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ABSTRACT. The diameter of the spectral pseudometric on the universal
cover of the Hamiltonian diffeomorphism group of Gr(2,p) is shown to
be finite whenever p is a prime number. On the other hand, it is shown
that the diameter is infinite in the case of Gr(2k,2n) for all natural
numbers k < n.

1. Introduction

For any compact symplectic manifoldﬂ (M,w) one can construct a pseudo-
metric 7 on the universal cover of the Hamiltonian diffeomorphism group
Ham(M) using Floer theory [Flo89]. The pseudometric can be pushed
down to a genuine metric on Ham(M )E| The construction dates back to
[Vit92l [Sch00l [Oh05] and depends on a choice of coefficient ring (typically
a field F but other rings such as Z are also considered; see [KS24]). This
pseudometric is the subject of active research: [KS21l [Kaw22| [KS24, [AAC24]
Sun24l[AAC25]. To motivate the question we study, we recall the well-known
folklore conjecture (see [BHS21l, pp.300]) on the diameter of ~:

Conjecture 1. If w vanishes on mwo(M) then the diameter of 7 is infinite.

The conjecture has been established in certain cases, see, e.g., [Ush13| [KS21]
and [GTT23, Mai24] [

In contrast to Conjecture[] if there are symplectic spheres in M, then upper
bounds on the spectral diameterﬁ can sometimes be established, see [EP03];
the only known method uses the quantum cohomology ring; see Lemma

Posted: December 2025.

!The pseudometric depends on the well-definedness of Hamiltonian Floer homology,
which generally requires some sort of hypotheses on (M,w); see [HS95, [MS12]. In this
paper we consider only monotone symplectic manifolds.

2The pseudometric v on the universal cover may be degenerate; sce [HIL23].

3The criterion in [Ush13] is the existence of a non-constant autonomous Hamiltonian
function H which generates a system whose contractible orbits, of any non-zero period,
are constant; see also [KS21]. The criterion in [Mai24] is the existence of an incompressible
embedding of a Liouville domain Q with SH(Q2) # 0, in addition to the hypothesis that w
vanishes on w2 (M); here SH(R2) is the symplectic cohomology of Q; see, e.g., [Sei08].

“We adopt the following terminology: the spectral diameter of M is the diameter of
the pseudometric v on the universal cover of the Hamiltonian diffeomorphism group.

1



2 H. ALIZADEH, M. S. ATALLAH, D. CANT, AND J. SHANG

In this paper, we focus on the case when M = Gr(k,n) is the Grassmannian
of complex k-planes in C™. The quantum cohomology is famously studied
in [Wit93[; see also [Ber97, [ST97, Rie01l Buc03l I[GGO6, [Cas23].

Our first result concerns k£ = 2:

Theorem 2. For Gr(2,n), the spectral diameter, over a coeffiecient field of
characteristic zero, is finite if n is a prime number.

In fact, we prove a more general statement:

Theorem 3. For Gr(2,n), the spectral diameter, over a coefficient field F of
nonzero characteristic p, is finite if n # p is a prime number and the subset
{p, —1} generates the group of units (Z/nZ)*.

One recovers Theorem [2| from |3| from a simple “specialization to primes”
number theory argument; see Besides the intrinsic interest of under-
standing the geometry of the spectral pseudometric, bounds on the diameter
~ force Lagrangian intersectionsﬂ In fact, the quantum cohomology of the
ambient space strongly influences “enumerative invariants” for Lagrangian
submanifolds; see, in particular, [Aur07, BC09, [Abol0, BC12] [Seil4, [Shel6l,
FOOO19, [Cas21l, [Cas23|; we return to this subject in . Let us merely
comment now that using Lagrangian submanifolds we are able to show:

Theorem 4. The spectral diameter of Gr(2k,2n) is infinite using a field of
characteristic zero, provided that k < n.

Theorems (3| and [4] should be considered the main theorems of this paper.
Let us introduce the quantum cohomology: in this paper, we only consider
M which are (positively) monotoneﬂ The quantum cohomology is:

(1) QH*(M;F) :== H*(M;F)® Flg ", q];

where ¢ is a formal variable; the multiplication is the quantum cup prod-
uct; see for further discussion. The only known method to bound the
spectral diameter from above is the following result from [EP03]:

Lemma 5 (Entov—Polterovich). If each nonzero homogeneous element in
QH*(M;F) is invertible, then the spectral diameter of M computed using
the field ¥ is finite.

5A Lagrangian submanifold L C (M, w) satisfies 2dim L = dim M and w7z, = 0.

6In this paper, positively monotone means the following: there exists some smooth 2-
sphere u : % — M with positive symplectic area, and ¢;(u) = Nw(u) for all 2-spheres; we
adopt the convention that w is normalized so that w(m2(M)) = Z, so that the number N
is the so-called minimal Chern number of M. Let us comment here that [Kaw22] [Sun24]
explore the spectral diameter of negatively monotone manifolds.
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The proof is recalled in §2.11 Theorem [3|is proved using Lemma |5 While
the hypotheses of Lemma [5| are not preserved under field extensions, its
conclusion does bound the diameter of y over other fields{]

Lemma 6. The spectral diameter is unchanged under field extensions F C K.

