case, it is used in §4] to verify that a certain Floer
complex may be expressed as a mapping cone for a very particular choice of
data, and it then follows by the abstract machinery that any other choice
of data extending the underlying system has the same property.

Such setups have been leveraged before in Floer theory to similar ends, cf.,
[Par16], [HLS20], [GPS20, §4], [Var21l, §A].

2. Equivariant Floer complex as infinity functor

The goal of the first subsection is to introduce the oo-category of con-
tact isotopies (continuing from the outline we gave in §1.3). In §2.2] we
prove Theorem [1.14] in the case p = 2, which has various differences and
simplifications from the general case p > 3, which we treat in and

2.1. Infinity category of contact isotopies. As an co-category, C(Y) is, first
and foremost, a special type of simplicial set; see [Lur(Q9, §A.2.7] for a review
of simplicial sets. This means that C(Y) is a contravariant set-valued functor
from the combinatorial simplex category, whose objects are non-negative
integers [0],[1],[2],..., and where the morphisms [i] — [j] are the non-
decreasing maps {0,...,i} — {0,...,j}. More prosaically, C(Y) is the data
of sets Co(Y), C1(Y),Ca(Y),..., where C;(Y) is called the set of j-simplices,
together with morphisms:

(10) [T :C(Y) — Ci(Y) for every morphism f : [i] — [j],
and such that the morphisms in are functorial.

2.1.1. Definition of the simplicial set. We deﬁnﬂ Cn(Y) to be certain co-
herent cubes of non-negative paths in the group of contact isotopies CI(Y);
to state the notion of coherency, we set some notation:

22WWe use a chain level construction in the definition of HFheq(p:) as the homology of
CFeq (1) Ox[pay k-

In this section, we primarily discuss the construction of €(Y"). However, the discussion
works equally well for constructing the larger category C (Y) (see , the only difference
being that O-simplices in the full-subcategory C(Y) C €(Y) are required to be in the
complement of the discriminant.
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A"™ has n + 1 vertices labelled vg, v1,. .., vp;

a line segment ¢ : [a,b] — A" is called a complete straight line path
segment provided it is of the form:

(1) 4(a) = vg— for some ¢ =1,...,n,

(2) £(b) lies in the convex hull of the vertices {vg, ..., v},

(3) U(s) = (b—a)"((b—s)l(a) + (s — a)l(b));

the convex hull of vy, ..., v, has barycentric coordinates:

Oo,...,0, satisfying #; >0 and g+ ---+ 0, = 1;

the speed one-form o is defined by the formula:

o= Zdej

and the integral of this over a complete straight line path segment
is a strictly increasing linear function.

This leads to the following definition{?’]

Definition 2.1. A straight line path from vy to vy, is a path € : [0,n] — A"
together with times 0 =19 < 11 < -+ < 1 < T, = n such that:

(1) Z(To) = Vo

(2) £(1q) lies in the convex hull of vy, ..., vy; in particular ((1,) = vy,

(3) on the interval [Tq—1,1,], ¢ equals the affine reparametrization of the
restriction of a complete straight line path segment starting at vy,

(4) the map T € [14—1,7¢| — () is parametrized with unit speed, i.e.,
the integral of the speed one-form on an interval of parameter length
T is equal to T

We denote by M(A™) the moduli space of all straight line paths in A™.

V2

Vo U1

FIGURE 1. Elements of M(A2).
It is a convenient fact that:

Lemma 2.2. If a straight line path ¢ passes through vy, then £=*(v,) = {q}.

Proof. Suppose that ¢(7) = v,. The total integral of the speed one-form
over [0, 7] is equal to ¢, since the speed one-form is exact with primitive:

Zj%‘-

24T his definition is closely related to other spaces of paths in the simplex, e.g., [Ada50],
[GPS20, Remark 4.1], and [Parl6l, Definition 10.1.14].
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On the other hand, since ¢ is parametrized with unit speed, the length of ¢
over [0, 7] is T, thus 7 = q. O
There is an obvious identification M(A!) ~ pt. Moreover:

Lemma 2.3. There is a canonical identification M(A™) ~ M(A"1) x [0, 1].
In particular, by induction,
M(A™) ~ [0,1]" L

The coordinates furnished by the proof will be referred to as cubical coordi-
nates.

FiGUurRE 2. Cubical coordinates on the moduli space of
straight line paths are ultimately derived from the points
p1 and po.

Proof. The identification is as follows: each straight line path ¢ in M(A™)
intersects the face opposite vg at some time 71 (), at a point p; = £(71({)).
There is a unique straight line path F'(¢) passing through v; such that:

e F(£)(7) lies on the line segment connecting vy and p; for 7 € [1, 71(¢)].
o F(0)(1) =L(r) for 7 > 11 (£).

Denote by M,, (A™) the moduli space of straight line paths through v;. Then
define G : M(A™) — M,, (A™) x [0, 1] by the formula:
G(€) = (F(£), E(p1)) where E(p1) = 02(p1) + -+ + On(p1)-
We claim that G is an identification; define for f € M, (A™) the time:
T(f,e):=inf{r >1:E(f(r)) =e}

and let ¢(f,e) = f(T(f,e)). There is a unique straight line path ¢ = H(f,e)
in M(A™) such that:

e U)oy, e)] parametrizes the line segment joining vy to ¢(f,e),

o lirererm = Flirre n):
It is then easﬂy verified that G(H(f,e)) = (f,e) and H(G(¢)) = £.

To complete the proof, we only need to observe the obvious fact that M,, (A™)
and M(A"~!) are canonically isomorphic; the restriction of any path in M,,
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to the interval [1,n] (and translating [1,n] — [0,n — 1]) gives a straight line
path in the simplex spanned by v1,...,v,. This completes the proof. O

Let us denote for future use these cubical coordinates as x1,...,Z,_1:
z;(€) = Oit1(pi) + Oiva(pi) + - -
where p; is the first position on ¢ valued in the convex hull of v;,...,v,.

Recall that the times 71,..., 7, from Definition satisfy £(7;) = p;.

Lemma 2.4. The times 7;(¢) are polynomial functions of the cubical coordi-
nates z;(¢) satisfying the relation 7;(¢) =i + x;(1i41(€) — 7).

Proof. By the unit speed requirement, 7; = 7;(¢) equals:

T = Zjej (pi) where p; is as above.

Since p; lies in the convex hull of v;, ..., v;+1, we can replace this by:
Ti—i=) (i —0;(p)-
7>

Now, because the line segment passing through p; and p;41 also passes
through v; it is not hard to see that:
250 = 0)0i(pi) 22550 —9)05(pit1) . :
= = j—10)0;(pir1) = 711 — .
> 1050 SO 2T ) =i

Thus, for i = 1,...,n — 1 it holds that:

T — 1= mi(nﬂ — ’i),

and so if 7,41 is a smooth function of z1,...,x,_1, then so is 7. Since
Tn, = n, which is smooth, it follows that all the functions are smooth. E.g.,
when n = 3 we have 73 =3, 79 =2+ 9, and 71 = 1 + x1(1 + x2). O

Definition 2.5. An n-simplex in C(Y') is a map:
O : M(A") — {piecewise smooth non-negative paths [0,n] — CI(Y)},
written ®(¢,s) € CI(Y), satisfying the azioms:

(N1) if t1(q) = l2(q) = vq and l1(p) = l2(p) = vp for ¢ < p, and {1 and
Uy agree on the interval [q,p], then ®({1,s) and ®(l2,s) agree for

s € [q,p];
(N2) if £(q) = vgq, the time-1 map of ®()(q) has no discriminant points;
(N3) the restriction to the ith level L;®(x,s), defined by:
Li®(x(l),s) = ®(l)(1i—1 + (75 — Ti—1))

is a smooth function on the cube. Here x({) refers to the cubical
coordinate representation of £. We require the levels piece together:

Llcb(l‘, 1) == Li+1q)(£6, 0)
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(N4) L;®(z,s) is independent of x; in a neighborhood of the faces x; = 0
and x; =1, fori=1,...,n— 1.

A zero simplex is simply a choice of element of CI(Y) whose time-1 map
has no discriminant points.

Remark 2.6. The simplicial set €(Y") is defined in the exact same way, except

we do not require axiom |(N2)|

We now explain how to endow [n| — €, (Y) with the structure of a simplicial
set. Suppose there is a morphism f : [n] — [m]; this gives an affine morphism
of simplices f: A" — A™ sending v; € A" to vy € A™. Then:

Lemma 2.7. For any straight line path £ in A™, there exists a straight line
path fil in A™ such that:

fol(r) = ful(p(r))
for a unique piecewise affine surjection p : [0,n] — [f(0), f(n)]. The restric-
tion fullif(0),f(n) 5 uniquely determined by f and (.

If m < -+ < 71,21 are the times associated to £, and o1 < -+ < o, are
the times associated to f.l, then p maps [1;,Titv1]| linearly into one of the
intervals [0, 0;41] (not necessarily injectively or surjectively).

Proof. The idea is more or less clear when f is injective. The technical part
of the argument involves the case when f is not injective. We argue as
follows. Let 79 < 7 < -+ < 75,1 be the times for ¢ as in Deﬁnition Let
i be the first index such that f(¢(7;)) lies in the convex hull of the vertices v,
with ¢ > f(0); if there is no such ¢, then f is constant, and the conclusions
are trivial when f.f is any straight line path passing through vyg) = vy(n)-

Then we claim that f o £|j; -, is a piecewise affine reparametrization of a
complete straight line path segment starting at vy). Indeed, it suffices
to show that each segment f o Z][Tjimj} for j = 1,...,% is mapped into
the straight line joining f(vp) and f(¢(7;)) in a monotonic way. This holds
because any complete line segment starting at v;_1 for j = 1,...,¢is mapped
to some line segment starting at f(vo).

Proceeding in this fashion, one constructs p and fil|(s() f(n)- One then
extends f.f to [0, f(0)] and [f(n), m] so that it is a straight line path (the
extension is otherwise arbitrary). O

Given f, £, let p, f.l satisfy the conclusions of Lemma[2.7] By the axioms in
Definition the values of ®(f,¢) on the interval [f(0), f(n)] are indepen-
dent of the ambiguity of f.¢. We then define:

(11) F (L) := (f:0)|(7(0),f(n) © P-

Importantly, this construction gives:

Lemma 2.8. The pull back f*® satisfies the azioms in Definition [2.5. Addi-
tionally, for any two such maps f, g, it holds that (fg)*® = g* f*®.
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Proof. The axioms|(N1)|through [(N4)| follow more or less immediately from
the properties of p and f,£ from and the formula in .

To analyze fg, we combine:

e g.lop,=gol and
o fi(gul) o pr = fo(g«l)
o (f9)slopsg=fgol

and use the uniqueness parts of Lemma [2.7] to conclude:

Prg = pfpg and fegl = (fg).l

where the latter equality must be restricted to [fg(0), fg(n)]. But then it
follows quite easily that:

(f9)"® = O((fg):l) © prg = B(frg<l) 0 pspg = (f*®(gul)) 0 pg = g" [*D.
Thus defines a simplicial set. O

2.1.2. Verification of the co-category axiom. An oco-category is not merely a
simplicial set, but is required to satisfy additional horn-filling properties; see
[Lur09, Definition 1.1.2.4]. See also [Lur09, Notation A.2.7.2] and [Lur09,
Example A.2.7.3].

Proposition 2.9. The simplicial set C(Y') is an co-category.

Proof. Recall the i-horn A;(A™) C A™ is the union of all codimension 1 faces
containing the vertex v;. For a simplicial set € to be an co-category, it must
have the property that any interior i-horn can be filled: any map (in the
category of simplicial sets):

A (A™) = €
extends to a map defined on A”™ provided that i # 0 and i # n.

To prove the interior horn filling property holds for C(Y'), we will use the
cubical coordinates x1,...,Z,_1 from Lemma [2.3

We need to build a map ® : M(A") — {non-negative paths [0,n] — CI(Y)},
which restricts to prescribed data on each face. In cubical coordinates:

e the face x; = 0 consists of all straight line paths through v;,
e the face z; = 1 consists of all straight line paths which remain in the
convex hull of all vertices not equal to v;.

Then, by the data prescribed on the i-horn, we see that the values of ® are
already determined on all the faces of the cube ezcept for the (interior of
the) face z; = 1. Thus we reduce the horn filling problem to a more classical
problem in topology: given a map ® defined on all faces of a cube, except
the interior of a face, can we extend ® to the entire cube?
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Recall that ® is supposed to satisfy the constraints|(N1) and [(N2)|on straight
line paths which pass through vertices: we now explain why these constraints
are unimportant.

Claim. Each straight line path corresponding to an interior point of [0,1]" 1,
or a point on the interior of the x; = 1 face, does not pass through any
vertices except for vy and vy.

The proof of the claim is easy: if a path passes through another vertex, then
its cubical point ¢ lies in a different face, say x; = 0, and so ¢ would not be
an interior point (by definition). OJ

Since the constraints and on ¢ are imposed on the paths which
pass through vertices vy, ...,v,_1, our problem reduces to the problem of
extending ® from the union of all faces, except the interior of z; = 1, to the
whole cube, remaining in the space of maps:

X = {non-negative paths [0,n] — CI(Y) from ®(vg) to ®(v,)},

satisfying the smoothness conditions [(N3)| and [(N4)l Any such extension
represents a valid n-simplex in C(Y') filling the horn. This existence of
some extension from the faces of the cube to the interior uses the Serre
fibration property for the map X — pt. Let () denote the cube, and let
P = 0Q — {z; = 1}. Using that the prescribed values of ® on P satisfy
axiom we can extend ® to a small neighborhood of P so that
holds for the extension. Then, one uses an appropriate vector field V' which
vanishes on a neighborhood of P to retract () into the neighborhood of P on
which ® has been extended. Pulling back the values of ® by this retraction
defines the desired extension. It is left to the reader to show that V can
be chosen so that ® satisfies The proof of is a straightforward
verification, and uses the fact that V' vanishes on a neighborhood of P. This
completes the proof of the theorem. O

Remark 2.10. The same exact argument proves that the larger category
C(Y), where we do not require vertices lie off of the discriminant, is an
infinity category.

2.1.3. Equivalent morphisms. In an oo-category, two 1-simplices o, 0y are
equivalent if there is 2-simplex X satisfying 3| 1] = 04, X|j02) = 0b, and
3|j1,2) = id, where id means a degenerate 1-simplex; see [Lur09, pp. 39].
Express 04 as 04,5 and similarly with . In our case, we can express X as
a family:

Exl,s,t S COHt(Y),

where 1 € [0, 1] is the sole cubical coordinate for M(A?), satisfying:
® Yot =04 for s €[0,1], while Xo s = 04,1t = 0p,1+ for s € [1,2],

1 E1,5/2,15 = Ob,s,t for s € [Oa 2])
e (fixed endpoints) ¥z, 0+ = 04,04 and Xy, 24 = 04,11, for all zy,
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From this description we see that: two 1-simplices o4, 0y are equivalent if
and only if 04, 15 homotopic to o5 in the space of non-negative paths in
CI(Y) with fized endpoints s = 0,1. It follows that the homotopy category
he€ is the category considered in [CHK23, 2.2.9].

2.1.4. On the complexity of C(Y). In many appearances of co-categories in
Floer theory, the co-category of data € is a contractible Kan complex (this is
the case, in, e.g., the treatment of Hamiltonian Floer theory in [Parl6]). In
such cases, the co-category itself is not of significant independent interest,
and its use is solely in achieving more canonical constructions (this is not
to say the use of co-categories is unimportant in these contexts). In other
appearances, such as [GPS20], Var21] the co-category of data € satisfies the
property that the natural map to the nerve of the homotopy category:

(12) e — N(he)

is a trivial Kan fibration (Deﬁnition. Such categories should be consid-
ered as equivalent to their 1-skeleton; see [GPS20, §4.4] and [Var21, §3.2.2]
for a related discussion. In these cases, the homotopy category hC carries
some amount of complexity, but no additional complexity is hidden in €. It
is notable that in our case, the category C(Y') does not satisfy this property.

Lemma 2.11. The morphism is not a trivial Kan fibration for € = C(Y)
if m(Cont(Y")) is non-trivial for at least one number k > 3.

Proof. The property we need about the nerve of the ordinary category hC
is that any map OA* — N(h€) extends to a map A¥ — N(hC), if k > 3.
In particular, if is a trivial Kan fibration, then any map 0AF — €(Y)
extends to a map A% — @(Y), for k > 3@ We will use the existence of
a non-trivial class f € 7x(Cont(Y)) to produce a boundary OAF — @(Y)
which cannot be filled, thereby proving the lemma.

First of all, by standard adjunction identifications, we can think of f as a
k — 1 simplex in C(Y') (see Definition 2.5)), i.e., as map:

0,12 = {[0,k — 1] = CI(Y)},

written fy s+, satisfying the properties that f; s; = id when (x,s,t) lies on
the boundary of [0,1]*72 x [0,k — 1] x [0, 1]. We suppose that f is smooth,

25Indeed, the information of a 3-simplex in N(hC) is a sequence of three composable

morphisms f, g, h, while the data of 9A% — N(hC) is the four sequences

e f, g on the {0,1,2} face,

e f,gh on the {0,1, 3} face,

e fg,h on the {0,2,3} face,

e g,h on the {1,2,3} face.
One can simply take f, g from the {0, 1,2} face and h from the {1,2, 3} face, and prove
that the three simplex (f, g, h) fills the map OA* — N(hC); the verification uses the fact
that the faces of the constituents of a map OA® satisfy various equations amongst each
other.
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so that it represents a (k — 1)-simplex in C(Y") (crucially, the non-negativity
assumption is automatic, since f; 51 = t¢d holds for all z, s).

Now consider I'(f) = OA* — €(Y') which agrees with f on the [1...k] face,
and agrees with id on each other face. Then:

Claim. If T'(f) can be filled to a k-simplex in C(Y'), then f represents the
trivial element in 7 (Cont(Y)).

Indeed, if so, then there exists F s; so that:

id for s € [0,1],

=0 = Fr {fxz,‘..,xkl,sl,t for s € [1,k +1].

and so that, Fy s; = id on all other faces of [0,1]*~! x [0,k] x [0,1]. The
only “tricky” face to establish is the face ¢ = 1. Because s — Fy 41 is a
non-negative loop based at id, and there do not exist C° small non-constant
and non-negative loopsﬂ it must hold that s — F, 1 is constant on an
open and closed set of values of x. Since the loop is constant for some values
of x, it holds by connectivity that s — Fj ;1 is constant for all values of x.
This completes the proof of the claim, and therefore of the lemma. ([l

Remark 2.12. In [CS16, Theorem 1] it is shown that i : U(n) — Cont(S?"~1)
is injective on homotopy groups. Thus the above result is not vacuous.

2.2. Equivariant Floer cohomology over characteristic two. We split the
proof of Theorem into the two cases p = 2 and p > 3. There are
differences between the cases:

e in the case G = Z/2Z, we consider EG as S C R* with the
antipodal Z/2Z-action, and use the shift self-symmetry of R :

7 (mosmiy--.) — (0,m0,m1, ... );

e in the case G = Z/pZ with p > 3, we consider EG as S® C C*
with the Z/pZ-action inherited from the circle action on C*°, and
we use the shift self-symmetry of C* instead of R*°. This leads to
various differences in the recipe for constructing equivariant Floer
complexes.

e in the case p = 2, so k = Z/27Z, we do not need to discuss orientations
in Floer theory, whereas the case p > 3 requires such discussion.