Our next result considers the non-applicability of Lemma [5| to the other

Grassmannians; we restrict to the range n > 2k to avoid the isomorphism
Gr(k,n) — Gr(n — k,n):

Theorem 7. For Gr(k,n), n > 2k, and F a field of characteristic p, the
hypothesis of Lemma [3] is satisfied if and only if the degree zero subring
QHO(M;F) is a field. This holds if and only if:

e k=1, or
e k=2, nis prime, p#n, and, if p# 0, {p, —1} generates (Z/nZ)*.

In all other cases, Lemma [5 does not apply.

Because Lemma || is the only known way to bound the spectral diameter,
it is natural to wonder whether the spectral diameter of Gr(k,n) is infinite
whenever Theorems [2| or [3] do not apply; we discuss this further in

1.1. Background. Before we sketch the proofs, we recall some necessary
background about the quantum cohomology of Grassmannians. The or-
dinary cohomology H*(Gr(k,n);Z) is the free graded Z-module generated
by variables op where D is a Young diagram fitting inside [0, n — k] x [k, 0].

o

+— Cp, images of matrices of the form

oS OO oOre
o ooa o
o—Q - o

FIGURE 1. A Young diagram d C [0, n—k] x [0, k] determines
a Schubert cycle Cp C Gr(k,n). The diagram consists of
the unshaded squares. Each vertical edge corresponds to a
special pivot row of the matrix; other rows have a certain
number of free variables. The class op is represented by Cp.

The tensor product H*(Gr(k,n); Z) ® Z[q] — we add a formal “quantum”
variable ¢ — has the structure of a graded unital algebra over Z[g|; the
product is the so-called quantum cup product; see below. The (complex)

"The spectral invariants are generally stable under various types of extensions of co-
efficients see, e.g., [Ush13l §7] and [UZ16) §2.5]; see also [KS24, Proposition 3.1.5] for a
general statement.
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degree of op is the number of squaresﬁ in D, and q is a formal variable of
(complex) degreeﬂ n.

The quantum cup product is then defined as a deformation of the classical
cup product:

oo
(2) Op, ¥0p, =0p, — Op, + Z chrD1 %k ODys

k=1
where %, is a commutative product of degree —nk which counts holomorphic
spheres u with area w(u) = k (the coefficients defining this operation are
given by certain three pointed Gromov-Witten invariants); the details are
standard by now, and refer to [MS12] for generalities. It is known that total
operation * is graded, associative, and 1 = oy is the unit element.

As is common when using the quantum cohomology in the study Hamilton-
ian Floer theory on monotone symplectic manifolds, we consider a localiza-
tion of this algebra:

Definition 8. For any field F, the quantum cohomology algebra over F is
defined by:

QH*(Gr(k,n); F) := (H*(Gr(k,n); Z) ® Zlq]) ®z1 Fla~ ", al;
the product structure is the one obtained by localizing .

1.2. Quantum Pieri rule. In the case of Grassmannians, the relevant three-
pointed Gromov-Witten invariants appearing in have been calculated,
see [Ber97, Buc03]. The product is completely determined by the so-called
quantum Pieri rule (the sums are described below):

(3) xj*O'D:ZO'D/—I-ZQUDN.

D’ D"
Here x; is the jth Chern class of the obvious k-plane bundle over Gr(k,n);
it is known that x; is the basis element corresponding to the diagram with j
boxes in the first column. The first sum (the classical contribution) is over
all Young diagrams D’ which are obtained from D by adding j squares in
such a way that:

e cach added square is either on the left of the rectangle, or has a
square in D to the left of it (we do not allow an added square to
have another added square to its left).

The second sum (the quantum contribution) is over all diagrams D" obtained
by removing n — j squares from D in such a way that:

8From the perspective of real dimensions, the grading is twice the number of squares.
Throughout this paper, we adopt the following convention: whenever we speak about
the quantum cohomology of complex Grassmannians, we will use complex degrees, and
whenever we speak about the quantum cohomology of a “general” symplectic manifold we
will use real degrees.

9The number n is the minimal Chern number of Gr(k, n).
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e all possible squares in the top row must be removed — this requires
D to have all of the squares in the top row!

e cach additional square which is removed (i.e., not on the top row)
must either be on the left of the rectangle, or must have the square
to its left unremoved.

e After these removals, one should shift the result up by one unit to
obtain D”.

We provide an example computation in Gr(3,6):
og* 0gm = gﬂj—i—qa@.
In particular, it holds that z}} = ¢"; later on we use this to show:

Lemma 9. The quantum cohomology QH*(Gr(k,n),F) satisfies the hypoth-
esis of Lemma @ if and only if the degree zero part QH®(Gr(k,n),F) is a
field; in particular, the first part of Theorem[7 holds.