In the remainder of this subsection §2.2) we focus solely on the case p = 2.
26The non-existence of C° small non-negative and non-constant loops of contacto-

morphisms follows from the existence of generating functions and action selectors for
Legendrian isotopies in 1-jet spaces due to [Che96| see also [CS15)].
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2.2.1. Reminder of the Borel equivariant cohomology complex. Our ap-
proach to defining equivariant Floer cohomology complexes follows [SS10),
Seil5]. Their strategy is to emulate the Borel construction [Bor60] in the lan-
guage of Morse theory in such a way that it carries over to Floer theory. We
briefly recall the idea in the context of Morse theory: given a compact man-
ifold M with a Z/2Z-action, one considers pseudogradients on M Xz 97 S
of a specific type (some care is needed due to the non-compactness of S°).
Appropriately counting the flow lines of such a pseudogradient defines the
equivariant Morse differential.

One thinks of a pseudogradient P on M Xz/97 S as a Z/2Z-equivariant
vector field on M x S*°. It is convenient to fix a standard pseudogradient
V on S§°°, and then only consider P which are related to V under the
projection M x §*° — S°°. Such vector fields can be thought of as §5°°-
families of vector fields on M satisfying a certain Z/2Z-equivariance. In the
Floer theoretic setting, one similarly considers S°°-families of auxiliary data
as the necessary input to obtain a chain complex.

2.2.2. Auxiliary category of Floer data. As explained in we do not
directly define an infinity functor €(Y’) — Ngg(Ch), but rather construct a
diagram of the form:

D*(W) 2% Nygy(Ch)

(13) forgetl
e(y)

where D*(W) is a larger oo-category whose objects consist of all the nec-
essary data needed to define the Floer complex; for similar set-up, we refer
the reader to [Parl6l Eqn.7.0.1]. We will first define D(W) and then define
D*(W) € D(W) as a subcategory of “regular” simplices. The goal of the
present section is to construct D(W) and the forgetful map. In we
show that the forgetful map in is a trivial Kan fibration (see [Parlg,
Eqn. 7.5.3]). Precomposing CF, with a section of this fibration induces an
oo-functor €(Y) = Ngg(Ch); this is the co-functor satisfying Theorem m

The definition is in terms of Borel data, namely pairs (1, J) whereﬂ

e J is a G-invariant, w-tame and Liouville-equivariant-at-oo almost
complex structure on W,

e ¢y is a family of Hamiltonian isotopies of W depending on a pa-
rameter n € S

Borel data is supposed to satisfy the following:

(B1) (equivariance) g_1¢gn,tg = U,
(B2) (shift invariance) V() ¢ = Pnt, where 7 : R — R shifts by 1,

2TWe refer the reader to [SST0} pp. 1468] for a similar set-up.
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(B3) (polar) 1y, is independent of 7 in fixed neighborhoods of the poles,
(B4) (ideal restriction) the Hamiltonian generator X, ; of t — 1)y, is 7-
independent and Liouville-equivariant outside of a compact set.

Consequently there is a contact isotopy arising as the ideal restriction, de-
noted ¢; = IR(%y ). A piecewise smooth path of Borel dataﬂ

T E [O,TL] = (17[}7',77,25’ JT)

is said to be non-negative provided 7 € [0,n] — IR(%);,,) is non-negative.
Then an n-simplex ® € D, (W) is defined as a map:

(14) ¢ : M(A") — {non-negative paths [0, n] — Borel data}

satisfying the axioms of Definition [2.5] except for a minor rewording of the
second axiom:

(N2) if £(q) = vq, the time-1 map of the ideal restriction of ®(¢)(q) has
no discriminant points.

The same proof of the “horn-filling axioms” given in Theorem [2.9] works
here to show D(W) is an co-category. Moreover, there is an obvious “ideal
restriction” oo-functor D(W) — C(Y).

Inside of D(W) we will define a subcategory D*(W) consisting of those
simplices which achieve regularity, i.e., which render a certain (countable)
collection of moduli spaces transverse. We defer the definition of D*(WW)
and the proof that it is an oco-category to the end of the next section

2.2.3. Moduli spaces. First of all, we fix a pseudogradient V' on RP*. In
projective coordinates, the time s flow of V' is given by:

2

[k a1 :@e ... [xo:e’my i ePag .. ]

This pseudogradient on RP has one critical point v of each index k, and
we refer to these as poles. The lift of V' to the double cover S will also be
denoted by V', and it has two critical points vy + of each index, which we
also call poles. Let P(vi +) denote the space of parametrized flow lines of
V on S joining vp 4+ to vi +. These form open manifolds of the expected
dimension, namely k, and can be compactified to manifolds with corners in
a reasonable way; see, e.g., [Seil5, §3.1].

Each triple (@, k, £), where ® is an n-simplex in D(W), £ =0,1,2,..., and
+ is a sign, determines a moduli space M(®, k, ) of triples (¢, 7, u) of the
following type:

o £ Mm(A") ~ (0,1)",
o 7€ Plug+), and,
e u solves a suitable version of Floer’s equation on R x R/Z.

28The axioms andinvolve open neighborhoods, and these neighborhoods are
assumed to be uniform along any piecewise smooth family.
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Remark 2.13. As is typical in Floer theory, it is necessary to show M(®, k, +)
has certain compactness properties, which ultimately boil down to establish-
ing a priori estimates on certain energy integrals; see, e.g., [Can24bl §2.2.6]
and |[CHK23, §2.2.5] for some related discussion.

For technical use, we also fix a smooth function f : R — R such that:

e f'(t) is 1-periodic and non-negative,
e f’(t) vanishes in a neighborhood of 0, and,
e f(0)=0and f(1)=1.

and a [0, 1]-valued cut-off function p satisfying:

e p'(t) <0,
e //(t) is supported in the interior of the region where f =1,
e p(0) =1 and p(1) =0;

-\

F1GURE 3. Graph of auxiliary functions f : R — R and
p: R — R. We require the derivative p'(t) to be supported
in the interior of the interval where f = 1.

For similar use of such auxiliary functions f, p in setting up the continuation
equation, we refer the reader to [Can23, [CHK23, Can24b]m

The role of f will be the following: if 1), ; is a Hamiltonian isotopy, extended
to all times ¢ € R by the rule 1, ;11 = ¥y +1y,1, then we will consider the
time-reparametrization ¢, ¢;). We will also use f as a cut-off function:
given [a,b] and [c, d], the function:

b—s
b—a)

(15) s> T1(s)=c+ (d—c)f(

parametrizes [c, d] by [a,b] in a decreasing way.

Let us first consider M(®, k, &) in the case when n = 0, so M™(A") = pt
and £ is unimportant. Let X ; be the generator of ¢, ;(;, and consider the

291 order for our constructions to be canonical, in the sense that any two readers of
the paper will agree on all constructions, it is necessary that the readers pick the same
cut-off functions f, p. To make this choice canonical, we should give a precise formula for
the cut-off functions f and p. Such formulas can be found in any advanced calculus text.
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following equation for a pair (m,u):

u:RxR/Z— W and 7: R — 5%,

m'(s) = =V (n(s)) with 7(—00) = vy + and 7(+00) = vo 4,

Ost + J(u) (Opu — X (u)) =0,

the integral of w(dsu, dyu — Xy (s) ¢(u)) over the cylinder is finite.

(16)

See Figure [4] for an illustration:

FiGURE 4. Illustration of a solution to . With our coho-
mological conventions, v will be considered as the “input.”

Let us call Borel data non-degenerate provided the time-1 map 1,1 has
only non-degenerate fixed points when 7 is a pole. In this case, it follows
from that the solutions u are asymptotic to stationary solutions over
non-degenerate orbits of X,, | + and Xy, , + at the two ends.

At this stage, we impose our first regularity assumption for an n-simplex ®:
(1) If £(j) = vy, then ®(¢)(j) is a non-degenerate Borel data.

This ensures the asymptotics of solutions to behave well for all 0-

simplices.

We next define M(®, k,+) in the case of a one-simplex ®, which we write
in the one form (v ¢, Jr) where 7 € [0,1]. Write X, ; and Y, s, for the
generators of ¥, ¢(1_g) () With respect to ¢ and s, and (abusing notation)
let Js = Jya—s). Extend Xy s,V 1, Js from s € [0,1] to all of s € R by
requiring that 05Xy, s+ = 0sYy s+ = 0sJs = 0 holds for s ¢ [0, 1].

Then M(®, k,+) is defined to be the solutions (7, u) to:
u:RxR/Z— W and 7 : R — 5%,

7'(s) = =V (n(s)) with 7(—00) = vt + and 7(+00) = vo 4+,

(05t = p(t)Yr(s),5,¢ (1)) 4 Js(u) (Qpu — Xr(s),5.6(u) = 0,

the integral of w(Osu — p(t)Yr(s),s,t (1), Oru — Xr(s),,e(w)) is finite.

(17)

Let us note that |(x1)| implies that each solution w is asymptotic to non-
degenerate orbits at its two ends.

In general, we need to define M(®, k, ) for an n-simplex ® for n > 1. The
tricky part is “distributing” the continuation data onto the cylinder in a
way which relates the Floer theoretic breakings to the composition law of
the dg-nerve explained in .
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Define, for each ¢ € M(A™), the following intervals I3, ..., I, of R by:
(18) I;(0) = [si, 8; +w;] where w; =1 — 2,1 and s; = Zazj - x;l

j<i
in cubical coordinates ¢ = (z1,...,T,—1), with the convention that s; = 0
and wy = 1; see Figure |5l It is important to note that:
Lemma 2.14. The interiors of the intervals I1(£), ..., I (£) are pairwise dis-
joint. [l

We will define a version of Floer’s equation in a piecewise fashion by speci-
fying it on each interval. Recall Definition [2.1] introduced:

O=n<n< - <ma<m=n

where 7; is the first time for which ¢(7;) lies in the convex hull of v;, ..., vy,.
Also recall that Definition 2.5l introduced the ith level:

Li®(x;0) = ®(x;7i-1 + o(7; — 75—1)) defined for (z,0) € [0, 1]".
Write L;®(z, o) = (¢! Jo). Let X!, and Y}

w0t Jo 21,8 generate:

777757t

Ut (stwims) fwi) £ (1)
considered as defined on I; x [0,1]; here we are simply using the cut-off
formula given in . Similarly let J: = J}( ) (abusing notation
in the same manner as above).
Note that X, ., p(t)Y,r ;, Ji are smooth on I; x R/Z. The different vector
fields and almost complex structures for i = 1,...,n can be patched together
by a piecewise function:

Xg’s?t = Xg’s’t and p(t)YnliS’t = p(t)Yn{S’t and Jf = Jé if s € [si, 8 + wil,

and these can be extended to all of R x R/Z by requiring that:
0sX) oy =0sY, =0 JL =0

7,8,t
holds outside of (I,,U- - -UI1) xR /Z. The reader may worry about smoothness
when the widths w; tend to zero. However, since w; = 1 — x;_1, when the
widths w; are close to zero, the ith level L;®(x;0) is independent of x;_;
coordinate. Thus L;®(x;0) = L;®(Z;0) where 2,1 = 1. But L;®(Z;0) is
independent of o, because 7;,_1 = 7; if £;_1 = 1. In particular, as w; — 0,
L;®(x,0) becomes independent of o, and the above s-derivatives vanish.

(sitw;—s)/w;

Finally, we define M(®, k, £) as the moduli space of triples (¢, 7, u) such
that:

e MP(A"), 7:R — S, and u: R x R/Z — W,

7'(s) = =V (n(s)) with 7(—00) = vy + and 7(+00) = v 4,

(Ot — p(VE (1)) + T () O — X2y (1)) = 0,

the integral of w(dsu — p(t)Yf(s)787t(u), Opu — Xﬁ(s),s,t(u)) is finite.

(19)
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Practically speaking, M(®, k,+) is a parametric moduli space of continu-
ation cylinders, over the parameters (¢,7) € M (A") x P(v ). As one
varies the parameter ¢, the sub-cylinders I; xR /Z travel around on the cylin-
der. As ¢ approaches the boundary ;1 = 0, the sub-cylinder I; x R/Z drifts
off to s = —oo (leading to a Floer theoretic breaking). As ¢ approaches the
boundary z;_1(¢) = 1, the sub-cylinder I; x R/Z shrinks. Ultimately, such
considerations lead to the equation ; we return to this point in

- T §R R

FiGUureE 5. Illustration of the domain of a solution in
M(®, k,+), when @ is a n-simplex. The equation a solution
(¢,7,u) must solve is expressed in terms of n sub-intervals
[si, $; + w;] determined by ¢, and the values of ®(¥).

This leads to the second regularity requirement imposed on ®:

(¥2) the parametric moduli space of continuation cylinders M(®, k, +) is
cut transversally (in the parametric sense).

See, e.g., [Seildl, §3.2] for related discussion. We define D*(W) C D(W):

Definition 2.15. An n-simplex is reqular pmvided and hold for ®
and for i*® for all morphisms i in the combinatorial simplex category (this
imposes countably many transversality constraints). The collection of reqular
simplices is denoted D*(W)

Proposition 2.16. The subset of reqular simplices is a sub-oco-category.

Proof. This follows from standard results asserting “transversality is generic;”
indeed, the horn filling problem can be solved in D(W), and simplices can
be perturbed so as to lie in D*(W) (the perturbation can be made relative
the horn if all of the faces in the horn are already in D*(W)).

We should comment on how exactly we achieve transversality for the mod-
uli space M(®,k,4). As it is a parametric moduli space over (0,1)""!,
and solutions “break” into solutions of the lower parametric families as one
approaches 90, 1]"~1, one can inductively achieve transversality by perturb-
ing only the data in a compactly supported way in the interior of the cube
(0,1)"~!; moreover, we only perturb in a compactly supported way in W
to avoid influencing the ideal restriction. Since the perturbation is allowed
to depend on the location in the parameter space (0,1)"~!, the problem
boils down to one in [SS10, pp. 1468] and [Seilb) §4] where transversality for
families over the flow line spaces P(vy 1) is considered, (one also appeals to
standard techniques such as those in [MS12] §8]). O
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2.2.4. Definition of the equivariant chain complex. Let (1, J) be a single
Borel datum in D§(W). Following [SS10), [Seil5], we define:

CFeq(Yt, J) := CF () @ kl[x]],

where 1y = 1y, , + and where CF(1;) is the k-vector space generated by
contractible 1-periodic orbits of ;. The differential is defined as a power

series:
deg =Y aFdp =" a"(dpy + dp )

where dj, + counts solutions in the family M(®, k, ), as follows:
i+ (74) = Z {u(—00) : (m,u) € My(®,k, +)/R and u(+00) = 74},

di— (7)== 3 {g(u(—00)) : (m,u) € My (®, k, —)/R and u(+00) = 7+ }

Note that the dj _ term twists the orbit by g, which is necessary for the
count to make sense. Note as well that do _ is the usual Floer differential

and dg— = 0.

The fact that dzq = 0 is essentially an argument in family Floer cohomology,
similar to some discussion in [BC25, Lemma 42], and is explained in [SS10]
and [Seil5]. We briefly review the argument:

Proof that the equivariant differential squares to zero. As is usual in Floer
theory, we prove dgq = 0 by considering the non-compact ends of the 1-
dimensional moduli spaces Ma(®, k,+)/R. Here an end is a proper em-
bedding of [0,00) into the moduli space, understood via the unbounded
sequences (£, Ty, Uy ) which remain in the end. Of course, in this case ® is a
single choice of Borel data so ¢, € M(A™") is entirely irrelevant. We consider
two kinds of ends (7, uy):

(i) [mn] € P(vg,+)/R converges (but u, does not converge),
(ii) [m,] breaks into a limit in P(v, +)/R x P(vy, +)/R where l; + 1y =k
and both [; > 0.

As in [SS10) [Seil5] the fact that the pseudogradient is invariant under the
self-similarity map and the involution implies that:

{flows lines from vy, ¢, t0 Viy.eo } = P(Viy—i),e162)5

and it is with respect to this identification that only spaces of flow lines
starting at v 4 appear in the formula

The linearization of the parametric equation is a linear map:
TP(vk+) x WHP(uTW) — LP(uTW),
and the restriction to WP is a Cauchy-Riemann operator D,,, whose in-

dex depends on the asymptotic orbits v_, v+ and the homology class of [u]
relative v_,v4. We record the formula for its index:

(20) index(D,,,) = 2¢](u) + CZs(v4) — CZs(y-),
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where:

e 5 is any generic section of detc(7TW) non-vanishing along v,

e ¢ (u) is the signed intersection number PD(s~1(0)) N [u],

e the Conley-Zehnder indices CZs(v+) are computed using trivializa-
tions of TW|,, which render s constant;

see, e.g., [Sal97]; we also refer the reader to [Can22] and the references
therein for further details on this formula. In particular, along any sequence
in Mg(®, k,+) it holds that index(D,,) = 2 — k. In case one picks
representatives:

(s up,) € Ma(®, k,£+)/R

so that 7, converges (after passing to a subsequence). Then wu,, converges on
compact subsets by standard Floer theory to a solution u, in My(®, k, +)
with d < 2. By |[(*2)|it holds that:

(21) =My (@, k, £) = Mo(®, k,+) =0,

if k # 0, while if & = 0 then My(®,0,+) consists of only the stationary
cylinders. Note that if k£ = 0, then 7, is irrelevant, and the argument boils
down to Floer’s original argument and shows d2 = 0. Assume k > 0 for the
rest of the proof.

If u, does not converge uniformly, then it must break off non-stationary
Floer differential cylinders (solutions to the s-independent equation) at one
of the ends. Each Floer differential cylinder must have a positive index
, byand It then follows from that only one non-stationary
Floer cylinder of index 1 breaks off, and the other limit us is in My (®, k, +).
For each k > 1, the count of these breakings (interpreted in the usual Floer
theoretic sense) gives:
dody + didp.

Standard Floer theory gluing proves each hypothetical breaking in the fiber
product inside of M;/R x M;/R actually does appear as the end of the
moduli space My /R. In general we will suppress discussion of gluing.