Remark 10. This lemma may perhaps seem to be some sort of algebraic
triviality, but we should mention that the same conclusion does not hold over
symplectically aspherical manifolds if one defines QH*(M,F) = H*(M,F)
(as is the standard convention when working with spectral invariants). The
proof of Lemma @ uses the fact that QHdimM(M,F) contains an invertible
element. For Grassmannians, the above shows we can take q_kxz.

1.3. The case of Gr(2,n) where n is odd. The following technical result is
the key ingredient in our proofs of Theorems [3| and

Theorem 11. Suppose n =20+ 1. The degree 2¢ — 1 part:
QH*"!(Gr(2,n),F)

is £ dimensional and generated by op where D has j =0,...,£ —1 boxes in
the second row; see for the standard basis in the case £ =6, n = 13.

(4) {m, g, goom, oo, o EEEEBj}
With respect to this basis, multiplication by a well-chosen degree zero element
A has matriz:

1-1
1 1

—_

(shown here with n = 13).

—_
—_

1

0
0
0
0 -1

+1-10
_|lo-10
M=1,y o2
0 0 0
0 0 0

olol oo
—
ol cococo

0
0
0
0 1

If  is the characteristic polynomial of this matriz, then:

r(—z—z ="+ 2+ 4+ 1
Consequently, if F = Z/pZ, the following are equivalent:

(1) QH’(Gr(2,n),F) is a field,
(2) m(y) is irreducible over Fly],
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(8) n is a prime number, coprime with p = char(F), and {—1,p} gener-
ate the group of units (Z/nZ)* .

The proof of Theorem [11]is given in

1.4. The case of Gr(2,n) for even n. For even numbers n > 4, the degree
zero part of quantum cohomology is never a field (for any choice of coef-
ficients). However, as long as n is coprime to char(F), the algebra is still
semisimple in that QH®(Gr(2,n); F) splits into a direct sum of fields; see
Proposition To establish such a result, we use an analogue of Theorem [11]
for the case n = 20 + 2.

Theorem 12. Suppose n = 20 + 2. The degree 2¢ part QH**(Gr(2,n),F) is
{4+ 1 dimensional and generated by op where D has j = 0,...,¢ bozes in
the second row; see for the standard basis in the case £ =5, n = 12.

(5)  {oommo, goom, g, gy, e @

With respect to this basis, multiplication by a well-chosen degree zero element
A has matriz:

0 0
0 0

! ,01 8 (shown here with n = 12).
0 —

If w is the characteristic polynomial of this matrix, then:

M~z —2 ) =@+ )" 1),
1.5. Sketch of proof of Theorem @ To handle the general case of Gr(k,n)
for k > 2, we will describe the quantum cohomology in a more abstract
fashion. It is known that 1, ...,z generate the ordinary cohomology (this
is a consequence of the Giambelli formula). Because the Giambelli formula

still holds with the quantum product, see [Ber97, [Buc03|, it follows that
T1i,...,Tk,q still generate the algebra:

H*(Gr(k,n),Z) ® Z[q]

with respect to the quantum product. Thus one can consider the quantum
cohomology as a quotient:

H*(Gr(k,n),Z) ® Zlq] = Z[x1,. .., zk, q] /7,
where J is some ideal of the polynomial ring; [ST97] establishes:
Lemma 13. The ideal J is generated by:

Yo hats s Yno1, Y+ (=g
where Y, € Z[x1,..., x| are the degree r polynomials defined by:
(6) Y, = det(@145-i)1<ij<r-

Proof. This is proved in [Buc03l §8] using the Pieri formula. O
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Morally, Y, represents the Schubert class op where D has r boxes in the top
row (of course, this description does not make sense for r > n—k). Following
[GGO6], we use this presentation to establish the following theorem.

Before we state the theorem, let us introduce the notion of an admissible
collection of nth roots of unity in nonzero characteristic. Let char(F) = p
and suppose n = p®m. Let us say that a multiset J = {C1y.. ., G} of
nth roots of unity is admissible provided each root appears with at most
multiplicity p?. In this case, the complementary multiset J¢ is well-defined,
so that JUJ¢ contains all the nth roots of unity, each with their multiplicity
p?. If char(F) = 0, an admissible multiset is just a set (each element has
multiplicity at most 1). In the following, we fix ¢ solving & + (—1)* = 0,
and let K denote the splitting field over F for the polynomial ™ 4 (—1)*
(note that this field also contains the nth roots of unity).

Theorem 14. For any admissible multiset J = {(1,...,(x} of nth roots of
unity, there is a ring homomorphism:

evy: QH*(Gr(k,n);F) - K

sending q to 1 and x; to the expression:
evy(zi) =&Y ¢ Gk,

where the sum is over all i = iy + - - + iy such that each ij is 0 or 1 (i.e.,
is given by evaluating the elementary symmetric polynomials).

We recall the proof in (it follows the same argument as [GG06]). This
result is used to prove Theorem [7] in §2.8

1.6. Lagrangian intersections. Suppose that L C M is a compact connected
monotone Lagrangian submanifold with minimal Maslov numbeﬂ at least 2
(all Lagrangians will be assumed to satisfy these assumptions, in this paper).
The Lagrangian quantum cohomology QH*(L,F), as defined in [BCO9] using
the pearl (aka cluster) approach of [CL05], gives a tool to probe the quantum
cohomology of the ambient space M. The approach of [BC09], its sequel
[BC12], and the later work [LZ18| [Zapl5] produces a graded module over
F[A\~!, )] where ) has grading equal to the minimal Maslov number of L. In
fact, QH*(L, F) is the homology of the Morse complex CM*(L, F)@F[A~1, \]
with a deformed differential:

d=dy+ Ny +Nda+ ...
defined by counting “quantum trajectories” involving chains of Morse flow

lines and holomorphic disks; see Figure

10The Maslov number is an integer associated to a smooth disk in M with boundary on
L, and it governs dimensions of moduli spaces of holomorphic disks u : (D,0D) — (M, L).
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In the case char(F) # 2, we assume that our Lagrangians are spinm This
is the assumption that [BC12] use (we will appeal to some of their results
below); however, we refer the reader to [LZ18|, Definition 18] and [Zap15] for
more general hypothesesE| Their framework gives QH* (L, F) the structure
of an algebraﬁ over the ambient quantum cohomology QH* (M, F):

(7) QH*(M,F) ® QH*(L,F) — QH"(L, F),

with a unit element 1, € QH’(L, F); see [BCO7, Lemma 5.2.4 and §5.3][]
The following combines results from [AIb05, BC09], [EP09, §8], and [LZ18§],
and concerns the spectral invariants recalled in §A]

Theorem 15. Fix a field F, let L,1; be as above, and assume e x 1, # 0.
Then the following “Lagrangian control property” holds:
1
(8) c(e, H) < (e, 0) +/ mBXtht.
0

In particular given two such data L,1; and K, 1§, if:
9) 1 # 0 and 1 # 0 for disjoint Lagrangians L, K
then the diameter of v is infinite. The same coefficient field must be used

for both Lagrangians.

The combination of Theorem [3] and Theorem [I3] can sometimes be used
to force intersections between Lagrangians with non-vanishing Lagrangian
quantum cohomologyﬂ

r_ () () () vy
_/ / _/

FIGURE 2. A quantum trajectory contributing to the defor-
mation of the Morse differential of L.

Hyere “spin” means the structure group of T'L can be “reduced” to the spin group
covering SO(n) C O(n) — this is used for defining signs in various identities.

2For our purposes, we will only require knowing that tori are spin, and that the
quaternionic Grassmannians Gru(k,n) are spin (which is obvious after appealing to the
fact that manifolds are spin if w1(T'L) and w2(TL) both vanish; see [LM89]).

1376 be precise, in general QH* (M, F) is a “supercommutative” algebra, and QH* (L, F)
has the structure of a “superalgebra” over QH* (M, F); see [Zapl5|. This distinction is
irrelevant when M = Gr(k,n) since its quantum cohomology vanishes in odd degrees.

14The module action is such that g acts by A* where kw(u) = 1 where u is some
generator of ma(M, L); here w(m2(M)) = 1, so w(w2 (M, L)) = 1/k.

15An alternative mechanism (explained to the authors by Egor Shelukhin) for forcing
Lagrangian intersections, which bypasses spectral invariants, utilizes the structural prop-
erties of the open-closed maps and the Cardy relation (which analyzes moduli spaces of
holomorphic annuli with boundaries on two Lagrangians). See, e.g., the generation crite-
rion of [Abol0], its adaptation to the monotone setting in [Shel6], and the work of [Seil4]
on disjoinable Lagrangian spheres.
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1.6.1. Real and quaternionic Grassmannians as Lagrangians. Two classes
of Lagrangians in complex Grassmannians are the real and quaternionic
Grassmannians (see, e.g., [Zap20} [KS21]). We have:

Proposition 16. Consider the real Lagrangian submanifold L = Grg(k,n),
and suppose char(F) = 2. Then QH*(Grr(k,n),F) # 0.

Proposition 17. The quaternionic Lagrangian submanifold L = Grg(k,n) in
M = Gr(2k,2n) satisfies QH*(L,F) # 0 for every field F.