Turning now to the other non-compact ends|(ii)l These breakings only occur
when £ > 2. In this case, if [m,| breaks into [7_], [71], we claim that [m,, u,]
must converge (after a subsequence) into a broken configuration [m_,u_]
and [m4,uy] in My /R x My /R. This is the only possibility compatible with
and the index formula . There is some small technicality regarding
how the breakings are interpreted, when the self-similarity and involution
maps are taken into account; see [Seild, pp.972] for related discussion. It
suffices to say that this technicality explains that the breakings of type |(ii)
correspond to the sum of compositions d;, dj, where l1 +1ly = k and [1,l > 0,
extending the case dpdy + dpdi to the intermediate values. In total, one
shows:
Z dy, dy, = 0, for each k
l1+1ls=k
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which is equivalent to dzq =0. g

2.2.5. Chain homotopies associated to higher simplices. We continue from
q1.3| Recall that a map D*(W) — Ngg(Ch(k][[z]])) is the data of:

(a) a finitely generated gradedm k[[z]]-module Vg with differential dg of
degree 1 for each zero simplex @,
(b) amap cg : Voo — Vo, of degree 1 —n for each n-simplex .
In the present case where char(k) = 2, these are supposed to satisfy:
n—1
(22) Cp|[j...n] © C@|[0...5] T p[[0...5..] = C@ © dojo T dpjp © €.
1[0...5...n]
j=1

The first stage @ is done: each zero simplex ® = (v, J) is sent to its
equivariant Floer cohomology complex Vg = CFeq(¢y,¢, J) with differential

de = deq as defined in
The second stage @ is satisfied by the following definition:

Cp = Zxktk = Zxk(ckHr + Ck7_)

where ¢, + are defined by:
et (74) = ) {u(—00) s u € Mo(®, k,+) with u(+o0) =7, },
ko (7) = 3 {g(u(—00)) : 1 € Mo(®, k, —) with u(-+00) = 7.}

It remains only to verify the equation (22)). Continuing the discussion §2.2.3]
we observe a relationship between the equation and the 1-dimensional
component M; (P, d,+). The moduli space admits a map:

0 My (®,d,£) — (0,1)",

which records the underlying straight-line path on A"™; this is used to assign
algebraic interpretations to the non-compact ends:

(1) cp|[j...n] © Ca|[0...j]: ends where x;({,) converges to zero,

(i) ¢g)p. j..n): ends where x;(£,) converges to one,
iii) ¢g o dg|y and d|p|, © c: ends where £, converges in (0,1)" L.
\ |

In the remainder of this section we make this informal sketch more precise.

Proof of equation . Let us recall how the parametric moduli space:
M(®, k, %) — (0,1)"
is defined. A given straight line path z € (0,1)" ! determines n sub-

cylinders I; x R/Z where I; = [s;, s; + w;]| are defined in . These sub-
intervals are mutually disjoint (except possibly at their boundaries), and

30We need to use 7,/27Z-gradings in certain signs when the characteristic of the field is
p > 3; in the case p = 2 we can use Z/1Z = 0 gradings, i.e., ungraded modules.
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ordered, I,, < --- < I} = [0,1]. On the ith subinterval I;, we implant a
continuation equation using the values of the ith level o — L;®(x;0), as de-
scribed in ((19). For x fixed, this gives a family of equations parameterized
by 7 € P(vg+), but as x € (0,1)""! also varies the intervals move around
and change widths; in total we have the parametric moduli space M(®, k, +)
over P(vg 1) x (0,1)" L.

Referring to the Fredholm index in , it holds that:
(23) index(u) + k+n—1=d for ({,m,u) € My(®, k,+),

As in |(i)| through let us study the parameter map £ : My — (0,1)"~ 1,
We begin with:

Claim 2.17. Along any end (€y, T, u,) € My (P, k,£) such that the z;({y)
converges to 1 but the other coordinates converge in (0,1)"~%, and 7, con-
verges, some subsequence will converge to a solution ({so,Too,Uxo) for the
restriction Mo((I)][O Jk, 1),

Proof of claim. Indeed, by definition, the n — 1 simplex (I)|[O...i.“n] is deter-

mined by restricting ® to only those paths which remain in the face opposite
vertex v;; these paths have L; 1P = const, and the levels of <I>|[0 are
given by:

L;®if j <1,

LJ’(‘I)|[0...E...n]) = {L- Pifi>i

j+1P 1L ) > 1.
In particular, it follows from this and the fact ;41 — s; — 0 and w;41 — 0
that the PDE which w,, solves converges to the one for the restricted simplex;

and then, by standard compactness results, u,, also converges (after passing
to a subsequence) in the stated sense, yielding the claim. The dimension

drops by 1 by inspecting . O

These ends lead to the terms of the form Cp|[0...5...m] appearing in . All
such contributions do appear as ends of one-dimensional moduli spaces by
standard Floer theoretic “gluing” (here we do not actually glue together two
solutions, similar in this regard to [BC24} §4]).

The same argument used for the claim works if z;(¢,,) — 1 holds for multiple
values of 4, (i.e., all coordinates converge in (0, 1] and , converges). Then
the index will drop by the number of coordinates which converged to 1.
For generic data, we can therefore assume that only one coordinate ever
converges to 1, provided the other coordinates converge in (0,1] and m,
converges.

Let us now analyze the case when one of the coordinates, say x;, converges
to 0, but the other coordinates converge in (0, 1]. Then s; remains bounded
but s;+1 diverges to —oo and w;y1 converges to 1; recall .

This enables us to extract two limits. The first w4 is just the limit of the
original sequence on compact subsets. The second u_ is the limit of the
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- 10 p

FIGURE 6. The case when x;(¢,) converges to 0 but the
other coordinates converge in (0, 1], s; remains bounded but
si+1 converges to —oo; all of the differences s; 1 — s; remain
bounded if j > i 4+ 1. Moreover, w;4+1 converges to 1.

retranslations u, (s + s;+1(¢y),t). Moreover, £, converges to a straight-line
path which passes through v;, and we consider the limit ¢, as split into the
concatenation £, ¢_ of its restrictions to [0,4] and [i,n] which meet at v;.
Moreover, using the same parametrizations, m also converges to some pair
of flow lines m_, 74 of indices k_, ky on . We claim:

o (u_,l_,m_) € Mg_(®|j. )5 k-, T),
b (u-‘mg-i-aﬂ--i-) € Md+((1)|[0...i]7k+)i)7

for appropriate 4 signs modulo applying the involution and using the shift
self-symmetry of S, as in [SS10, [Seil5]. Here d + d— < 0. The only
possibility is dy = d_ = 0, and k_ + k4 = k (rather than k_ + k4 < k).
This implies that 7, actually converges in the generalized Morse sense to the
configuration m_, 7, we already found. Moreover, by regularity, the lines ¢4
actually have all coordinates in (0, 1), rather than (0, 1].

Therefore, the pair (u_,f_,7_), (us, 4,74 ) contributes to the term:

C®|[i...n] €®][0...4]
all such contributions actually do appear as ends of one-dimensional moduli

spaces by standard Floer theoretic gluing for parametric families of contin-
uation cylinders, similarly to [Seil5, pp.972].

Essentially the same argument implies that one cannot have two coordinates
which converge to zero, without contradicting regularity.

All of the other ends are of the form where x(£,) converges in (0,1)"~!. If
7, converges to (m_,my) with positive indices k_, k4 in the Morse theoretic
sense, then one concludes the terms of the form:

Ck—dk+ —l—dk_tk+.

In all other cases permitted by regularity, m, converges in P(vj +)/R, and
one concludes the terms of the form cody + dicp. Summing together all of
these possible ends gives the desired relation . O

2.2.6. Definition of the oo-functor. Most of the arguments needed in this
subsection were already explained in The main technical result of this
subsection is:
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Lemma 2.18. The forgetful map D*(W) — C(Y) is a trivial Kan fibration.

Proof. One shows that D(W) — C(Y) is a trivial Kan fibration by direct
construction. Using a G-invariant radial function r, one can cut-off the gen-
erating Hamiltonians functions from the symplectization end to the filling
and explicitly construct extensions; e.g., one can use a formula of the form
f(r)H where f vanishes outside the symplectization end. Extensions con-
structed in this way will not be regular, but they can be perturbed on the
compact part to be made regular. O

Therefore, by Proposition there is a contractible Kan complex of sec-
tions X : C(Y) — D*(W) of this forgetful map. We define:

CFeq 0 X : C€(Y) = NggCh(k[[z]]),

as the oo-functor satisfying Theorem While this depends on a choice
of section, this choice is “contractible” in the oco-category sense, and any
two choices give equivalent functors (in an appropriate sense).

It is perhaps reassuring to observe the following: for any (¢, J) € D§(W),
there is a section ¥ such that 3(¢;) = (¢4, J), where ¢ is the ideal restric-
tion of 1), ;. Indeed, this follows from the lifting property for the diagram:

A DH(W)

| 2]

C(Y) — e(Y).

This means that, given any desired regular extension of ; to Borel data
(¢nt,J), one can assume that the output of CFeq 0 () agrees with the
equivariant Floer complex CFeq (1, J) from “on the nose.” In any
case, the chain level constructions we will appeal to are insensitive to the
precise choice of 3.

2.3. The case when p > 3. For the rest of this section we fix a prime p > 3
and let G =k = Z/pZ.

The main contents of the construction are similar to the Z/2Z-case. The
principal difference lies in the underlying Morse model for BG. As noted at
the start of in the case p > 3, we work on S C C* with the diagonal
G C U(1) action, and use the shift operator 7 associated to the standard
C-valued coordinates. The usual perfect Morse function on CP* pulls back
to a U(1) invariant Morse-Bott function on S* given by:

o0
(24) flz0,21,...) =) nlzal?.

n=0
Well chosen G-equivariant perturbations turn this into a Morse function on
BG (see [SZ21, §4] for discussion of this construction, indeed we are happy
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to work with the same model). Moreover, this may be done compatibly with
the action of 7.

Ultimately we are concerned with the pseudogradient as in §2.2.3l We take
the pseudogradient B on CP*° whose time-s flow is given by:

2

[20:21:20:...] = [z0: e’z : €291 ..

Fixing a connection on the line bundle S* — CP*°, we obtain a unique lift
to a vector field B on S* taking values in the horizontal distribution of the
connection; this vector field is Morse-Bott with Lyapunov function given by
. One “Morsifies” B by adding a vector field F' tangent to the fibers of
the map S — CP*>. One considers V = B + F' as the p > 2 analogue
of the vector field V' considered in For convenience, one can assume
that the connection is flat in a neighborhood of the poles of CP*°.

One picks F' so that:

e its restriction to each critical circle of B is as in Figure [7}
e F'is Z/pZ equivariant;

e the total vector field V = B + F is Morse-Smale;

e F'is invariant under the shift map:

7 (20,21, 22,...) — (0,20, 21, ... ).

We leave the construction of such F' to the reader, and refer to [SZ21] for
further discussion.

Vo,g Vle

V1,9 Vo,e

'1)0,92 'Ul’gZ
FIGURE 7. Restriction of F' to the critical circle has 2p crit-
ical points (shown for p = 3). Here vy is required to be a

positive pole.

This V' then has exactly p zeros of index n for each n > 0, which are
related to each other by the G action, and 7 acts by shifting the index by 2.
Choosing distinguished critical points vg ¢, V1, of index 0 and 1 respectively,
we have a natural labeling of the rest v, 4 by the data of their index n, and
the element g € G which sends v, 4 to the appropriate shift of v, or vy .
Coherent orientations of the finite dimensional spaces of flow lines completes
the Morse setup; we describe this in greater detail in the sequel. To keep
things shorter we fix such a model on BG once and for all as input to the
rest of the construction@

31Unlike the case of BZ/27Z = RP*, the Morse-Smale gradient on BG is not canonically
defined, as we have written it. This is a minor loss of canonicity in our construction, and
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Having fixed a Morse model on BG, the category of auxiliary data D(W),
and moduli spaces are essentially as in with the following modifications:

e In addition to conditions |(B1)| through |(B4)| above, auxiliary data
must be identical near v, v1 .
e Associated to a k-simplex of Borel data ® we have moduli spaces:
M(®, k, g,1)
where ¢ € {0, 1} identifies the input point (otherwise as in §2.2.3)).

Fixing a Borel datum ® = (v, J), the equivariant chain complex now has
underlying k[[x]] module:

CFeq(®) = CF () ®x (k[z]] @ k[[]][1]) -
Here CF (1)) is the direct sum of the k-orientation lines o(7) of contractible
1-periodic orbits v of ¥+ = (1,00,..)s This module carries a differential,
given by:

(25) deg(y® 1) = aFdiF(y) @ 1+ 2" (y) @ 0
k>0

(26) deg(y®0) =Y b di" ' (7) @ 6 + 2”22 (y) @11,
k>0

where 1,6 denote the generators of k[[z]] & k|[[x]][1], and:

= Z Z o(u).

geG UEM(q)vkvgvl)

The inner sum is over all u € M(®, k, g, ) which are rigid up to translation
and which are asymptotic to v at their input end. The symbol o(u) can be
considered in two ways:

(1) o(u) = £+', where v is the output asymptotic of u, and the sign
+ is determined by comparing the orientation lines of M(¢), k, g, 1)
with a system of coherent orientations, as in [FH93];

(2) o(u) € Hom(o(7),0(v')) is a canonical isomorphism constructed by
the linear gluing theory of [FH93| (see, e.g., [Abol5, [Parl(]).

That de4 squares to 0 follows from an analysis of the moduli spaces identical
to that of above, replacing the Z/2 counting of that section with the
usual orientation line formalism (see [2.4).

Chain homotopies from higher simplices, and the definition of the co-functor
are also built as above, mutatis mutandis.

In the next section, we digress and explain the set-up of orientations; the
reader who is comfortable with the framework of [Abol5l pp.290], and/or
[Par16l §C.13.2] can safely skip to

it seems the optimal resolution would be to encode the remaining ambiguity as auxiliary
data to be included in the category D(W). For reasons of space, we leave the details of
this optimization to the reader.
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2.4. Gradings, asymptotic operators, and orientation lines. The essential
ingredient in the construction is [FH93 Theorem 10] and their kernel gluing
lemma. We will also appeal to [Parl6l, §C.13.1] for orientations on “spaces
of flow lines on A™” and [SZ21], §A] for discussion of the orientations on the
spaces of Morse flow lines on BG, for G = Z/pZ.

2.4.1. Asymptotic operators. An asymptotic operator is a first order differ-
ential operator 2, acting on R?"-valued functions on R/Z, of the form:

A= —J8, — S(t)

where ¢t € R/Z — S(t) is a smooth loop of symmetric matrices and J is
the standard complex structure on R?”. Such operators are elliptic and self-
adjoint. If 2 induces an isomorphism C*°(R/Z, R*") — C*°(R/Z,R?") then
we say 2 is non-degenerate.

2.4.2. Cauchy-Riemann operators with asymptotics. Given non-degenerate
asymptotic operators A_, 20, we denote by C(_,%20) the space of opera-
tors on the cylinder R x R/Z of the form:

s + JOy + S(s,1).

such that —J9; — S(s,t) converges to 2+ as s — +00. The convergence
should be in a suitable topology whose details are not so relevant to the
present discussion.

Then C(A_,24) is a convex space of Fredholm operators D, see [Sal97],
all of which have the same Fredholm index (2_,2(;). Moreover there is a
continuous real-line bundle:

det(Ql_, Q[+) — C(Ql_, 914_)
whose restriction to any stratum with fixed kernel dimension agrees with:
det(ker D @ (coker D)*),

The fact that these bundles patch together across the different strata is a
fundamental property of Fredholm operators, and is discussed in [MS12].

2.4.3. Orientation lines. The real line bundle det(_,2(}) admits two ori-
entations O, O (since the base space is contractible). Let us denote by
0(2A_,2,) the orientation line generated by O, O modulo the relation that
O + O = 0. This object o(A_, A, ) is a free Z-module of rank 1.

2.4.4. Automatic isomorphism. In [Sal97] it is shown that 05 — 2( is an iso-
morphism for any non-degenerate asymptotic operator 2. Thus o(2(, ) is
canonically identified with k, because the determinant line at D = 9, — 2
is the determinant line of zero, which is canonically oriented.
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2.4.5. Kernel gluing. The kernel gluing theorem of [FH93| gives isomor-
phisms:

o 0(Ap, A1) ®o(Ap,A2) — 0(Ag, Ao)

which are associative, and such that “multiplication” by the canonical pos-
itive generator of o(2,2) acts by the identity.

Moreover, the pairing:
0(Ao, A1) ® 0(A1,Ao) — 0(Ao,Ao) =~ Z

canonically identifies 0(21o,201) — 0(21,%p), as follows: one sends a genera-
tor of 0(Ap,2A1) to the unique generator of o(A1,2Ap) which pairs with it to
produce 1. Associativity proves the composition of the canonical identifica-
tions 0(Ap, A1) — o(A1,Ag) — 0(Ap, A1) is the identity map.

2.4.6. Twisting identifications. Given 2 and a loop ¢ : R/Z — U(n) con-
sider the conjugation:
0 A = Ap~ L.

Multiplication of kernel and cokernel elements by ¢ yields an identification:
(27) 0(2Ao, A1) — 0o, A1)

Unpacking the construction from [FH93] shows is compatible with the
kernel gluing maps from §2.4.5] in the sense that the diagram commutes:

0(%[0,52[1) & 0(%[1,52[2) E— 0((,0*910, (,0*911) ® O(C,O*Qll, (,0*2[2)

| |

0(2[0,9[2) 0(90*2l07 (70*2[2)

where the vertical maps are the kernel gluing maps, and the horizontal maps
are the twisting identifications.

The twisting identification between o(2,2A) and o(p.2A, ¢.A) preserves the
canonical generators from §2.4.4] since the empty basis is conjugated to the
empty basis.

2.4.7. Parallel transport. Suppose that g, 2 s, s € [0,1], are families of
asymptotic operators which remain non-degenerate. Then there is a parallel
transport map:

(28) 0(Ap0,A1,0) = 0(Ao1,A1,1),

defined by considering any continuous family D, € C(2 s, ;1 s) and the
associated determinant line bundle over this family.
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2.4.8. Reference asymptotic operator. Let R = —J9; — 0 for § € (0,2m).
This acts as a reference operator.

It will be important for us to consider the complex linear orientation:
0(p:R,R) — Z,

The space of complex linear D is an affine subspace, so the resulting orien-

tation of det(p,MR, M) is independent of the choice of complex linear D.

Consequently, we obtain canonical isomorphisms:
(29) o(AR) = 0(pu A, 9 R) = 0(0A,R),

where in the latter step we multiply by the generator of o(p.R,R) corre-
sponding to the complex linear orientation.

2.4.9. Linearization procedure. Given a non-degenerate orbit v of a Hamil-
tonian system in a symplectic manifold W:

V() = Xi(~(t)) = 0.

Let us consider travelling symplectic coordinates e; : B(e) — W, where B(e)
is the standard symplectic ball of capacity €, such that e;(0) = ~(¢). Then
nearby loops can be expressed as e;(n(t)), and the non-linear functional is
represented by:

7' (t) + des(n(t) " [Bre(n(t)) — Xi(er(n(t))]-
The linearization of this is equal to J2(. where 2. is an asymptotic operator.
Changing e amounts to conjugating J2( by a linear symplectic map ¥(t),
J () JAT ()7L = A,

Because Sp(2n) deformation retracts to U(n), one obtains a canonical par-
allel transport isomorphism:

(30) 0(R, psAer) — 0(R, Ae).
This can be precomposed with the morphism constructed in §2.4.§
(31) 0(R, Aer) = 0(R, iAoy ).