To show that these are indeed Lagrangians, we comment that both are fized
point sets of antisymplectic involutionsm For L = Grr(k,n), one simply
conjugates all entries of a full-rank matrix in C"**, and this antisymplectic
involution descends to an involution of Gr(k, n) fixing L. On the other hand,
for the quaternionic Lagrangian, one considers the involution J obtained by
complex conjugating and then multiplying by:

(10) diag([?‘ol],...,[(l)_ol]),

this is also an antisymplectic map descending to an involution of Gr(2k, 2n)
fixing Gry(k,n).

To see why the fixed points of the latter involution forms Grg(k,n), we

digress for a bit and explain the set-up. Let H = {a + bi + ¢J + diJ} act on
the complex vector space C?" in such a way that:

e J acts by complex conjugation followed by .

Then any plane P € Grg(k,n), considered as a subset of C?" = H",
can be given a basis as a 2k dimensional complex subspace, of the form
X1,3X1, .-, Xg, JXg. Thus, if we complex conjugate and then apply ,
we simply send this basis to J X1, — X1, ...,3X,, —X,, which spans the same
plane. Thus Gri(k,n) lies in the fixed point set of the involution. Conver-
sally, if a plane P lies in the fixed point set, then it is not hard to show it
admits a basis of the form X1,J3X1,..., X,,JX,; the desired result follows.

Except for one edge case, the propositions on the non-vanishing of the La-
grangian quantum cohomologies follow from:

Lemma 18 ([BC09, Theorem 1.2.2]). If the minimal Maslov number Ny, of
a monotone Lagrangian is large enough that [pt] can be expressed as a cup
product of classes in HM(L,F), H%(L,F),... where d; < Np — 2, then
QH*(L,F) # 0. Here we need char(F) = 2 if L is not spin to ensure [pt] # 0
(as well as ensure the Lagrangian quantum cohomology is well-defined). O

Using this Lemma we can prove the two propositions.

Proof of Proposition[16. The minimal Maslov number Ny, of L = Grgr(k,n)
is known to be n (because Hi(L) = Z/2Z is 2-torsion, the minimal Maslov

16 A involution is antisymplectic provided it pulls back w to —w. The submanifold of
fixed point of such an involution is necessarily a Lagrangian submanifold.
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number is either n or 2n, since n is the minimal Chern number of the ambient
space; with a bit of work one proves it must be n). However, [pt] can be
expressed as the cup-product of classes in degree max{k,n — k}; see Remark
So, except for the edge case Gr(1,2), we can apply Lemma The
result is known to hold in this edge case. O

Proof of Proposition[I7. The minimal Maslov number N, of L = Gru(k,n)
is 4n because it is simply connected (the Maslov number is twice the Chern
number of the ambient space). On the other hand, [pt] can be expressed as
the cup-product of classes in degree 4 max{k,n — k}; see Remark O

Remark 19. In both proofs, we appeal to some result about [pt] being gen-
erated by classes of a certain degree. In this remark, we provide an explicit
argument. Without loss of generality, suppose k < 2n. Then this follows
from the relation "% = PD(pt) where o is the class Poincaré dual to the
cycle of k-planes lying in a subspace of codimension 1. Indeed, the cup prod-
uct o™ * is Poincaré dual to the cycle of k-planes contained in a subspace
of codimension n — k; but there is only one such k-plane, since a subspace of
codimension n— k has dimension k. Thus 6™~ % is Poincaré dual to a point.

See [Oh93, IST13| for general non-vanishing results for the Floer cohomolo-
gies of fixed point sets of antisymplectic involutions.

1.6.2. B-fields, local systems, and monotone tori. There is a large and well-
studied class of Lagrangians which does not fall under the umbrella of
Lemma namely, the monotone torus fibres of involutive mapsm

3. M*" — R".

We require that 3 is a submersion in a neighborhood of some value u € R",
so that the inverse image T = 37!(u) is a Lagrangian torus. Such a torus
does not satisfy the hypotheses of Lemma if Np = 2. If one requires
assumptions on the singularities 3, e.g., if 3 generates a Hamiltonian 7"-
action, then one automatically has Ny = 2; such tori are quite important in
mirror symmetry [Fuk01l [Aur07, [Shel6] and have been extensively studied,
see, e.g., [Cho04, I[CO06, FOOO09, FOOO10, FOOO19|. See also [NNUI0,
CK21, [Cas21], [Cas23] for results specific to Grassmannians. These references
all explore deformed versions of the Floer cohomology.

The most general set-up we would like to consider is the Lagrangian quantum
cohomology with a B-field, related to the work of [Ch008]ﬁ Here we fix
a cohomology class B € H?(M,L,F*) and use it to deform the counts
appearing in the definition of:

e QH*(M,F) (the quantum cup product),

17Recall that a map 3 is involutive if all Hamiltonians of the form h o 3,k o 3 generate
commuting vector fields.
185ce also [Fuk02], and also [Ushill [Rit09) for related work in the closed string case.
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e QH*(L,F) (the quantum differential and module action),
e Hamiltonian Floer cohomology HF*(H,, F); see

Denote the deformed objects by QHE (L, F), QHE (M, F), and HF;(H,, F).
One concludes the existence of B-deformed spectral invariants cp y(e, Hy)
for classes e € QHE (M, F); we refer the reader to [Ushll] for an overview
and for further motivation.