Claim 2.19. The assignment e — o(R,2.), with the morphisms obtained
by composing and defines a functor from the indiscrete groupoid
spanned by choices of symplectic coordinates. O

Definition 2.20. The orientation line o(7y) is the limit of e — o(R,2.).
A similar linearization procedure can be done at any solution of the Floer-

type PDEs considered in this text (without varying parameters), and one
obtains canonical identifications:

0(Dye) = 0(A_c,As ) = 0(7=) @ 0(74),
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where e is a travelling family of symplectic coordinates defined along the
domain of v which restrict to families of coordinates at the asymptotic ends
~v—,v+ (in general, one tensors the orientation lines of all asymptotics).

Claim 2.21. The identifications o(Dy, ) — o(y—)®o0(y4) are compatible with
the conjugation isomorphisms arising from changing e. ([

2.4.10. Note on parametric moduli spaces. Recall that in the construction
of the equivariant cohomology infinity-functor, we count solutions (¢, 7, u)
of parametric moduli spaces where:

e [ is a straight line path in A",

e 7 is a flow line on S for a suitable G-invariant pseudogradient,

e 1 solves Floer’s continuation cylinder equation for data which de-
pends on ¢ and ;

see from §2.2.3| for the precise details.

Let us denote by Dy r ,, the linearization associated to the parametric prob-
lem. Parallel transport from Dy . ,, to D, in the space of Fredholm operators
produces an identification :

0(De ) = 0(Te) @ 0o(Tx) @ 0(Dy) = 0(Te) ® o(Tr) @ 0(y-) @ 0(74),
where Ty, T; are the (finite-dimensional) tangent spaces to:

e the space of straight line paths at ¢, and,
e the space of flow lines on BG with the same asymptotics as .

We comment here that [Parl6, §C.13.1] considers orientations on Ty, in a
slightly different context, while [SZ21, §A] considers orientations on T.

2.4.11. The definition of the infinity-functor. Fix the Morse model on BG
as described in Given a zero-simplex (¢y¢,J) in the oo-category of
regular Borel data D (W), we define:

CFeq(n:J) = @ o(7) @ o(y) @ k[[2]],
where the direct sum is over pairs 7,y where:

e y is a critical point in the fiber of BG over the minimum on CP*;
e 7 is an orbit of the system H,; = H; over the distinguished lift of
y; see Figure |Z| for details on distinguished lifts vg . and vy .

Here o(y) is the orientation line for the unstable manifold of y. Standard
Morse theory and the self-similarity transformations give isomorphisms:

o(Tx) = o(y—) ® o(a™y;) ~ o(y—) ® o(y4) ® o(a*),

where we abuse notation and let z* denote the critical point of index 2k on
the base space CP>, and let z*y denote the “shift” of y by the self-similarity
map k times.
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The count of rigid-up-to-translation trajectories can be considered as:
deq : CFeq(@n,t; J, k) = CFeq(nt, J, k)

provided we pick orientations for o(x*) (and provided we follow the overall
“twisting asymptotics by the group action” scheme of [SS10, Seil5, [SZ21],

similarly to in §2.2]).

Claim 2.22. If one picks the complex linear orientations of o(x¥), then it
holds that dgq =0.

Proof. This is a simplified version of what is shown in [SZ21] §A]. O

This complex produces the first half of an infinity-functor. The second half
concerns the morphisms associated to n-simplices ® for n > 1. Counting
the rigid elements (¢, 7, u) produces a map:

(@) : CFeq(®P[vy) = CFeq(®lu, ),

provided one also picks orientations of 7, (which amounts to picking orien-
tations of the open n — 1 cube). Then:

Claim 2.23. If one orients the j-dimensional cubes in the standard way, so
that 01, ...,0; is an oriented basis, for j < n, it holds that:
n—1

DV (Cafn) © afo..g1 ~ Cajfo. o) = @ © dajo + (=1)"dajy © ca.
j=1

Proof. This follows from the boundary classification and orientation prop-
erties established by Pardon in [Parl6l §C]. We leave the verification to the
reader. (]

This completes our description of the infinity-functor in the case p > 3.

3. PSS isomorphism and localization in Morse theory

In this section we prove Theorem and part of Theorem m

Let W be an aspherical G filling of a closed contact manifold Y, for some
group G of prime order p. Throughout we use the field k = Z/pZ, which we
generally suppress from the notation (since it is determined by the group).

The usual PSS map in symplectic cohomology, as constructed in [FS07],
yields an isomorphism:
HM*(W) = HF (R¢;)

where the left hand side is the Morse cohomology of W, and the right hand
side is the Floer cohomology of any linear-at-infinity Hamiltonian whose
slope e with respect to a fixed Reeb flow R on OW is sufficiently small
and positive. We’ll implement this in our equivariant setup, and lift the
construction to the chain level statement stated in Theorem
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The strategy to prove Theorem [1.16]is four-fold:

(1) define the Morse equivariant cohomology complex CMeq(X,,) for
suitable “Borel families” of pseudogradients X, which point out-
wards along the convex end of W; see

(2) Prove a localization result in where fixed points of the G-action
in W are shown to imply the non-vanishing of free summands of the
equivariant cohomology HMeq(X));

(3) construct the oo-category P(W) and the co-functor appearing in the
statement of Theorem see

(4) prove the resulting chain maps PSS : CM¢q(X;) — CFeq(Re) are
quasi-isomorphisms, if R is a Reeb flow and € is sufficiently small; this
is achieved by constructing maps in the reverse direction (from the
Floer side to the Morse side), and showing they are chain-homotopy
inverses to the PSS map, as in [FS07]; see

3.1. The equivariant Morse complex. In this section, we are concerned with
defining the G-equivariant Morse complex CMeq(X;) and developing its
properties. As above, G = Z/pZ, and we work over a base field k = Z/pZ.

3.1.1. Morse-Borel data. The auxiliary data is analogous §2.2.2]

Definition 3.1. A Morse-Borel datum s a family of vector fields X, on W
parameterized by n € EG = So such that:

(M1) g+ Xy = Xgp, for all g € G,

(M2) X, agrees with the Liouville vector field Z outside a compact setm

(M3) X,y = Xy, where T is the self-similarity map,

(M4) X, is independent of 1 on neighborhoods of the critical points of the
model G-invariant Morse pseudogradient V' of S = EG.

(M5) X, is a Morse pseudogradient, whenever n € EG is a zero of V.

Here the model G-invariant Morse pseudogradient on FG is as described in
in the case p = 2, or in in the case p > 3.

3.1.2. Spaces of flow lines. Associated to such Morse-Borel data X, one can
form the moduli spaces N of flowlines (¢, 7) : R — W x S°° satisfying;:

q'(s) = =X (s)(q(s)),
7'(s) = =V(n(s)),

sgrinoo q(s) exists.

Any such flow line has well-defined asymptotics (g4, 7).

32\We use the Liouville flow here only because it is a canonical outwards pointing vector
field; any other outwards pointing vector field would suffice.
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Definition 3.2. If the moduli spaces N are smooth manifolds of the expected
dimension given by:
index(g_) — index (g4 ) + index(n—) — index(n4),
then we say that X, is regular Morse-Borel data.

The existence and genericity of regular data follow from the usual Morse-
theoretic transversality arguments.

3.1.3. Definition of the Borel-equivariant Morse complex. The equivariant
Morse complex associated to Morse-Borel data X, is defined to be the direct
sum CMey(X;) = Po(q) ® o(y) ® k[[z]], similarly to the Floer case (see
§2.2.4] and §2.4.11)), where the direct sum runs over pairs (g,y) such that:

e y is a critical point of the pseudogradient on BG lying above the
pole [1:0:...] in projective space

e ¢ is a critical point of X, where 7 is the distinguished lift of y from
BG to EG. The word “distinguished” is to be understood vis-a-vis
Figure [7] from the distinguished lifts were denoted v e, v1 e.

The differential d, on this complex is defined by counting the 1-dimensional
components in N and interpreting the count as follows: if 7 (s) is asymptotic
to g7%(n_) and 1, , and ¢(s) is asymptotic to gq_, ¢, then (g, 7) is registered
as contributing towards the coeflicient:

0(g+) ®o(y4) — z¥o(q-) ® o(y-),

where y1 are the projections of ni to BG. This is all in a manner similar
to §2.4.11] The differential squares to zero by the same arguments used in

[SS10, [Seil5l [SZ21] and in and

3.1.4. Invariance statement. Let us denote the homology of CMcy(X;,) by
HMeq(X5). Continuation maps endow X, — HMcq(X,,) with the structure
of a functor on an indiscrete groupoid, and we define HMcq (W) as the limit
of this functor. We defer additional discussion of continuation maps to

and §3.3.6

3.1.5. The unit element in equivariant Morse cohomology. Let us comment
on the construction of a class 1 € HMcq(W). Fixing Borel-Morse data X,
each generating pair (¢,y) where index(q) = index(y) = 0 admits canonical
isomorphisms:

Z ~ 0(q) and Z ~ o(y),

because the orientation line of a zero-dimensional space has a canonical
generator (corresponding to the empty basis). Taking their tensor product

33With the correct interpretation of “projective space” (as either RP* or CP*°), this
handles both cases p = 2 and p > 3; in the former case, there is a unique choice of y, while
in the latter case, one can arrange the construction so there are two choices of y.
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with 1 € k[[z]], and direct summing over such pairs (g,y) produces an
element in the complex CMeq(X5)), see §3.1.3) denoted by the symbol 1.

Lemma 3.3. The element 1 satisfies deq(1) = 0, and is preserved under
continuation maps, and consequently induces an element in HMqq(WW).

Proof. The proof is based on two standard ideas in Morse theory:

e the sum of all local minima is a cycle,
e the continuation map from one Morse complex to another sends the
sum of all local minima to the sum of all local minima.

The details are left to the reader. O

3.1.6. Equivariant pseudogradients. Let us now focus on a special class of
Borel-Morse data, namely, data X = X, which is globally independent of
7, and which satisfy the following additional axiom:

(EP) around each critical point ¢ in the fixed submanifold F* C W of the
G = Z/pZ action, there is a coordinate chart B?" x B2"~2" g0 that F'
is identified with B* x {0}, and g € G acts by (21, z2) — (21, gz2) for
some unitary representation of G on C"™", and so that X appears
as a direct sum X; 4+ X5 of two linear vector fields, and Xs points
radially outwards.

Lemma 3.4. There exist vector fields X satisfying |(EP ) which define reqular
Borel-Morse data.

Proof. See [SS10,, §2.2]. The idea is to pick X first on the fixed submanifold
F C W, and then extend it to a tubular neighborhood of F' by requiring
it points outwards (from the perspective of Lyapunov functions, we add a
positive definite quadratic function on each fiber of the normal bundle N F').
Then we extend X equivariantly to the rest of W (generically), bearing in
mind it should agree with Z in the convex end.

If the choice of extension from N F' to W is done sufficiently generically, then
all flow lines asymptotic to a critical point in W'\ F' will be cut transversally.

Moreover, if the initial choice of X on F'is done sufficiently generically, then
all flow lines contained entirely in F' will be cut transversally inside of F'.
However, the assumption that X points outwards along fibers of N F' ensures
that such flow lines are also cut transversally when considered in W (there
is no change in the index difference).

The cases covered in the two preceding paragraphs cover all possible flow
lines, and the proof is complete. O

3.2. Localization in equivariant Morse theory. Localization refers to the
phenomenon that the ring-theoretic localization of the equivariant cohomol-
ogy ring of a G-space at certain elements recovers the regular cohomology
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of the fixed point set. This statement can be made quite sophisticated (we
refer the reader to [AB84] for a refined result). In our paper, we will require
only a small input from this theory (for Theorem part [(c))):

Proposition 3.5. If the action of G = Z/pZ on a G-filling W has at least
one fized point, then the unit element 1 € HMeq(W) is not x-torsion.

The group HMqq(W) is a finitely generated k[[z]]-module, so it can be de-
composed into a free part and a torsion part; the proposition guarantees
the free part is non-zero (in the presence of at least one fixed point). More
refined localization results identify exactly the rank of this free part.

The somewhat involved Morse-theoretic arguments of [SS10, §2], which are
carried out in the case of a closed manifold with a 7Z/2-action, prove some-
thing stronger. We will take a simpler approachlﬂ than that of [SSI10].

3.2.1. Proof of Proposition We assume p > 3, as the case p = 2 is
simpler (and is essentially established in [SS10]).

Without loss of generality, we pick X; = X satisfying Since we assume
there is at least one fixed point, the fixed point submanifold F' is non-empty,
and, by construction of X, there is at least one index 0 critical point gy in
the fixed point submanifold.

Let us introduce symbols v, v; as the index 0 and index 1 critical points on
BG; all other critical points are of the form 7%(vg) or 7%(v;), and each such
critical point has p lifts to critical points on EG (shown in Figure [7| using
notation vy 4 and vy 4 for the lifts of v, v1).

Recall from §3.1.3] that:

(32)  CMeq(X) := P)(o(w0) @ 0(q) @ k[]]) @ (0(v1) ® 0(q) ® k[[a]]),

where the sum is over all critical points ¢ (zeros of X). Let us consider the
projection map onto the summand:

Q(X; qo) == (o(v0) ® 0(q0) ® k[[z]]) @ (0(v1) ® 0(go) © k([]])

associated to the chosen index 0 critical point qg € F. This map is a
quotient by a subcomplex because any flow line (¢(s), 7(s)) which ends with
q(—00) = gop must also start with g(+00) = qo.

The induced differential on Q(X,qo) yields a complex which computes the
equivariant Morse cohomology of a point HMeq(pt) (this is obvious, since

34 Another reasonable approach is to essentially translate each step of [AB84] into Morse
theoretic terms. This requires four ingredients: embedding functoriality (i.e., pull-back
maps), the relative cohomology of a pair, the Thom isomorphism, and the ring structure
on (equivariant) cohomology. The interpretation of these steps within Morse theory is
more or less standard. The recipe in [AB84] then gives a refined localization result.
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the quotient differential on Q(X, qp) only considers flow lines (¢(s), 7(s)) for
which ¢(s) = go while 7(s) is allowed to vary arbitrarily on EG)

It is also clear from the definitions that this quotient map sends 1 € HM¢q (W)
to 1 € HM¢q(pt). We now invoke the following lemma:

Lemma 3.6. The element 1 € HMq(pt) is not x-torsion; here it is important
to assume that G =k = Z/pZ.

Proof. This is obvious provided one knows that HMeq(qo) is the ordinary
Borel G-equivariant cohomology H{(qo, k). However, it also follows from a
direct computation of the differentials for the special pseudogradient BG;
see, e.g., [SZ21 §4]. O

Thus 1 is not a-torsion in HMeq(W'). This proves Proposition O

3.3. The equivariant PSS construction. The goal is to give a precise descrip-
tion of the oo-category P(Y) introduced in construct an oo-functor:

P(Y) = NagCh(k[[z]])
with the stated properties.

3.3.1. The PSS category. In this section we define the PSS category P(Y).
Recall from and Remark the oo-category C(Y).

Definition 3.7. Define P(Y) C C(Y) to be the sub-oo-category such that
Pr(Y) consists of the simplices ¥ : A™ — C(Y) satisfying the following
properties for some j € {—1,...,n}:

® Y|Apt1...ny 95 mapped into C(Y') (the non-discriminant part),

.....

;1 1s sent to the constant simplex at id.

.....

Here id denotes the identity system @y = id. If j = —1, then we mean that
all of ¥ is sent into C(Y). We also use the notation AT C A™ to refer to the
subsimplex associated with the inclusion I C {0,...,n} of ordered subsets.

The definition of P(Y), and the notation A’ used, is highly reminiscent of
the join operation of simplicial sets explained in [Lur(9, §1.2.8]. One should
think of P(Y) as the join of A? and C(Y). However, P(Y) is not actually
defined as this join, but is rather defined using the category C(Y).

Proposition 3.8. The simplicial set P(Y') is an co-category.

Proof. The argument is close to the one in [Lur(09, Proposition 1.2.8.3]. We
will prove it as follows. To prove P(Y) is an oo-category, we need to show
that any “inner horn” p : A? — P(Y') can be filled to a map A™ — P(Y).

35The reader will notice the ghost of the aforementioned “embedding functoriality.”
Specifically, the quotient map CMeq(X) — Q(X, qo) is the Morse-theoretic realization of
the cohomological pullback H5 (W) — H¢({qo}) induced by the inclusion {go} — W.
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Case 1. If p sends all of A} into id, then we can just extend p to be the
constant simplex at id.

Case 2. Otherwise, just pick any filling p to a map A" — C(Y) (which is
possible since C(Y) is an oo-category; see Remark . Because p already
takes values in P(Y) on the face Af0--"=1} and the vertex A"} the exten-
sion of p takes values in P(Y") (since the conditions in Definition only
constrain the face Af%"=1} and the vertex A{™ when not in Case 1). 0

3.3.2. Auxiliary category. We construct an auxiliary oo-category Q(W), de-
pending on the G-filling W of Y, which (similarly to D(W) from
encodes all of the data needed to define the PSS map (in our equivariant
context).

Just as the category C(Y) admits a natural enlargement C(Y) where 0-
simplices ¢; are allowed to lie on the discriminant, so there is a larger cat-
egory D(W) containing D(W): it is defined exactly as D(W) is except we
do not require property In particular, 0-simplices of D(W) are Borel
data (¢, J), and the “maximally degenerate” Borel data (id,J) is allowed
(unlike in D(W)). Note that, exactly as with D(W) and C(Y'), there is an
ideal restriction oo-functor IR : D(W) — C(Y).

The auxiliary category Q(W) we define will also need to incorporate the
choice of Borel-Morse data from §3.1.1, To achieve this, we define (yet)
another oo-category (W) whose n-simplices are smooth maps:

A" x EG — {vector fields on W},

written v, n — X, ,, such that, for each v fixed, X, , satisfies through
(M4)f we refer the reader to §3.1.1] for the statements of these axioms.

In a loose sense, the category Q(W) we will define should be interpreted as
the join of §(W) and D(W). However this is not quite the correct thing to
do, and the precise definition uses the larger category D(W), in a similar
manner to how P(Y) was defined using C(Y) in

Definition 3.9. An n-simplex in Q(W) is defined to be the data of an n-
simplex ® € Dy (W), a number j € {—1,...,n}, a j-simplex X € G;(W) if
j >0, that satisfy the following properties:

® Orit1..my is a simplex in D(W),
o 0.5y is sent to the constant simplex at (id,J), for some J.

An n-simplex in Q(W) will be denoted by the symbol ¥ = (P, X).

This Q(W) is a simplicial set in a fairly obvious way (indeed, the same argu-
ments which explain why the join construction of [Lur09, §1.2.8] produces
simplicial sets apply)m We provide an example in Figure

36Briefly, Q(W) — D(W) is required to be an oo-functor; this fact entirely dictates
how the structure maps act on the ® factor. The action on the X factor is a bit more
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2 wln,t

zdo 11/11,n,t

FIGURE 8. A 2-simplex in Q(W) with j = 0. The [01] and
[02] faces both have j = 0, while the [12] face has j = —1.
This simplex in Q(W) also has the extra data of a 0 simplex
in (W) (one should imagine the id vertex is decorated with
a vector field on W).

Proposition 3.10. The simplicial set Q(W) is an oo-category.

Proof. The argument is only mildly more complicated than that of Propo-
sition and we leave the proof to the reader. O

3.3.3. Moduli space of cylinders associated to n-simplices. Let 3 = (&, X)
be an n-simplex in Q(W) with j < n. By following the exact same pre-
scription as in §2.2.3, we obtain a moduli space M, (®) of pairs (¢, ,u)
where:

e /€ MI"*(A™), the moduli space of straight line paths,
e 1 € P, some space of flow lineﬂ on BG,
e v solves the continuation map equation associated to the non-negative
path:
®(¢) : [0,n] — {Borel Data (¢4, J)}.

The precise details are as follows: ¢ determines subintervals:
In 1 <l 2<---<1I,

where I; = [s;, s; + w;] as explained in , with I; = [0,1]. If n = 0, then
there are no intervals, and (7, u) solve the equivariant differential equation.
In general, on the I; x R/Z sub-cylinder, we insert the ith level determined
by @, and formulate the joint equation for (u, ) exactly as in .

Let us note that M_4 , is exactly the moduli space considered in . By
the standard Gromov removal of singularities result from |Gro85], if ¥ is
an n-simplex with j > 0, then each v € M;,,(®) has a well-defined input
asymptotic u(+o00) € W which is a removable singularity. This aspect of the
story is standard amongst all treatments of PSS; see, e.g., [Can24bl §3.5],
[BC25| §3.4.6], and the references therein.

subtle: if f: {0,...,m} — {0,...,n} is a simplicial map, then f*X is defined to be the
k-simplex, where k = max f~*({0,...,4}), obtained by pulling back X by f|ax.

3"There is a clash of notation; P refers to spaces of flow lines on BG, and P(Y) also
refers to the PSS-category. These can be distinguished by the context and the Y symbol.
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I

o QT I T %]

s=1

FIGURE 9. The input asymptotic of the continuation cylin-
der is degenerate, if j > 0, and u solves the holomorphic
curve equation on the region s > 1. If j = —1 then the in-
put asymptotic is non-degenerate Borel data. If any of the
cubical coordinates x;(¢), with ¢ < j, are sufficiently close to
zero, then the curve will be genuinely holomorphic in more
regions, by axiom some of the levels we stabilize to be
the identity id.

3.3.4. Moduli spaces of flow lines. Suppose that X is a j-simplex, j < n.
We will construct a moduli space Nj,,(X) consisting of triples (¢, 7, q) where
¢ € MP(A™), 7 € P are as above, and ¢ : R — W solves a particular ODE
depending on ¢, 7, and the values of X along the straight line path.

The construction is similar to §3.3.3] in that we arrange travelling intervals
(depending on ¢) on the real line. We use the same intervals I; = [s;, s; + w;]
from ; recall that these satisfy:

8 = Zxk’ —xt, wi=1—mi,
k<i
with g = 0, so w; = 1. When j < n, we also add a special time:

(33) Sx = Sj+1 + 1,

which, crucially, lies to the right of I, 1. In the sequel, we will consider our
flow lines as only defined on [s., 00). This time s,, similarly to the intervals,
is a function of the underlying straight-line path ¢; see Figure

1'3 I I

S = Sy

FiGurE 10. Shown with j = 2 and n = 3 and cubical coor-
dinates (x1,x2) = (1/4,1/4). The time s, is always to the
right of the interval ;1.

A straight-line path ¢ € M™(A") has cubical coordinates zi,...,o, 1.
There is a unique straight line path ¢U) ¢ M"(AJ) whose cubical coor-
dinates are x1,...,zj—1. The times 71,...,7;, as in of £9) determine
line segments K(j)|[n71m} on the simplex AJ. Evaluating X, along the ith
segment and using the affine reparametrization [0, 1] — [1;_1, 73] gives a fam-
ily of vector fields Ly ; X, s defined for s € [0,1], £ € M (A™), and n € EG.
They satisfy through
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We distribute these “levels” Ly ;X s onto the real line by:

o ((X)ys:=Lg; X

7,pi(8) if s € I,

where p; : I; — [0,1] is the unique affine diffeomorphism which reverses
orientation (because the inputs to our chain level operation are situated on
the right end), and which satisfies:

e 0,(¢X),.s = 0 outside of the intervals I, I;_1,..., ;.

In particular, (¢X), s = Xy, for s sufficiently large.

Definition 3.11. The moduli space N; (X)) is defined as the solutions of:
(e MP(A™), 7:R — EG, and q:R — W,

(34) m'(s) = =V (x(s)),
q'(s) = =(LX)z(s),5(a(s))-

compare with . In the case j < n, we will only consider the restriction

of q to [sx,00).

The case of N, ,(X) is slightly special, as it corresponds to ¥ = (X, ®)
where @ is the constant simplex at id. The case of Nj,,(X) with j < n will
be “paired” with the moduli space M; ,(®) from this is the subject
of the next subsection.

3.3.5. Hybrid moduli spaces and regular simplices. Let ¥ = (®, X)) be an
n-simplex in Q(W) with parameter j < n as above. Define M; ,(X) to be
the hybrid moduli space, for 0 < j < n, as the solutions to the problem:

(e M™(A™), 7:R— EG, ¢:R— W, and u: R xR/Z — W,
(4, m,u) € M ,(P) from

35
(35) (¢, m,q) € Nj,(X) from §3.3.4] and,

u(+00) = q(s«) (we ignore the values q(s) for s < s).
We define special cases when j = —1 or j = n:

o M_1,(X) =M_1,(P) as in §3.3.3, and

o My, n(X) =Ny n(X).
As in §2.2.3) we define a subcategory Q*(W) C Q(W) of regular simplices
3J; briefly:

Definition 3.12. An n-simplex ¥ is regular provided the moduli spaces M; (%)
associated to all sub-simplices X' C X are cut transversally.

Definition is to be understood in the usual Floer theoretic sense (com-
mon to all treatments of parametric moduli spaces of continuation/PSS
cylinders). In particular, we require that:
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e the ith vertex of X € §(W), with ¢ < j, is regular Borel-Morse data,
in the sense of §3.1.2]

e the restriction ®|pj+1,...,n, is a regular n — 1 — j simplex in D*(W),

in the sense of Definition from §2.2.3|

Standard transversality results (similar to those cited in §2.2.3|) ensure the
abundance of regular simplices. Indeed, we claim the following:

Proposition 3.13. The subset Q*(W) C Q(W) is an oo-category, and there
1s a commutative diagram involving the ideal restriction maps:

D*(W) —— Q(W) «—— G*(W)

x|
CY) —— P(Y) ¢—— AL,

where the vertical morphisms are trivial Kan fibrations (. Deﬁm’tion and
the horizontal morphisms are inclusions (5*(W) is just the subcategory of
Q*(W) with j =n and D*(W) is the subcategory with j = —1).

Proof. That the subset Q*(WW) and the subset §*(W) form oco-categories
(i.e., satisfy the horn filling axioms) follows from the same transversality
arguments used for D*(W) in Proposition

The diagram commutes by its construction in §3.3.1] and §3.3.2} It remains
to show the vertical maps are trivial Kan fibrations:

o D*(W) — C(Y) is a trivial Kan fibration by Lemma [2.18}

e §*(W) — A is a trivial Kan fibration because the space of vector
fields satisfying the Morse—Borel conditions through is
convex, and general “transversality is generic” results can be used
(similarly to the family Morse theory of [Hut08]) to construct regular
extensions of any boundary 90A™ — G*(W);

o m: QW) — P(Y) is a trivial Kan fibration follows essentially the
same argument as [2.18] with straightforward variations due to the
vector fields X.

This completes the proof. O

3.3.6. PSS as infinity functor. In this section, we explain how the counts
of rigid solutions of elements in M;,(X) associated to ¥ € Q*(WW) can be
packaged into an infinity functor:

(36) Q*(W) — NagCh(k([[z])).
The argument follows the lines of §2.2.5| and §2.4.11]

First of all, we explain how acts on zero simplices. There are two
types of zero simplices: those with 5 = 0 and those with j = —1; the
former includes the data of a zero simplex X € §*(W), which consists of
a single (regular) Morse-Borel datum X,. We send this to the equivariant
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Morse complex CMeq (X)) as defined in §3.1.3] The zero simplices of type
j = —1 only consist of a zero simplex ® € D*(W), and we send these to the
equivariant Floer complex CFoq(®), as in §2.2.4]and §2.4.11]

Let us abbreviate, for the purposes of this section, by C(X) the chain complex
associated to a zero simplex.

For an n-simplex ¥ = (®, X), with n > 1 and j < n, we package the count of
the rigid G-orbits in M ,,, modulo the self-similarity map 7, as an operation:

(37) e : C(X2]0) — C(X|n),
similarly to

We digress and explain this “count of the rigid G-orbits.” By the axioms of
Borel data from §2.2.2] §2.3| and §3.1.1] there is a diagonal G-action on the
moduli space M ,,, where g replaces (¢, ,u, q) by (¢, g7, gu, gq). Because the
action on EG is free, one can “break” this symmetry by requiring that = is
asymptotic to the distinguished lift of a critical point in BG (“distinguished
lifts” are explained in Figure @

One can also shift solutions by the self-similarity (¢, 7, u, q) — (¢, 7o, u,q).
We only count those solutions for which the input of 7 lies above the pole
[1:0:...] in CP*® (or RP™, if G = Z/2Z). The other asymptotic of 7 lies

above some pole 7°([1: 0 :...]), and we record this as the power z*.

With these identifications in place, the count defines a map , via the
orientation line framework similarly to §2.4.11| and §3.1.3|

Claim 3.14. The map cx, so constructed is a morphism of k[[x]]-modules, and
satisfies the oco-functor relation:

n—1

k=1

Proof. See for the main geometric argument when j = —1 (the only
difference here is the difference in working with G = Z/pZ). The case j =n
is essentially the same (using Morse continuation lines ¢ rather than Floer
continuation cylinders u).

The hybrid moduli spaces M, with 0 < j < n require some additional
discussion. The main geometric ideas follow standard lines, going back to
[PSS96], but we need to check the equations formulated in degenerate
in the correct way as £ approaches the boundary of M (A") ~ (0,1)""! in
order for the co-functor equation to hold on the nose.

To illustrate the main points, we consider the case j = 1 and n = 2. Then
M; 2(X) is a parametric moduli space lying over M™(A?) ~ (0,1). To prove
the oo-functor relation, we analyze the non-compact ends, as is typical in
Floer theory. There are different failures of compactness which can occur in a



54 DYLAN CANT, ERIC KILGORE, AND JUN ZHANG

1—dimensiona‘§| component of M™(A2). Let us fix a sequence (£, T, Un, Gn)
approaching a non-compact end. The possibilities are:

(a) £, converges in M™*(A?); these contribute to cx odyg or to dyjpocy;
(b) x1(£n) converges to 0; these contribute to cxy12 © cxo1,
(c) w1(€n) converges to 1; these ends contribute to cxgo.

Let us check that these interpretations of the ends actually agree with
the set-up of and . The case of @ is typical of Floer theoretic
arguments, and is not sensitive to the precise placement of the intervals
K; > ---> K, so we only discuss@and

In case @ the interval I is located very far to the left, and has length
close to 1 (since x; — a;l_l ~ —oo and 1 — x; ~ 1); see Figure . There are
two limits to extract as x1 — O:

e the equation for u converges on compact subsets to the equation
for a holomorphic cylinder; by the aspherical assumption, this holo-
morphic cylinder must be a constant map. Indeed, once x; is small
enough, the equation is genuinely holomorphic to the right of I (see
Figure . On the other hand, the equation for ¢(s) converges on
compact subsets to the equation for a Morse continuation line be-
tween Xy and X;. After passing to a subsequence, this will converge
to a solution in My 1(X]o1).

e if one reparametrizes by translation so that s, is moved to position
s = 0, then the equation converges to a solution in Mg ;(X]12). Here
it is important that the right endpoint of I> converges to s., and the
length of I» converges to 1.

By standard consideration of Fredholm indices and PSS gluing results (as in
[PSS96]), one concludes that such configurations of solutions in My 1(3|o1)
and Mo 1(X]12) are in 1-to-1 bijection with the non-compact ends of type

Let us note that, along each sequence, the underlying flow line 7 on BG
will break into a configuration of two flow lines, similarly to the discussion
and in the correct sense to obtain cy)13 o ¢[s12.

Turning now to the ends of type|(c), when 21 — 1, the interval Is has length
1— 27 =~ 0 and is located at position x; — acl_l ~ 0. Similarly the evaluation
point s, = x1 — :Ul_l 4+ 1 =~ 1. In the limit 7 — 1, the evaluation point
s« converges to 1, and a subsequence converges to a solution in Mg 1(X|o2).
Here it is crucial that I; lies in (—o0, s4], so there is no Morse continuation
data used in the limit. Standard “gluing” results (applications of the implicit
function theorem similar to those in [BC24l §4]), prove that it is precisely
the solutions in Mo 1(2[o2) contributing to ¢x|g2 which comprise the ends of

type |(c)]

38technica11y, we mean a 1-dimensional component after quotient by translation.
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This completes the discussion of the non-compact ends of the 1-dimensional
components of M; 2(X). The general analysis of the 1-dimensional compo-
nents of M;,,(X) follows the same lines, and is similar to we leave
the details to the reader.

For questions concerning orientations, we refer the reader Claim (which
refers the reader to [Parl6]). For details on orientation lines for such hybrid

moduli spaces we refer the reader to [Abol5] and [BCS25]. O
I X1 I Xo
— —
s = S

-[2 (Pml,t ~ Zd Il ’Ld

L1 L0

F1GURE 11. The set-up for the moduli space M; 2(X) and co-
ordinate 1 = 1/8 shown. The symbols X, X7 represent the
Borel-Morse data (on the interval I, one has a continuation
from Xy to X1). The contact isotopy ¢, ¢+ is the endpoint of
the first level, and eventually equals id as x1 — 0.

Having constructed the infinity functor Q*(W) — NggCh(k[[z]]), the con-
struction of the functor with domain P(Y) satisfying Theorem fol-
lows the same lines as (picking sections of the trivial Kan fibration
Q*(W) — P(Y) from Proposition ete).

3.4. The low-slope PSS isomorphism. We explain why the maps:
PSS : HMey(W) — HFoq(Ret)

associated to specific 1-simplices ¢,; = Rgse joining id to Re, for small
positive slopes €, are chain-homotopy equivalences. The argument we will
use follows [FS07, pp.24-25]; the idea is to construct a chain-homotopy
inverse. Due to the similarity with [PSS96l [FS07], we only sketch the results.

3.4.1. Geometric set up for the inverse of PSS. Let r be a radial coordinate
on the convex end of W, so that Q = {r <1} is an aspherical symplectic
domain with contact-type boundary, and so that r > 1 is identified with
the positive half of the symplectization of OW. We suppose that r is G-
invariant. Then X, has an ideal restriction to 0W as a Reeb flow R which
lifts a Reeb flow on Y = 0W/G.

Let h: R — R be a convex cut-off function so that:
e h(r)=rfor r > 2,

e 1/(r)>0forr>1,
e r=3/20onQ={r <1},
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and let H = eh(r). We assume € is small enough that the only orbits of Xp
are the constant orbits in ). For a choice of almost complex structure J as
in the pair (H,J) is equivariant Borel data (certainly not regular)
whose ideal restriction is R;.

We also pick a vector field Z which agrees with the Liouville vector field Z
in the convex end (i.e., we extend Z to the compact part) and is a regular

equivariant Morse-Borel data as in §3.1.6/°

3.4.2. Reverse PSS cylinders. Let (1), ¢, J) be regular Borel data whose ideal
restriction is R¢. As in let us denote by X, ; the generator of ¥, r(),
where f is the cut-off function from Figure[3] We may assume, without loss
of generality, that X, ; = f/(t)Xp outside Q (i.e., we assume 1, = Ry
outside §2). We use this f(¢) only to be consistent with the set-up of
rather than for any purpose internal to this section.

Introduce the continuation data:
Xyst = (L= () f' () Xu + f(s)Xpe + Pog,
for s € [0, 1], extended to the rest of the line by s-independence, where:
e P, is a C°°-small Hamiltonian pertubation, supported in €.

Introduce the moduli space R of reverse PSS continuation cylinders:
u:RxR/Z— W, q:(—00,0] > W, and 7 : R — EG,
m'(s) = =V(n(s)), ¢'(s) = —Z(q(s)),

Osu + J(u)(Opu — Xon(s),s,¢(u)) = 0,

u(—00) = ¢(0).

This solution is asymptotic at the input to a Hamiltonian orbit, and has a
flow line of —Z connected at the output end.

(38)

Importantly, because Xr(y) s (u) is independent of s, outside of 2, the finite
energy solutions obey the necessary a priori energy estimates needed for the
usual Floer theory compactness results.

We only consider those solutions (u, g, 7) € R so that:

e 1y has finite energy, which implies the left asymptotic is a removable
singularity u(—o0) € Q (see [ES07, Figure 3])@

39We use the symbol Z rather than X, as the symbol X will be used extensively as a
Hamiltonian vector field in the sequel.

A0 his point is slightly subtle since f'(t)Xpm has every point in the domain 2 as a
constant 1-periodic orbit, and has no other orbits. For any sequence s, — —o0, there is a
subsequence of u(sn,t) which converges to a point g. Then, by some maximum principle,
e.g., the one of [AS10, Lemma 7.2], we conclude that u takes values entirely in Q. It follows
that u is a genuine holomorphic curve on the half-cylinder s < 0; having established this,
the analysis follows the usual PSS arguments of [PSS96].
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e ¢(—o0) converges to a zero of Z (i.e., we do not consider solutions
where g(—o0) drifts off in the non-compact end);

By counting the rigid such solutions in R in the same way as in §3.3.6( (for
generic choice of the perturbation term Ps;), we obtain a map:

(39) CFeq(¥n,t, J) = CMeq(2);

consideration of the 1-dimensional part of R proves this is a chain map.

3.4.3. The chain homotopy inverse. We now explain why is the chain
homotopy inverse of the PSS map of §3.3.6]

Recall that, to define the PSS map, one uses the continuation map equation

from §2.2.3] as explained in §3.3.3] In the case of the 1-simplex Ry,

one needs to pick a path Borel data s — (¢, s+, J) whose ideal restriction is
Resi. As in §3.4.2] we pick 1, 5+ agreeing with R.y outside of (2.

Unpacking §3.3.3|leads to a family of vector fields Y;, s ; and X, ;; so that:

(i) Yy, = 0 outside of s € [0, 1],

(ii) Xys¢ = Xy for s <0, where X, ; is as in

ili) X, s¢=0fors>1,

iv) both X, s, Y, s are n independent and lie in the line spanned by
the Reeb vector field R, outside of €2,

(v) the curvature of the Hamiltonian connectionlﬂ on the complement
of €2 determined by X, ;,Y;; is non-positive.

PN

One counts the rigid solutions of the parametric moduli space where 7 is
constrained to equal 7(s) for flow lines 7 : R — EG, as usual, to define
the chain map. This PSS chain map can be post-composed with . By
standard Floer theory, the composition is chain homotopic to the count of
rigid cylinders solving Floer’s equation for glued Hamiltonian connections
(with flow lines attached at both ends, in the PSS sense).