Let us explain the ideas a bit more precisely. To keep things simple, let us
suppose thaﬁ char(F) = 2. We define the B-deformed differential by:

d(e-) = 3 Bu)g“™a,

where the sum is over quantum trajectories starting at z_ weighted only by
the total symplectic area w(u) and B(u) € F*; here B(u) = B(u1) ... B(uyg),
if uy, ..., uy are the pearls appearing in a given quantum trajectory. Then:

Proposition 20. The B-deformed differential still squares to zero. The mod-
ule action * of B-deformed quantum cohomology can be defined as in the
undeformed case. Moreover:

1
cp(e, Hy) < cp(e,0) +/ max Hy|pdt
0
holds provided that 11, g * € is non-zero.

Proof. The argument is actually just a special case of the general results in
[LZ18], especially those concerning twisted coefficients: [LZ18, §2.5.2]. For
related results we refer the reader to [FOOO19]. |

This theory is well developed in characteristic zero, in particular over the
field F = C, and fits under the rubric of bulk-deformed Floer cohomology;
see [FOOO19| for an advanced treatment. We also refer the reader to the
recently posted [She25]m Here, one sometimes restricts to those B-fields
which admit a logarithm; see, e.g., [Aur07, Remark 3.5].

One can consider B in the image of the map H'(L,F*) — H?(M, L,F*).
These special B-fields satisfy cp(e, Hy) = c(e, Hy), i.e., they do not change
the closed string spectral invariants — in the long exact sequence in coho-
mology, such B map to the trivial class in H?(M,F*). These are often
called local systems in the literature; see, e.g., [BC12, §2.4]. One has:

Corollary 21. Fiz a field F. If 1,5 # 0 and 1x g # 0 for local systems
B, B', where L, K are disjoint Lagrangians satisfying the monotonicity as-
sumptions from the start of §1.6, then the diameter of ~y is infinite.

191 this case, we should work with a field extension of F = Z/2Z, otherwise F* is
trivial. One can take, e.g., the splitting field of 2® + 1 which has F* = {1,¢, ¢?}.

2OExpanding the full theory of “bulk deformations” of [FOOO19] to non-zero charac-
teristics appears to be quite complicated story due to factors like 1/k! which appear in
many definitions; see [She25| for some discussion of this.
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Proof. The argument is the same as the one used for Theorem [L5] and uses
the Lagrangian control property for both Lagrangians to achieve a large
spectral norm. O

1.6.3. Disk potentials. For monotone tori 7" C M?" with minimal Maslov
number 2, there is an established strategy for finding B € H(T,F*) that
yield non-vanishing quantum cohomology QH%L (T, F): critical points B of a
disk counting function yield QHEL (T, F) # 0; see [BC12, Proposition 3.3.1]
and [CO06]. The idea of disk counting functions (or potentials) originates
from physics [HV00Q]. Briefly, the disk potential W (z) counts J-holomorphic
disks with Maslov number 2 passing through a point, and records the ho-
mology classes traced out by the boundary of the holomorphic disks in a
Laurent polynomial:

len(au) k(0w

«Ln .

WT7J7pt(Zl, e ,Zn) =

u
To be more precise, the sum is over J-holomorphic maps v : D — (M, T)
with u(co) = pt and p(u) = 2, modulo reparametrization by the two-
dimensional group of biholomorphisms preserving oo (here we think of D
as compactifying the upper half-plane). The integer weights k;(Ou) is the
degrees of the map ¢;oulgp : 0D — R/Z (here qy, . . ., g, are coordinates on
the torus). These counts are independent of (J, pt), provided they are cho-
sen generically, and we write Wp(z1,...,2,). This invariant detects which
local systems give a non-vanishing Lagrangian quantum cohomology:

Theorem 22. A local system B € HY(T,F*) satisfies:
dWT(zl, e ,Zk) =0

where z; = B(e;), if and only if QHR (T, F) # 0; here e; is the loop parametriz-
ing the i direction

Proof. The result is well-known, see [CO06, [Aur07, FOOO10], [BC12, §3.3],
[EL19, §7.2], and [Cas20]. The argument we have in mind is more or less
exactly what is written in the proof of [BC12, Proposition 3.3.1] (in the case
of tori). We summarize the argument with our conventions: one shows that
the Laurent polynomial:

s oWrp

;

aZj ’

evaluated at the special points z; = B(e1),22 = B(es),..., gives exactly

the coefficient in the quantum differential joining the class e}/ dual to e; in

H!(T,F) to the class of the unit 1 € H(T,F). Here e/ and 1 are represented

21 Let us note that, while Wz and z; = B(e;) both depend on the choice of identification
(R/Z)" ~ T, the vanishing of dWr(z1, ..., zx) is independent of this choice.
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by critical points of a perfect Morse function. If these coefficients are all zero,
it implies that e}/ are quantum cycles, and henceﬂ

ey *---xe, = PD(pt) +qA; + ...