NCO ®N

Fi1GURE 12. Cartoon of the composition of PSS followed by

The glued Hamiltonian connections are similarly determined by vector fields
XRm,s,t» YR,s,t» Where R is a gluing parameter. These glued connections still

satisfy and In addition, they satisfy the property that:

(vi) Xppst = f'(t)Xg for s < —sg, and Xgr, s = 0 for s > sg, for
some Sg.

Algee [BC25], §3.2] for an introduction to Hamiltonian connections
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The key idea is that the space of connections on the cylinder (depending on
the auxiliary parameter n) satisfying and is a convex space@
Thus we can deform the glued data Xg s+, YR s,¢ in @ one parameter family
until it agrees with the following:

o X1 =(1—f(s))Xu on s € [0,1], and extended by s-independence.

Indeed, we can simply travel in a straight line through the space of affine
Hamiltonian connections.

The solutions for this final Hamiltonian connection are as follows:

(1) a cylinder u solving dsu + J(u)(0pu — Xs4(u)) =0,

(2) a flow line of —Z on the interval [1,00) starting at the removable
singularity u(+00),

(3) a flow line of Z on the interval (—oo,0] ending at the removable
singularity u(—o0),

(4) an underyling flow line of 7 : R — EG, which does not influence the
equation because we use equivariant data.

By the maximum principle, e.g., [AS10, Lemma 7.2], u must lie entirely in
the domain €2, and so must be a holomorphic sphere, and therefore must be
constant. Thus all we are doing is counting the flow lines of Z. The index
zero requirement implies the only solutions we will count are the constant so-
lutions, and so the resulting map is the identity map CMeq(Z) — CMeq(Z).

Thus, by the usual chain homotopy argument, we conclude the composition
of the PSS map with is chain homotopic to the identity map, as desired.

Thus we have proved is the left inverse of the PSS map. A similar
argument to the one given in [PSS96, [FS07] proves that is also the
right inverse. We leave the details of this half of the argument to the reader.
This completes the proof of Theorem [1.16 U

4. Local Floer cohomology as the cone of a simple crossing

Local Floer cohomology refers to a homology group associated to a suitable
set C of orbits. What is important is that Floer cylinders which start and end
in C' occupy a certain minimal amount of energy (in a way which persists
under perturbations). This is the perspective developed in [Flo89]. One
often specializes to the cases:

e (C is a single isolated fixed point; see [GG10, [Zhal9l [SZ21 [She22];
e C is an S! family of orbits; see, e.g., [CFHW96, McI12].

In our setting, the families of orbits to which we will develop a local Floer
cohomology are associated to crossings with the discriminant.

42¢his usesin a crucial way, otherwise having non-positive curvature is a non-linear
condition; for related discussion, see [BC25, §3.4.2]
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4.1. Extenders. To any compact contact manifold Y we will define a class
of “simple” morphisms € — C;(Y') and a map:

CFioc : € — Ch(k)
by applying local Floer cohomology theory in the symplectization SY .

Define an extender, denoted v¢s; € €, to be a Hamiltonian isotopy on SY
with s, t-generating Hamiltonians K ;, H,; satisfying:

(E1) Hsy = Hot and K, ; = 0 on the negative end,

(E2) Xpg,, is Liouville equivariant everywhere,

(E3) Xpg,, is Liouville equivariant on the positive end,

(E4) K, is non-negative,

(E5) Xg,, generates a Hamiltonian diffeomorphism with a compact set
of fixed points, all of which have negative action,

(E6) there is at most a single action value attained in

O negative end O O positive end O

FiGURE 13. Domain of an extender is the symplectization
SY decomposed into a negative end, a positive end, and a
compact part in between.

There is an ideal restriction & — €;(Y’) given by the flow generated by H, ¢
on the positive end.

Given an extender 15, € &, and a subset k € mo(AY') of free homotopy
classes of loops, we will define in the local Floer chain homotopy typﬂ
CFloc(¥s,; k) for Hyy following [Flo89)]. Then:

Theorem 4.1. Consider the infinity functor constructed in 3
CFeq : C(Y') — NggCh(k[[z]]),

assuming the hypotheses of Theorem m For v € & with ideal restric-
tion @5, € C1(Y), the cone of the continuation map associated to @s; lies
in the chain homotopy class CFioc(1ss; k) where K is the collection of W -
contractible orbits in'Y (namely, those orbits in'Y which lift to orbits in OW
which are contractible in W ).

With this result in mind, we say an extender 1 is trivial relative W if
X, has no W-contractible 1-periodic orbits.

The proof of Theorem [4.1]is given in §4.4.3] In order to apply the theorem,
it is necessary to show that there is an abundance of such extenders:

Theorem 4.2. For any ¢s; € C1(Y') such that s is strictly positive, there
exists an n-simplex in C,(Y) whose [0,n] edge is ps+ and whose [i — 1,1]
edge is one of two types:

43Here a chain homotopy type is a chain complex up to chain homotopy equivalence.
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(i) the ideal restriction of an extender, or,
(ii) an isomorphism in C1(Y), i.e., projects to an isomorphism in the
homotopy category,

If ps1 never intersects the W-contractible discriminant, then one can pick
the extenders in to be trivial relative W, and the continuation map asso-
ciated to pst 15 a quasi-isomorphism.

This result together with Theorem implies part @ of Theorem m It
also implies, together with §4.2.6] Theorem [I.18]

4.2. Decompositions of continuation data. The goal of this section is to
prove Theorem [£.2]on the decomposability of 1-simplices into simpler pieces.

4.2.1. Decompositions. We say that a 1-simplex o is a composition of sim-
plices o1 ...0, provided there is an n-simplex whose [i — 1,i] edge equals
o; and whose [0,n] edge equals 0. Then [o] is equal to the composition
of [o1],...,[on] in the homotopy category hC. We refer to this process as
decomposition of o.

Our first observation is rather basic, but useful nonetheless:

Lemma 4.3. Let 0,0’ be two 1-simplices with the same source and target.
The following are equivalent:

(a) o5t and og, are homotopic in the space of paths [0,1] — CI(Y),
relative endpoints, and the homotopy can be chosen to be through
non-negative paths;

(b) [0'] = [o] in the homotopy category hC(Y);

(c) o' can be decomposed into the sequence o1 = 1, o9 = 0;

(d) o' can be decomposed into the sequence o1 = o, o9 = 1;

here 1 is the degenerate 1-simplex (the identity element).

Proof. The equivalence of (b) through (d) can be found in [Lur09, §1.2.3].
The equivalence of (a) and (d) follows from §2.1.3] O

Mapping cones also interact nicely with decompositions:

Lemma 4.4. Let C be an oo-category and let F' : € — NggCh(k[[z]]) be an oco-
functor. Suppose that o is the composition of o1,...,0, and the homology
of the mapping cones of the chain maps F(o;) is x-torsion for each i. Then
the homology of the mapping cone of F (o) is also x-torsion.

Proof. 1t suffices to prove the case n = 2, by induction. Each of the three
vertices of o is mapped by F' to a chain complex over k[[x]]; let us call these
Cy, C1,Co. The three faces are mapped to chain maps f, g, h. The equation
for the oco-functor:

h—gf =kd+dk
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where k : Cy[1] — C3 is the map associated to the 2-simplex. Throughout
we use gradings modulo two.

Introduce:
F=CodColl] A=CrdCyll]d Cyd Ch[1]

with morphisms:
dfoi1 00
w3t o= [bide] o=t - [H].
000d 0f
Some care is needed to explain the sign conventions, but the basic rule is
that the “shifting” symbol [1] introduces =+ signs; we leave this subtle point
to the reader and work modulo 2. We claim:

e dd=d% =0,
e p,i are chain maps.
e p, i are chain homotopy inverses of each other.

The non-obvious part is that ip is chain homotopic to 1; for this we have:

1000 dfol 0000 0000 dfol
1—ip=[0000] —]0d00||0000| L 0000||0d0OO
p g000 00dg| [0000 0000| |00dg
0f01 000d 1000 1000 000d

Thus we have constructed a complex A which is chain homotopy equivalent
to I' (the cone of h). On the other hand, A has a two term filtration whose
associated graded complex is isomorphic to the direct sum of the cone of
f and the cone of g. Thus, by a simple spectral sequence argument, if the
cones of f and g are z-torsion, then so is the cone of h. O

Our next lemma gives an explicit formula representing the composition in

the case of C(Y):

Lemma 4.5. Let 01,...,0, be a composable sequence. Writing o; = 04 4,
the 1-simplex:
-1 -1
(40) (Ons,t © Un,o,t) 00 (01,50 J1,0,1:) © 01,0,
represents the composition of o1,...,0,.

Proof. It suffices to prove the case n = 2, as the rest follows by induction.
Then the expression reduces to:

-1
0-2787t o 0-2,0,t ° 01757t'

A two-simplex is a map ¥ : [0,1] — CI(Y)[%?] satisfying certain properties;
see Definition Write this as ¥, s, € Cont(Y'). In order for ¥ to witness
the stated composition, it is necessary and sufficient that:

o Uy, =01, for s ef0,1],
° \Ifo,s,t =092t for s € [1’ 2],
—1
® Wyst=094/2:0090,001s2; fors€ [0, 2].
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These can be achieved by the formula:

\Ilr,s,t = 092 f(r,s),t © 02_7(1),t ©01,g(r,s)t
provided f, g are functions defined on r € [0, 1] and s € [0, 2] satisfying:

e f(0,s) =max{0,s — 1} and ¢(0,s) = min {s, 1};
e f(1,5) =g(1,s) =s/2.

This can be achieved in a way compatible with the axioms |(N1)| through

for 2—simplices@ O

4.2.2. Isomorphisms in the homotopy category. We characterize those 1-
simplices which project to isomorphisms in the homotopy category.

Lemma 4.6. The following are equivalent conditions on a 1-simplex o:

(a) [o] is an isomorphism in the homotopy category;
(b) os. satisfies 051 = 001 for all s € [0,1].

Proof. That (b) implies (a) follows from the fact that o;_s; remains a well-
defined 1-simplex, and that the composition:

-1
O1-5t©014 ©0st

is homotopic through non-negative paths to the identity morphism based
at 0o¢. The implication that (a) implies (b) is slightly more subtle. As-
sume that o, is an isomorphism; then there is an inverse map 1 ; and the
composition:

—1
@Z}s,t o d}(m O 05t

is homotopic to the identity morphism. However, this implies that the non-
negative and non-constant loop s 10 wo_& 00,1 is contractible through pos-
itive loops (that the stated loop is non-constant can be seen by taking the
derivative with respect to s). But it is well-known that there are no C*
small positive loops of contactomorphisms on Y, by the orderability of the
zero section in the 1-jet space (see, e.g., [Che96, [CS15]). O

Remark 4.7. Interestingly enough, the space of automorphisms of any 0-
simplex ¢; is canonically identified with ma(Cont(Y'), id) via:

gst 77 Gs,tPt,

where gs; is a map [0,1]> — Cont(Y) which equals id on 9[0,1]?>. That
this is surjective follows from the above lemma; that this is injective follows
from similar arguments on the non-existence of C'! small non-negative and
non-constant loops.

4475 achieve the piecewise smoothness requirements we use convolution with mollifiers
and linear interpolation to construct f(r,s), g(r,s) for r > 0
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4.2.3. Time reparametrization trick. In this subsection, we will use the ex-
plicit formula for the composition to decompose morphisms into simpler
pieces. Let us introduce the following special class of 1-simplices, which have
certain benefits vis-a-vis the construction of extenders.

Definition 4.8. A 1-simplex 044 is said to be of type (M) provided that there
is a positive isotopy s and a contact isotopy pr such that

@ty fort <1/2

st = Vsp(at-1) © Pp(2t) = {T/Jsﬁ(zt_l) o1 fort=>1/2

If, in addition, s is autonomous, we say that osy is of type (AM). We
implicitly assume that p1 and Y11 do not lie on the discriminant, in order
for os to be considered as a 1-simplex in C(Y').

Not every morphism o can be decomposed into morphisms of type [(M)| or
type because of the assumption that ¥ must be positive. However, if
we restrict to those o which are positive then:

Lemma 4.9. Any positive morphism o can be decomposed into a sequence
01,092,035 where o1 and o3 are isomorphisms and o2 is of type|(M).

Proof. We will show that o5; can be homotoped relative the sets t = 1,
t = 0 to a morphism o9 of type During this homotopy the restrictions
to the lines s = 0 and s = 1 change by a homotopy relative endpoints, and
these homotopies will represent the isomorphisms o1, o3.

The stated homotopy can be constructed by a formula of the form:

= {Uns,g(mt) for t < t,
P\ op s for t > ty,

where:
o ¢, satisfies ¢; =1 and tp = 1/2
L4 9(777 _) maps [Oatn] onto [Oa 1]7 f(n7sa _) maps {tna 1} onto [ST]7 1]7
e g(0,t) = B(2t), f(0,s,t) = spB(2t — 1)
e g(1,t) =t and f(1,¢) = 1.

This can be arranged by an explicit step-by-step construction. Finally, note:
-1
O0sp(2t—1),1 = OspB(2t—1),1 ©0¢ 1 © 00,1,

and so we set ¢, = 051 0 00_% and ¢ = 09+ to satisfy Definition O

4511 the following 3 is a standard cut-off function; one can take, e.g., B(z) = f(z) for
x € [0,1] and 8'(z) =0 for = & [0, 1], where f is as in Figure
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4.2.4. Extender ansatz. Suppose that o, is of type for ¢, and v as
in Definition Then the generator of o, on the symplectization SY is:

_ / / _ ! .
hd 8t057t - Xs,t 0 0st and )‘( s,t) — sty

here the “prime” notation signifies that these are Liouville equivarian@ for
all s,t; we will deform H{, in the subsequent discussion to construct an
extender H; satisfying the axioms in §4.11 We observe:

Hg = 2B'(2t) Faeoy + 256’ (2t — 1)S5020-1),
where S5 generates s and F; generates .
Define the extender ansatz by the formula:
(41) H, = 2['(2t) Fa(ap) + 256'(2t — 1)7(Ssp2t—1))

where ~ is the convex cut-off function illustrated in Figure which is
required to vanish in a neighborhood of 0.

FIGURE 14. Convex cut-off function (z) used in the exten-
der ansatz equals 0 in a neighborhood of x < 0 and equals
x — € for z > 1. Assume that " (x) > 0 if 7/(z) € (0, 1).

Lemma 4.10. The isotopy ¥, generated by satisﬁes through
but maybe not axiom|(E6) (in other words, we do not show all the orbits of

the extender ansatz have the same action).

Proof. Recall that K, ; is determined from H; by the initial value problem:

O os +w(Xa.,, Xrc.,) = O Hy,
(42) t N ( Hs ¢ K,t) N
Ks,():();

see, e.g., [Can23|, pp. 16]. It follows that K; = 0 on the negative end where
Hy; = Hoy;. Thus holds. The two axioms and are clear.

We compute:
OsHs =26 (2t — 1)[v(Ssp2e—1)) + 57 (Sspiat—1)) Dsp(ae—1)8(2t — 1)),
where Dy = 955;5. After some manipulation, this yields:
OsHyp = 0 (B(2t — 1)7(536(2&1))),
46Recall that here we mean these objects commute with the Liouville flow on the sym-

plectization SY; Liouville equivariant Hamiltonian vector fields are uniquely determined
by the ideal restrictions to contact vector fields of Y.
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and thus we can set:

Ks,t = /8(2t - 1)7(5'36(%71))

to solve the IVP (42)), as w(Xk,,, Xn,,) = 0 (this is clear for ¢t < 1/2 as
K ; vanishes there, and it holds for ¢ > 1/2 since then both vector fields are
proportional to the vector field Xg,). Then, by inspection it follows that

K1 =7(Ss), ie., holds.

The remaining axiom [(E5)| is concerned with the actions of the orbits of
Xg,,- If Hgy is given by (41)), then we compute:
1/2
Hi(y(t))dt —y™A =0,
0
provided that y(t) = ¥, +(y(0)). This is because H; ; is 1-homogeneous with
respect to the Liouville flow, for ¢ < 1/2. Moreover:

1 1
(43) | He(O)at A= JARICARERIENT
1/2 0
where the equality follows from the change of variables for integrals, and the
inequality follows from the fact that v(Ss) > 0 must hold somewhere along
the orbit y(t), otherwise ¢; would lie on the discriminant; convexity then
yields the inequality v(Ss) — Ss7/(Ss) < 0.

As a final remark, we note that compactness of the orbit set follows from
the assumption that (1,191 do not lie on the discriminant. This completes
the proof. O

4.2.5. The orbit set in the autonomous case. Let Hy; be as in (41). The
final axiom |(E6)| concerns a global property of the orbit set of the system
generated by Hjp ¢, namely, that all orbits have the same action. This prop-

erty is not automatic, but there is a straightforward criterion in the case the
input data was of type|(AM)| i.e., in the case 1, autonomous.

Lemma 4.11. Suppose that there is a unique oo € (0,1) such that V¥, p1 lies
on the discriminant, and let Hg; be the extender ansatz given in for

data s, pr of type . Then Hg; satisfies the final axiom .

Proof. The argument is similar to many arguments in symplectic homol-
ogy theory and its cousin Rabinowitz—Floer homology, in particular, the
arguments used to analyze translated points. The key idea is that S is a
positive one-homogeneous Hamiltonian and can be used as a coordinate on
the symplectization. We observe:

Hg: = 25’(275)F,8(2t) + 235/(275 = v(9),
which can be solved explicitly:

Vst = Ysp20-1)7/(S) © PB(2t)
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here ¥yg(2t—1)y/(s) is the diffeomorphism preserving the level sets of S ob-
tained by flowing by 2s5'(2t — 1)7/(S)Xgs over the time interval ¢ € [0, 1].
Therefore ¥y ; has a fixed point at z if and only if:

(44) v'(S(z)) = oo.

Since v is convex, and strictly convex when +/(S) = oy, it holds that S(x)
is uniquely determined by o and . As in , the action at such a fixed
point is equal to v(S(z)) — S(x)7'(S(x)). It follows there is a unique action

value, i.e., |((E6)| follows. O

4.2.6. Completing the proof of Theorem Let us describe our strategy
for achieving in general. Fix a positive 1-simplex ¢; the first step is to
use Lemma[£.9[to decompose o into o1, 02, 03 where o1, o3 are isomorphisms
in C(Y) and o3 is of type For the purposes of proving Theorem |4.2| we
can replace o by o9, and just suppose that ¢ was from the start.

Let us therefore suppose that o is type [(M)| for inputs 1, ¢,. The second
step is the following statement concerning the generic intersections with the
discriminant:

Lemma 4.12. Suppose that ¢1 and ¥1p1 do not have discriminant points.
For a generic perturbation of 15 relative its endpoints, we can ensure that:

D = {(y,s) : ¥s o p1 has y as a discriminant point}

is a finite set, and the projection map (y,s) € D+ s € (0,1) is injective.

Moreover, we can assume that:
(45) im(dys o dgy — 1) is transverse to Ts

at all fixed points of s o 1 in SY, where Ty is the vector field generating
the positive isotopy s (the ideal restriction of Ts is an s-dependent Reeb
flow on'Y ).