is a quantum Morse cycle. However, such a quantum Morse cycle cannot be
exact, by degree reasons (and the fact PD(pt) is not exact in the classical
Morse complex). This completes the proof. ([

1.6.4. The Gelfand-Cetlin torus. There are some monotone Lagrangian tori
in Gr(k,n) whose disk potentials are computed. The original argument
is due to [NNUIL0], which computes the potential of the monotone fibre
T = 37(u) of the Gelfand-Cetlin system (an involutive map):

3: Gr(k,n) — RFR).

see [GC50L [GS83] and Each component function 3;; is smooth
and generates a Hamiltonian circle action on an open and dense subset
of Gr(k,n) containing the torus T’; see [CK21l Theorem 4.3] and [Cas20)
§3]. In [Cas20, Proposition 3.5], a formula is given for the potentialé

k—1n—k o k n—k-1 _ 1
1) Wr(2) =) s - > Zagtl + 21,
o1 =1 Z'L—f—l,] P Zz,] Zl,nfk

where B(e; ;) = z;; and where e; ; is the orbit class of the circle action
generated by 3; ;. His deduction depends on work of [NNU10, [ACKIS].

Lemma 23. There is a point z € (0,00)*" %) such that dWrp(z) = 0. In par-
ticular, QH(T,R) # 0 for some real-valued local system B € H*(T,RX).

Proof. This is due to [Cas20], where explicit formulas are found for the
coordinates z; j in terms of the evaluations of certain symmetric polynomials
at collections of nth roots of unity. The case of positive real coefficients is
rather straightforward (once one has the formula for potential, of course).
One minimizes Wr(z) € (0,00) on the open locus where z; ; € (0,00). The
minimum is attained: indeed, if along some minimizing sequence one has
zi; — 0, then z;_1; or z; j11 must also tend to zero (otherwise one of the
terms would explode). In this manner, one concludes that z; ,_j must tend
to zero, which shows Wrp(z) — 400, contradicting the fact the sequence
was minimizing. Similarly, if z; ; tends to 400 along a minimizing sequence,
one concludes z 1 — +oo as well, again yielding a contradiction that the
sequence was minimizing for Wr(z). O

22Here * is the quantum product, a deformation of the cup product; see [BCOY, §5.1].
23For the u such that T = 37" (u), we refer the reader to [CK21] and [Cas20].
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1.6.5. Disjoint Lagrangians and infinite spectral diameter. We prove:

Lemma 24. The quaternionic Lagrangian L = Gru(k,n) is disjoint from the
Gelfand-Cetlin torus T inside Gr(2k,2n), provided that k < n.

Proof. The argumenﬂ we will present relies on the formula for the Gelfand-
Cetlin system 3, which we recall now. Let us describe the set up for Gr(k, n);
we will specialize to the case Gr(2k,2n) later in the proof.

Each subspace P € Gr(k,n) can be represented as the image of an unitary
matrix U of size n X k so that the columns of U form a unitary basis for P.
The endomorphism:

A=UU".C" = C"
has spectrum {1,0}, with the eigenvalue 1 having multiplicity & and the
eigenvalue 0 having multiplicity n — k. This endomorphism depends only on
the subspace P. Let A") be the upper left r x r submatrix of A, and let:

)\Y) 2...2/\1(]”)

be the eigenvalues of A, considered as real-valued functions on Gr(k,n).
Many of these eigenvalues are constant on Gr(k,n). For instance, it can be
shown using minimax theory for eigenvalues that:

(12) )\Z(TH) > )\Er) > /\gﬁl) forl1<r<n-—1landi<r.
In particular, since:
A == = tand A == A =,

it holds automatically that:

° )\Er)zlifianerk,
e M —0ifi>k+1.
This leaves k(n — k) many choices for i, which are not constant functions 0

or 1. Indeed, these k(n—k) many remaining eigenvalues form the component
functions of the Gelfand-Cetlin map 3 : Gr(k,n) — RF("=%); see [NNUTO).

Following [Cas2()], let us relabel:
305 = 20D

so that 3;;, ¢ =1,...,kand j = 1,...,n — k, are the components of 3.
Clearly, the image of 3 is contained in the polytope determined by the
inequalities , which amounts to:

(13) Jij+1 2 Bij = it
In fact, the image of 3 is precisely the set of tuples 3; ; satisfying the inequal-

ities (13); see [NNUI0, Lemma 3.5], [Cas20], and the references therein. It
will be important for us that:

2411 the first draft of this paper, we argued based on the toric degeneration described
in [NNU10], in a manner inspired by [Kaw24| §3]. The current proof is more elementary.
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(a) the locus where 372 = 32 lies in the boundary of the polytope,

provided that n,k > 2. It will also be important that the Gelfand-Cetlin
torus T = 37 !(u) of §1.6.4]is such that u lies in the interior of the polytope
(see, e.g., [Cas20, Theorem 3.2]), that is to say, using @

(b) 31,2 > 32,1 holds on T'.
To complete the proof, we specialize to the case of Gr(2k,2n), and claim:
(c) 31,2 = 32,1 holds identically on Grg(k,n).