The proof is given in Let us briefly comment on the conclusions:

e discriminant points, when they occur, are isolated in Y x (0, 1);
e condition says that the subspace im(dys o dp; — 1) in T'SY has
codimension 1 at any lift to SY of a discriminant point in Y.

Because positivity of 1, is an open condition, we can assume that s and
1 satisfy the conclusions of Lemma by a small perturbation of o.

The third step is to “chop up” the s-interval so as to isolate the discriminant
points; this is illustrated in Figure To be clear, “chopping up” refers
to the process of decomposing [0, 1] = [sg, s1] U [s1,82] U ...[Sp—1,sp] with
0=1s59<--+< 8, =1 so that:

® 151 does not have discriminant points for j =0,...,n.



EQUIVARIANT CONTACT FLOER COHOMOLOGY 67

Then one considers the 1-simplices agyt given by:

(46) O-j,S,t = Usj_1+s(sj—sj_1),t = ,(/}(Sj_1+S(S]'—Sj_1))ﬂ(2t—1) © QDIB(Qt)

It is clear that o can be decomposed into o1, ...,0,. Observe that:

WY(s(s;—s;-1)B(2t—1)+s;_18(2t—7)) © PB(2L)-

is a homotopy relative the boundary of the square, as 7 € [0, 1], which agrees
with when 7 = 1, and which is of type |(M)| when 7 = 0 with data:

(c1) @{ = Vs; 1Pt
(CQ) w‘; = "/}s(s]-—sj-,l)-i-s]-,l © 821,1
Thus we can replace o by the type |(M)| data given by [(c1) and |(c2). By

choosing the partition fine enough, we can suppose that o, has at most
one transverse intersection with the discriminant.

Fi1GURE 15. Chopping up a l-simplex into a concatenation
so that each piece has either 0 or 1 intersection with the
discriminant; the shaded parts have 1 intersection with the
discriminant, located at the midpoint.

The idea now is to pick the partition sop < --- < s;, so that s; —s;_1 becomes
very small. Using this trick, we first determine what happens if the case o1
has no intersections with the discriminant:

Lemma 4.13. Suppose that ¥sp1 does not have discriminant points, for any
value of s € [0,1]. For a sufficiently fine partition 0 = sog < -+- < 8, = 1,
the extender ansatz from associated to the data given by and
satisfies ' moreover it has no 1-periodic orbits at all.

Relatedly, if t — Ysipr has no discriminant orbits in k C mo(AY'), then the

extender ansatz for|(c1) and|(c2) has no 1-periodic orbits in K for sufficiently
fine partition.

Proof. Unpacking the definitions, we need to show that, for s; — s;_; small
enough, the system generated by:

(47) Hyy = 28'(26) F ) +28'(2t = 1)7(Sh 5, _y)
has no 1-periodic orbits, where:

J
° Ft‘ generates ¢Sj_1t<pt, and,

-1

J
o Sy generates Yg(s; s, 1)ts;_; © Sio1°
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In particular, S? is proportional to s; — s;j_1 and hence converges in the
C™ topology to the zero function, as the partition gap tends to zero. The
argument then follows from a standard compactness argument: since F}
generates Vs, 1, the system generated by has a time-1 map which is
close to 15, ,p1; since the latter has no orbits (uniformly in s;_1 € [0, 1]),
and this is an open condition on the generating Hamiltonian, we conclude
that defines a trivial extender, provided the partition is chosen small
enough.

The same argument applies verbatim to the modified statement when the
free homotopy class k is included. O

Lemma 4.14. Suppose Y51 has exactly one discriminant point at s = s,
and the intersection is transverse in the sense of . After localizing to a
sufficiently small interval around s = sq, the extender ansatz satisfies|(E6)

Proof. We will prove that, after a sufficiently small localization, the extender
ansatz has a single 1-periodic orbit. Evidently, this implies there is a single
action value.

Let us consider a sequence of localizations to the interval [sg — €p, S0 + €4,]
of the extender ansatz:

HY, = 25/(275)}75(%) +2p'(2t - DY(S52-1))>

where F}" generates 1y, )1¢t, and Sy generates Vsae, +so—e, © !

S0—€n"’
Following the same argument used in the proof of Lemma m HY', gener-
ates a system &, ; whose time-1 map &, 1 is C* close to ¥,¢1. In particular,
if &,1 has a fixed point z,, then z, must converge to some point on the Li-
ouville flow line Zg(y) through the unique discriminant point y of 1s,¢p1.

The time-1 map of &, ; can be written as a composition of two maps:

L4 w50—6n4p17
e the isotopy generated by V;,+ = 2€,7 (S7) Toe,t+50—cn -

Since S}' ~ 2¢,r, where r is the Hamiltonian generating Ts,, we conjugate
with the Liouville flow Z_4(2,) so that 2e,r converges to r; then the
second part is approximately the flow by 2€,7'(r)Ts,, with error given by
terms which are of order €2.

Similarly, up to terms of order €2, the first part can be replaced by 15,1
followed by the flow of —e¢,T, for time 1. Thus, in this analysis to first
order, we have that &, 1 is approximately:

e g, 1, followed by,
e the time 1 flow of (27/(r) — 1)€, Ty, .

There is a unique fixed point located at 7/(r) = 1/2 on the Liouville flow
line Zr(y). This is non-degenerate, by our transversality assumptions. This
non-degeneracy ensures that the analysis up to first order in ¢, is stable
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under small perturbations of order €2; a more precise argument uses the
Banach fixed point theorem to prove the existence of a unique fixed point.
Thus &,,1 has a unique fixed point for n sufficiently large, as desired. O

4.3. On the generic intersections with the discriminant. The discriminant
may be highly singular, but it has a canonical resolution as a smooth
(Fréchet) manifold, as follows. Consider the graph map:

I': Cont(Y) x SY — SY x SY

sending (¢, y) to (y, #(y)); this map is submersive (by the abundance of con-
tact Hamiltonians), and the inverse image of the diagonal yields a Fréchet
manifold T~(A). The projection (forgetting the SY factor) yields a con-
tinuous surjection:

(48) I''(A)/R — the discriminant

which is the aforementioned resolution; where the quotient corresponds to
the R-action by the Liouville flow on SY. This suggests the following charac-
terizationf”’| of when a finite-dimensional family of contactomorphisms should
be called transverse to the discriminant:

Definition 4.15. Let P be a finite dimensional smooth manifold. We say that
a smooth map f : P — Cont(Y) is transverse to the discriminant if:

I'y:(py) € PxSY »T(f(p),y) € SY xSY

is transverse to the diagonal A. One can also speak of maps which are
transverse along some closed subset A C P.

Proposition 4.16. Let P be a smooth, finite dimensional, compact mani-
fold, and f : P — Cont(Y') a smooth map. Suppose f is transverse to the
discriminant along some closed, possibly empty, subset A C P. Then f is
homotopic relative A to a smooth map which is everywhere transverse to the
discriminant and arbitrarily C*° close to f.

Proof. This follows from the abundance of contact Hamiltonians and the
Sard—Smale theorem. The details are left to the reader. O

By counting dimensions, one can also bound the number of discriminant
points which appear at any given moment in generic 1-parameter families
of contactomorphisms:

Proposition 4.17. Suppose that P is a one-dimensional manifold and con-
sider a smooth map f : P — Cont(Y) which is transverse to the discrimi-
nant. After a generic perturbation, there is at most one discriminant poim@
which occurs at any given point p.

477 toy model for discriminant points are critical points of a smooth function with
critical value zero.

481p fact, if P has dimension d, then there are at most d — 1 many discriminant points
which occur above any given point p € P, for generic f. We will not use this fact.
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Proof. The subset D = F;I(A) /R is a zero dimensional submanifold of the
total space P x Y. Thus, for any given p € P, there are a finite number of
discriminant points, say y1,...,yn. One perturbs f in a neighborhood of
each point y; in order to slightly move its basepoint p. The technical reason
this is possible is that Sard Smale argument establishes the universal moduli
space of all pairs (f,p,y) such that y is a discriminant point of f(p) has a
submersive projection (f,p,y) — p, (again by the abundance of contact
Hamiltonians). O

We relate this notion of transversality to Lemma [£.12]

Proposition 4.18. Suppose that s € [0,1] — 15 0 @1 is transverse to the
discriminant, where s is positive isotopy. Then, for each s such that 150y
lies on the discriminant, it holds that im(dis o dgy — 1) is transverse to T
in SY, where Ty is the generator of 1.

Proof. By the above discussion, weak transversality ensures:

(5,9) €[0,1] x SY = (y, ¥s(1(v)))

is transverse to the diagonal. Differentiating with respect to y and s at a
fixed point yields the subspace of tangent vectors of the form

v @ (deps o dgr (v) + Ts(y))-
If this is transverse to the diagonal, then we can solve:

u®u+vd (dys odpr(v) + Ts(y) = 0B w

for any w. The only option is u = —wv, so:

—v 4+ dys odpi(v) + Ts(y) = w
can be solved for any w, for some v. This yields the desired result. O
Combining Propositions [£.16] [1.17] and [£.18) yields Lemma [£.12 O

4.4. The local Floer cohomology of an extender. In this section we develop
the local Floer cohomology of an extender.

4.4.1. Admissible perturbations. Let 15, be an extender, as in Fix a
Liouville equivariant w-tame almost complex structure J on SY.

An e-admissible perturbation for 1.4, J is a family 6, of Hamiltonian dif-
feomorphisms such that:

® 050 = 0o = id, for all s,t,

® ), is compactly supported, uniformly in s, t,

® 91401, is a non-degenerate Hamiltonian system, for which all Floer
differential cylinders are cut transversally,

e the Hamiltonian generator of ¢t — d,, and its first derivative with
respect to s, are bounded in absolute value by e.



EQUIVARIANT CONTACT FLOER COHOMOLOGY 71

As in the statement of Theorem W.1} we let k C mr(AY') be a collection of
free homotopy classes of loops.

Lemma 4.19. If € is small enough, then the Floer differential on:
CF (14018, J, k)

squares to zero, and the chain homotopy type of the resulting complexr is
independent of the choice of J or the e-admissible perturbation ds ;.

Proof. The Floer differential is defined as usual (as a sum of the index 1
Floer differential cylinders, recording the input and output orbits, and the
orientation line, as an endomorphism). To prove it squares to zero, we need
only prove the required compactness result:

e any sequence of Floer cylinders u, remains in a compact subset of
the symplectization SY .

The other necessary a priori estimates on the derivatives of u,, say, follow
from the standard machinery once the above C° bound is proved.

To analyze this compactness problem, we introduce the symplectization co-
ordinate r. We assume that v ; is Liouville equivariant, and d,; = 0, on the
ends r < 0 and r > rg, for some ry > 0, (positioning the left end at r» <0 is
without any loss of generality, as we can translate by the Liouville flow).

Then, using the mean-value property for energy density as in [RS01, Ap-
pendix B], we conclude that the C° sizes of dsu,, and Jsu, — X;(u,) must
be small; here X; is the Hamiltonian vector field of 11 ;1. This is because
the energy of Floer cylinders can be made arbitrarily small (by shrinking ).

In particular, if u, fails to remain bounded, then one can find numbers
sp, so that subcylinders u,([s, — 1,s, + 1] X R/Z) are mapped into the
region r < 0 (negative end), or the region r > ry (positive end). In either
case, we obtain a contradiction (for e small enough), because in these ends
the Hamiltonian system 1 61 = 11, has no orbits, so these subcylinders
occupy a minimum quantum of energy i (by a standard argument, e.g.,
[Sal97] or [BC24, Proposition 2.2.]). The contradiction is ensured by picking
e small enough.

A similar argument works for proving a priori C°-bounds on continuation
cylinders relating two choices J, ds ¢ and J', &5 4, if both are e-admissible and €
is small enough. In this fashion we prove that the resulting chain complexes
are chain homotopy equivalent (the quasi-isomorphisms are continuation
maps, as in [HS95l [Sal97]). O

By virtue of the preceding result, the following is well-defined:

Definition 4.20. For any extender vs; and any £ C mo(AY'), we define
CFloc(¥s,t, k) to be the chain homotopy type of CF (114014, J, k) for any J
and any e-admissible 65 ¢, for € small enough.
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4.4.2. Insertion of an extender into the filling. Let us present the G-filling
W of Y as a compact aspherical domain 2 with contact type boundary, with
the positive half of SOW attached as the convex end. This presentation
specifies a radial coordinate r so that 0Q = {r = 1}. We fix the geometric
set-up as shown in Figure

Pick an extender 15 ; whose ideal restriction is the 1-simplex ¢+, and pick
an e-admissible perturbation dg ;.

Fix regular Borel data 1, o; whose ideal restriction is ¢g . We can suppose
that the t-generator X, o of 4, 0+ is Liouville equivariant outside of {2. We
can also suppose (by appropriate choice of the initial radial coordinate) that
all orbits of X, o; remain entirely in €2, when v is any critical point on EG.

Introduce X ; as the t-generator of the perturbed extender 905 ¢; we sup-
pose that X, ; = Xo; holds on r <1, X;; = X;; holds on r > r¢, and that
dst = id holds for r outside [1,7¢]. This X, lifts from SY to SOW, as a
family of G-invariant vector fields.

This set-up ensures that the piecewise definition:

X0, inside €,
n,8,t =

(49) dZp o0 Xg40Z_p for r > 1,

is smooth and integrates to a path of Borel data whose ideal restriction is
@s+ (throughout we always use the same J in our Borel data). In other
words, we conjugate the extender 1), and the e-admissible perturbation by
Liouville flow. This has the effect of exponentially scaling the actions of the
orbits arising from the extender; importantly, orbits with negative action
will have a very negative action when we increase L.

Claim 4.21. A generic choice of X, 0 and d5; ensures that s a reqular
path of Borel data.

Proof. The engine for ensuring regularity is the usual Sard-Smale argument
of [FHS95, MS12].

Any continuation cylinder (or Floer differential cylinder) which intersects
(1 can be assumed to be regular by the generic choice of X, 0. The other
cylinders are contained entirely in the symplectization end; since the ac-
tion is free on this part, the cylinders project to a cylinder in SY for data
determined by X,;. One ensures regularity for the projected cylinders by
generic variation of ds; (and the Sard-Smale theorem). The regularity of
the original cylinders (before projection) follows since the projection map is
a covering map (variations of the cylinder before projection correspond to
variations of the cylinder after projection). O

To summarize, we have used the perturbed extender to build an explicit
regular path of Borel data whose ideal restriction is the 1-simplex under
consideration. The construction depends on the extender v,;, the initial



EQUIVARIANT CONTACT FLOER COHOMOLOGY 73

Borel datum X, o, the parameter L, and the choice of perturbation term
Os -

FIGURE 16. Regions in the G-filling W of Y. The length
parameter L should be considered as quite large.

4.4.3. Proof of Theorem In this section we prove that the cone of the
morphism CFeq(¢0+) = CFeq(p1,+) associated to the 1-simplex ¢, arising
as the ideal restriction of the extender v ; lies in the local Floer cohomology
chain homotopy class CFioc(1ss, k) from Definition where k is the
collection of W-contractible orbits.

We fix the geometric set-up from yielding the regular path of Borel
data X, s ;. We will now analyze the cone of the continuation map associated
to this regular path of Borel data.

The equivariant chain complex for the Borel data determined by X, 1 is
generated as a k[[z]]-module by summands o(7y) ® o(v) where v is a critical
point of the pseudogradient on BG lying above the pole [1:0: ---], and ~
is a contractible orbit of X, 1+, as we have explained already in
These summands come in two types:

(a) summands where 7 is contained in 2, and is an orbit of Xg 1,

(b) summands where v passes through r € [1,rg], and projects to a
W-contractible orbit for the vector field Xi; contributing to the
local Floer cohomology of the extender 1); and the e-admissible
perturbation d .

On the other hand, the equivariant chain complex for the Borel data deter-
mined by X, o is generated as a k[[z]]-module by only those summands of
type @ The summands of type @ for CFeq(Xp,0,¢) and CFeq(Xy1,¢) are
literally the same. In other words, there is a decomposition:

(50) CFeq(Xy,1,) = CFeq(Xp,04) & E,
where E is the k[[z]]-module generated by the summands of type [(b)]
Claim 4.22. With respect to the direct sum decomposition , it holds that:

_|deg A _|id
deq = { 0 dp ““lo]
where deq is the differential on CFeq(Xy1,1) and ¢ is the continuation map.
Moreover, the term dg only counts cylinders which remain outside of ).
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In the deduction, we allow the operations of increasing the length parameter
L in and picking the perturbation term 054 smaller, if necessary.

Proof. By and the operation of increasing L which scales actions expo-
nentially, we may assume that all of the orbits in summand @ have actions
which are much more negative than the actions of the orbits in summand @
Even taking into account the curvature of Hamiltonian connections arising
in the definition of the equivariant differential, we can then preclude the
existence of cylinders with input in @ and output in in the definition
of deq. This proves the first part.

Furthermore, by subsequently picking d,; small enough, and using
we may suppose that all orbits contributing to summand @ have nearby
actions; then, by the same energy estimate used in Lemma |4.19| we conclude
that all cylinders contributing to dg remain in the complement of €.

For the conclusion about the continuation map ¢, we need to be careful that
this “increasing L” operation does not simultaneously increase the curvature
of the Hamiltonian connection used to define ¢ — indeed, since the curvature
is non-zero in the region where the extender is supported, there is a risk that
we also scale the curvature exponentially when we conjugate by the Liouville
flow. However, this is where we use assumption since K is non-
negative, it follows, from the same arguments used in the cited references
in Remark (which we used to get the a priori energy estimates on the
moduli spaces of , that the curvature of the Hamiltonian connection
used to define ¢ is non-positive everywhere on the region r > 1, and so
exponential scaling will not introduce arbitrarily positive curvature.

To conclude that the matrix entry in ¢ acting on the summands of type @
is the identity, we use the standard fact (used in all Floer theoretic works
concerning continuation maps) that continuation cylinders for s-independent
continuation data which contribute to ¢ are only the stationary cylinders. [

Corollary 4.23. Assume the set-up, conclusion, and notation of Claim[{.23

The cone of the continuation map c is in the chain homotopy class of (E,dg).

Proof. This is standard homological algebra; the projection map:
CeEaCl]—-E

is the desired chain homotopy equivalence, when the domain is given the cone
differential (with sign conventions due to supergradings left to the reader):

de A id
0 dg O
0 0 d¢
The inverse map sends e € E to 0 ® e @ Ae. O

To complete the proof of Theorem [£.T we prove:
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Claim 4.24. Assume the set-up, conclusion, and notation of Claim[{.23. The
complezx (E,dg) is in the chain homotopy class of CFloc(¥st, K).

Proof. This claim should be understood as the well-known “Cartan isomor-
phism” in equivariant cohomology, which asserts that the G-equivariant co-
homology of a space with a free G-action is isomorphic to the ordinary
cohomology of the quotient space. Versions of the Cartan isomorphism in
equivariant Floer theory have appeared before, see, e.g., [SC25].

For the Borel equivariant cohomology of spaces, the idea is the following, if
a space M admits a free action, then:

MXGEG*)M/G,

sending [(m,n)] to [m] is a fibration with contractible fibers, and hence is
a homotopy equivalence. The task of the present claim is to translate this
into Floer theoretic language.

Let us identify E with the direct sum of generators:
(51) E=@Do() ®o(n) @k ~ CF(X1,) ® CM(EG)

where 7 is a critical point of the pseudogradient on EG and ¢ is a W-
contractible orbit in SY. This is a small sleight of hand: this complex is
identified with the usual complex by the identification:

0(¢) ® o(2™v; ) = 2¥0(g7c) ® 0(vy),

where we pick some distinguished lift . to SOW of each W-contractible orbit
¢; here v; 4 is the lift of v; as indicated in Figure m That this identification
is well-defined uses the freeness of the action on SOW.

Because the data is equivariant in the region r > 1, the trajectories (7, u)
contributing to dg project to Floer cylinders in SY and come in two types:

e 7 has index 1 and w has index 0,
e 7 has index 0 and u has index 1.

It follows that, with respect to the decomposition , the differential is a
tensor product differential on CF(X; ;) ® CM(EG).

Let 1 denote the sum of the local minima in CM(EG) (in the notation of
Figure (7} this element 1 is the sum vy 4 as g ranges over all elements of G),
and consider the chain map:

a € CF(X1,) — a®1 e CF(X1,) ® CM(EG).

The contractibility of EG and standard Morse theoretic arguments imply
that this is a chain homotopy equivalence, as desired. O
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4.4.4. Proof of Theorem The first part of the theorem follows from
Lemma and Theorem briefly, one decomposes the 1-simplex into
a composition of 1-simplices associated to extenders which have zero local
Floer cohomology in the free homotopy class of W-contractible orbits.

The second part follows from a soft argument involving approximating paths
by zig-zags of positive and negative paths; if we assume the original path
remains in the complement of the W-contractible discriminant, then we can
pick the approximation so that each segment of the zig-zag is also in the
complement of the W-contractible discriminant. O

5. Tying up loose ends

In this section, we prove various technical lemmas needed to complete the
proofs of the main applications stated in Throughout we assume that
Y admits a G-filling W, with G = Z/pZ, as in and that the G-action
has at least one fixed point ¢g. At this stage, we have completed the proof
of our main structural theorems Theorems [1.14], [T.16] and [T.18]

5.1. The unit element. We prove a few lemmas about unit elements. Let
us briefly recall the construction; in CMeq(X,), for any Morse-Borel datum
X, on W, there is a well-defined cycle 1 by summing up all local minima.
Then, for any 1-simplex ¢, in the PSS category P(Y') starting at id and
ending at p1,; € C(Y'), one has a chain map:

PSS : CMey(X;;) = CFeq(1,4)-

This gives a class 1(ps¢) € HFcq(¢1,¢), and pushing forward by the colimit
map HF o (¢1,+) = SHeq(W) gives a class 1(ps+) € SHeq.

5.1.1. The unit element is well-defined. We prove Lemma [1.17] stating that
the unit element 1(ps:) € SHeq(W) is well-defined independently of the
1-simplex ¢, ; chosen.

Proof of Lemma[I.17. The key idea is the following: for any 1-simplex ¢
in P(Y) starting at id, there is a 2-simplex whose 01 face is ¢, and whose
02 face is a Reeb flow R, for all sufficiently large speeds a > 0.

Indeed, if Rastnp;tlcpl,t is positive (which it certainly is for a large enough),
then we can simply use Lemma

The result then follows, since the axioms of an oco-functor:
P(Y) — NagCh(k[[z]])

imply 1(Rast) = ¢(1(ps¢)), where ¢ is the chain map associated to the 12
face. Passing to the colimit, we conclude 1(¢s ;) = 1(Ryst), for all sufficiently
large a, for any 1-simplex g+, and the desired result follows. O
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5.1.2. The unit element is not eternal. We prove the assertion:

Lemma 5.1. If SHoq (W) # 0, the unit 1 does not lie in the image of:
HFeq(R—Et) — SHeq(W)
for any negative Reeb flow R_¢;.

Proof. This is related to the results of [Rit13] [Rit14, [CHK23| [Can24b, [DUZ25]
on non-existence of eternal classes in the symplectic cohomology of Liouville
manifolds.

Let us fix an equivariant Morse—Borel datum X on W as in §3.1.6] and
consider the chain complexes:

o CMqq(X),
® CMypeq(X) = CMeq(X) ®xjz)) k (the non-equivariant quotient).

Since HM¢q(X) is a finitely generated k[[z]]-module, it decomposes into a
free summand and a torsion summand (by classification of modules over a
principal ideal domain). Thus it makes sense to speak of the free part of the
unit element 1.

Claim 5.2. The free part of the unit element cannot be written as xa for any
element a in the free summand.

Proof of Claim[5.4 This follows from a similar argument to the one used
in the localization statement one can reduce the general case to the
case W = pt, by “localizing” at a local minimum ¢y on the fixed point
submanifold. Here we need to again appeal to the fact that the characteristic
of the coefficient field k matches the order of the prime cyclic group G, to
conclude that the free part of the unit cannot be written as za for any
element @ in the free summand of HMZ, (pt), since in this case:

(52) HM¢(pt) =~ K[[z]]1 @ k[[2])6,

where 6 is an element of degree 1 (here we assume that p > 3, for simplicity,
the result is similar and easier in the case p = 2). ]

Now, following the same argument as the one given in [CHK23] §2.3.3], we
conclude that, if 1 lies in the image of HFq(R®,;) — SHeq, then there would
be some element b € HMy (W) so that:

(a) 1 — b is mapped (via PSS and continuation) to zero in SHeg,
(b) b is represented by a cycle lying in the image of the Morse continu-
ation map CMeq(—X) — CMeq(X);

here — X points inwards, but otherwise the construction of the chain complex
is exactly the same as see [CHK23, Theorem 2.6] for details.

Observe that (1 — b)*? = 1 — b*P for any number k (where p is the prime
characteristic), and so that @ and @ still hold, with b replaced by b*P.
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Here we use the product structure on the equivariant cohomology HMq(W);
we do not need to assume that this product structure respects the k[[z]]-
module structure, and so we can use the soft construction in (below).

By taking k large enough, we can then assume b*P is mapped to zero in the
non-equivariant group HMeq (1) (the homology of the complex CMpeq(X)).
This is because every cycle lying in the image of CMyeq(—X) is nilpotendﬂ7
for degree reasons; this is same argument as [CHK23, §2.3.3].
In particular, it follows by the long-exact sequence:

HMeq (W) = HMeg (W) — HMpeq(W),
that b = za for some a € HMeq(W).

Thus 1—za is mapped to zero in SHeq (W), via PSS and continuation. Taking
the free parts, and using the fact that the free part of HMcq (W) ~ HF oq(Ret)
is mapped injectively into SHeq (1) (since the cones of any continuation map
are torsion, by Theorem , we conclude that 1 —za is zero in HMeq (W),
contradicting Claim [5.2] This completes the proof of the lemma. ([l

5.2. Pair of pants product. In this section, we briefly outline the construc-
tion of the pair-of-pants product on equivariant Floer cohomology, which is
required to establish the sub-additivity property in Due to the
technical nature of this construction, the similarity with the main results
of [Can24b], and the existence of similar equivariant product structures in
[GMP23], we do not give a detailed construction.

The structural theorem we claim is:

Theorem 5.3. Assume the setup and conclusion of Theorem[1.14. Then there
exists a natural transformation I between the two functors:

e 004, @14 € hC X h€ — HF oq(004) @ HF oq(01.4),
o constant functor hC x hC — SHeq,

and Iy, 01, factors through the natural map HF eq(¢0,t01,¢) — SHeq-
Furthermore, the induced product:
1 : SHeq ® SHoq — SHeq

1s unital with 1 acting as the unit element.

The construction is similar to the non-equivariant approach detailed in
[Can24bl §3], adapted to the equivariant setting, and with coefficients over
a field k with arbitrary characteristic.

The generalization from “non-equivariant” to “equivariant” is akin to the
generalization of “non-family Floer cohomology” to “family Floer cohomol-
ogy” in the sense of [HutO8]. In this context, we refer the reader to the

Ot is important here that w vanishes on holomorphic spheres; see [Can24bl §1.7].
Otherwise quantum corrections can ruin this argument.
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discussion in [BC25, §3.6.3] which constructs (in an unsurprising manner) a
product structure on some version of family Floer cohomology. See [GMP23]
for an approach in this vein.

Let ¥ = C\ {0,1} be the pair-of-pants surface equipped with two positive
cylindrical inputs Cy, C7 and one negative output Co,. For a triple of con-
tact isotopies ©o ¢, P1,¢, Poo,t SUch that ot 0 p1+ < Yoo, we will consider a
suitable space of Hamiltonian connections on SY x ¥ whose ideal restrictions
match the respective isotopies at the cylindrical ends. These Hamiltonian
connections are constructed exactly as in [Can24b).

These lift to G-invariant Hamiltonian connections on SOW x 3. The subtle
part is how to extend these to the compact part of W in a way which is
compatible with Borel data ¢; ;; extending ; ;.

We do not really want to get into a technical discussion of Hamiltonian
connections on the pair of pants surface (for this, we refer to the cited
references) but let us just say that:

e one can speak of families of Hamiltonian connections £, on ¥ x W,
parametrized by points n € EG, which agree with the connections
determined by Borel data ¢; ;¢ in the ends, and whose ideal restric-
tion are the G-invariant connections described above;

e given a function f : ¥ — EG, it makes sense to speak of the Hamil-
tonian connection obtained by setting n = f(z) (in a similar manner
to how we set 7 = m(s) when defining the equivariant operations on
cylinders).

Just as the equivariant operations in etc, were defined using flow lines
of a pseudogradient on BG, the product we are describing will be defined
in terms of Morse flow trees on BG. There are various approaches to this
problem. For our purposes, let us just suppose there is a well-defined space
T of trees 7 which have evaluation maps 7 : T' — BG and which agree with
flow lines of our pseudogradients on the legs of the flow tree. Let us denote
by 7 the lift of a flow tree to EG. Here T is the underlying space of a flow
tree (i.e., three copies of [0,00) connected at the vertex).

Ch
Coo
o
FIGURE 17. Pair of pants surface and the flow tree T

The moduli space used to define the product consists of rigid pairs (7, u),
where 7 € T, and u : ¥ — W is a solution to the Floer equation associated
to the Hamiltonian connection ), obtained by setting n = 7(p(z)) where
p : X — T is an appropriate map sending the pair of pants surface onto
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the trivalent graph. This moduli space carries a G-action, and we count the
rigid G-orbits. The asymptotics are interpreted using the same language of
“distinguished lifts” common to all of our equivariant operations.

To make a long story short, this induces a chain map which descends to a
product on homology:

* 1 HFeq(0,t) @ HFeq(01,t) — HF eq(¢o0,t)-

This a priori depends on the choice of Hamiltonian connections $),, used (un-
like the setting of Borel data, it is not clear whether the space of Hamilton-
ian connections on SY with non-positive curvature behaves as a contractible
space). However, the same arguments used in [Can24b] show that the map
obtained by post-composing * with the colimit map yield a well-defined
product Iy, »,, as in Theorem

By standard arguments, this operation satisfies two properties:

(1) The product commutes with the continuation maps.
(2) The element 1 € SHeq(W) from in is the unit for this product.

These ensure that if the colimit maps for ¢g ¢, @1, hit the unit, then the col-
imit map for ¢+ also hits the unit. This, as in [Can24b], is the mechanism
used to verify the sub-additivity of the spectral invariants [(R5)|

Remark 5.4. What we do not verify is that the resulting product structure
respect the k[[z]]-module structure. This seems to be a subtle point. We do
believe the product can be made to be k[[z]]-linear on the level of homology
groups. Whether this can be done on chain level seems far less certain. We
leave this question for future research. If one proves the product structure
is k[[z]]-linear, then the invariants of type p will be super-additive.

5.3. The axioms for the spectral invariants. We establish the axioms |(R1)
through |(R5)| for the spectral invariants cgr defined in in

5.3.1. Spectrality. Property follows from Theorem and the fact
the unit is not eternal Indeed, the unit not being eternal implies
cr(et) € R. Having established this finitness, if s is not in the spectrum,
then s cannot be the infimal value for which HF (¢; ' o Ry) — SHeq(W) hits
the unit element, since the continuation maps for slightly lower values of s
are isomorphisms by Theorem [1.18

Moreover, since the statement of Theorem [[.18] includes the refinement by
the W-contractible discriminant, we conclude that

5.3.2. Monotonicity. Propertyfollows from the fact that, if o+ < @14,
then there is a 1-simplex R o 1e — R o gpatl, for any value of s.
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5.3.3. Continuity from above. Property |(R3)| follows by definition when
computing cr(yr) when ¢y lies on the discriminant. Otherwise it follows
from Theorem [[.18

5.3.4. Normalization. Property |(R4)| follows from Lemma in §5.1.2)

5.3.5. Sub-additivity. Property follows from the existence of the pair
of pants product outlined in once the product structure is set-up, the
argument is exactly the same as one used to prove [Can24b, Theorem 4] and
[DUZ25, Theorem 2.11].

5.4. The axioms for the integer-valued measurements. In this section, we
establish the axioms through for the measurement p in We
also prove the implication @ concerning the vanishing of SHypeq(W), and
Proposition [1.12| relating the values of p on linear symplectic isotopies with
the Conley-Zehnder index.

5.4.1. On the non-equivariant symplectic cohomology. In this section we
prove implication (9). Observe that for a Borel data (1, J) it holds that:

(53) CFacq (i 0, ) = {CF(@%O,@) ® 0(vo) & CF(th,, ) @ o(v1) if p > 3,

CF (¢, ) if p=2,
where the differential only counts the flow lines which lie above the pole
[1:0:---] in projective space (either CP*> or RP*°, depending on p > 3).

See §2.4.11] and §3.1.3| for details on the chain complex.

It follows fairly tautologically that SHyeq(1W) = SH(W; k) in the case p = 2,
so we henceforth assume p > 3.

Recall SHpeq(W) is the colimit of HFyeq(ty ¢, J), and so we need to prove
this colimit vanishes under the assumption that the “ordinary” symplectic
cohomology SH(W; k) vanishes. We will use a spectral sequence argument.
With respect to the direct sum decomposition in we can write the dif-

ferential on CFpeq(1y,¢,J) as a lower triangular matrix, where the diagonal
entries are the ordinary Floer differentials.

Now, for any element e € SHpeq(W), we can find some v, ; so that e lies
in the image of the continuation map from HFyeq(ty¢,J). This element e
then splits into a summand ey + e1. Since the element e; is a cycle, and the
ordinary symplectic cohomology vanishes, we may assume (by replacing 1, ¢
by something closer to the colimit) that ey is an exact cycle, say eg = dfy.
Then e is cohomologous to €] = e; + A fy, where A is the off-diagonal term
in the differential. But now ¢} is a cycle. By passing further into the colimit
and using the fact that the continuation maps are also lower triangular, we
may suppose € is an exact cycle. But thus the entire cycle e is exact (up
to passing closer to the colimit). Since e was an arbitrary element of the
colimit, we conclude SHyeq(W) = 0, as desired.
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5.4.2. Integer valuedness. Since p(y;) is defined as a supremum of the set
of integers d for which 27¢1 lies in the image of the colimit map, to prove
w(py) is finite, it is sufficient (to obtain the integer valuedness of 1) to prove
that this set of integers is non-empty and bounded from above.

That the set of integers is bounded from above follows from the structure
theorem for finitely generated modules over the ring k[[z]]. We argue by
contradiction, and suppose HFoq(0¢) — SHeq (W) can hit 791 for arbitrarily
large values of d. Since z acts invertibly on SHeq (W), the a-torsion part of
HF ¢y () is mapped to zero under the colimit map. On the other hand,
since the cones of continuation maps are z-torsion, the free part of HF o (¢¢)
is mapped injectively into SHeq(¢¢). By our assumption, there exists ag, aq
in the free part such that:

e qp— 1
° ad'—>x_d1.

But then ag = z%y, by the aforementioned injectivity. In particular, ag
can be divided by z? for arbitrarily large d. In a finitely generated k[[z]]-
module, this can only happen if ag = 0, which implies 1 € SHeq (W) vanishes,
contradicting Lemma that the unit was not eternal.

To prove the set of integers is non-empty (i.e., p is not —o0), we need
to prove that some power of the unit is hit. However, since the cones
of continuation maps are torsion, the map HFcq(R_qt) — HFeq(Re) hits
zF1 for large enough k, for any a > 0. Thus u(R_4) is at least —k. By
monotonicity (see it follows that u(yy) is at least —k if o, is greater
than R_g;. Since a > 0 was arbitrary, we conclude the desired result.

5.4.3. Monotonicity. Property follows from the fact that, if ¢ ; < @1,
then image of the map HF¢q(¢0¢) — SHeq(WW) is contained in the image of
the map HFcq(¢1+) = SHeq(WW).

In particular, if HFeq(¢0+) — SHeq(W) hits 2791, then the same holds for
1,45 thus p(p1,e) > (o).

5.4.4. Continuity from above. For|(G2)|we use the same argument as

5.4.5. Normalization. [(G3)| follows from Claim and the injectivity of
HF oq(Ret) = SHeq(W) on the free part recently explained in §5.4.2

5.4.6. Non-triviality. Every element of the colimit, including 291, lies in
the image of HF¢q(pt) — SHeq(W) for some zero-simplex ¢;. Thus
holds, i.e., p attains arbitrarily large values.

5.4.7. Discriminant. Property follows from Theorem Moreover,
we have the refinement from Theorem [[.11] where the discriminant is re-
placed by the W-contractible discriminant (Definition , since the state-
ment of Theorem includes this refinement.
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5.4.8. Agreement with the Conley-Zehnder index. In this section we prove
Proposition [I.12] that u(¢;) = CZ(p:) —n whenever ¢ is a linear symplectic
isotopy whose time-1 map does not have 1 as an eigenvalue. In this setting,
we focus only on the case G =k = Z/2Z.

The result follows easily from the fact that ¢; admits a canonical extension
to C" as equivariant Borel data with a single generator v(y¢) (the constant
orbit located at the origin). The underlying chain complex is:

k([=]]v (),

and all differentials vanish.

Now consider s large enough that the ¢; admits a continuation to Ry, and
let ¢ be the continuation map. Similarly let ¢ denote the continuation map
from R¢ to Ry for e € (0,1). It follows that:

o c(v(pr)) = 2*¥(Ry),
o ¢(V(Rat)) = mk(R“)’y(Rst) =1.

Note that we exclude the case that ¢ = 0 by the structural theorems we have
proved above (e.g., otherwise 1 would not be a finite integer).

The integers k(p:) and k(Re) can be computed using the Fredholm index
formula for Cauchy-Riemann operators, and we have:

o CZ(pt) — CZ(Rst) + k(pr) = 0,
° CZ(REt) — CZ(Rst) + k(Rgt) =0.

Subtracting, we conclude:
CZ(pt) — n = k(Ret) — k(pt).

Because zF(#1)y(Ry) = 2 =kBet)1 we conclude u(p¢) = k(Rer) — k(1),
and the desired result follows. (]
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