The combination of @ and yields the desired result. The remainder of
the proof is dedicated to establishing The idea is that any subspace in
Gru(k,n) is the image of U of the form:

21 —Z2 Z3 —Z4 - Zok—1 22k
U= 1|72 =2 2z Zz3 -+ 22k Z2k-1

where U = [X1,J3X1, X2,JX2,...] as described in §1.6.1, and we suppose
these vectors form an orthonormal basis (note that we only require the first
two rows of U to describe 321 and 312). With A = UU', we have:

@ _ [2lal? 0 1.
A { 0 YluP)

in particular, the two eigenvalues of A are equal, that is to say 321 =312
This establishes and finishes the proof of the lemma. O

With this result established, as well as the earlier results Proposition |17/ and
Lemma on the non-vanishing of the Lagrangian quantum cohomology
for L and T, we can appeal to Corollary [21] to conclude that the spectral
diameter of Gr(2k,2n) is infinite; this yields Theorem

1.7. Further questions. There are two competing principles at play:

(a) If the quantum cohomology over F is a graded field (in the sense of
Lemma , then the spectral diameter is finite,

(b) If there are two disjoint Lagrangians with non-vanishing Lagrangian
quantum cohomology (potentially with local systems over some field
extension K of F), then the spectral diameter over F is infinite.

It is natural to wonder whether these principles are complete. This leads us
to ask a question:

Question 25. Is the spectral diameter of Gr(k,n) infinite, over a field of
characteristic p, whenever the quantum cohomology is not a graded field? In
such cases, can one find disjoint Lagrangians L1, Ly as in ?

See Theorem [7] for the list of tuples k,n,p not covered by Lemma
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2. Proofs of theorems and lemmas

2.1. Proof of Lemma[5 We will sketch the proof rather quickly, as it uses
well-established ideas. The main technical tool in the proof is the Poincaré
duality formula for spectral invariants originally due to [EP03];|?| it is used
to relate the spectral invariants of H; to those of the reversed system H;:

Lemma 26 ([EP03, Lemma 2.2.]). If a € QHY(M, F) then:

c(a, Hy) = —sup{c(b, H;) : a xb = PD(pt) + qA; + ¢*As + ...},
where the supremum is over classes b € QH2"(M, F) satisfying the stated
condition; here A; € H*(M,F). O
We refer the reader to |Ost06] for related discussion. As a result:

V(Hy; F) = sup{e(b, H) — ¢(1, Hy) : b =PD(pt) + ¢A1 + ¢* A2 + ... }.
More generally, if e is any degree zero idempotent element, one has:
Ye(Hy; F) = sup{c(b, H;) — ¢(1, Hy) : bx e = PD(pt) + qA; + ¢ Ay + ... },
where . (Hy; F) = —c(e, Hy) — c(e, Hy).
Let dim M = 2n. Suppose that e satisfies: for b € QH?"(M,F), if e x b # 0
then there is g € QH2"(M, F) such that gxbxe = e (we say that e generates
a field factor). Then the triangle inequalitﬂ for spectral invariants yields:
c(b,Hy) + c(g x€,0) < c(e, Hy).
Since e % g has known degree —2n, c(e * g,0) > —[2n/N | where N is the
minimal Chern number — indeed, one only needs to show the most negative
power of ¢ potentially appearing in e ¢ is ¢~ [2"/N. Thus:
Ye(Ht, F) < [2n/N|.
The desired result follows. O

25[EP03] treat the case F = C. See, e.g., [KS24] §1.4] for general coefficient fields.
26See, e.g., [Oh05]; our signs are reversed due to our use of cohomological conventions.
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Remark 27. Inspection of the proof shows only the degree 2n elements:
PD(pt) + qA1 + ¢*As + . ..

are required to be invertible (in the case e = 1), while Lemma@ requires that
every homogeneous element must be invertible. In fact, these are the same:
if all elements of the above form are invertible, then, by non-degeneracy of
the classical cup-product, all non-zero homogeneous elements are invertible.

2.2. Proof of Lemmal[6l See [KS24], Proposition 3.1.5] for a related statement
(involving coefficient rings which are not fields).

Let us recall that CF(Hy; F) is the F-vector space spanned by capped orbits
of the system Hy; the spectral invariant of a class a € QH*(M,F) is the
max-min applied to the class PSS(a) € HF (Hy; F); this is reviewed in

If F — K is a field extension, then there is an inclusion of subcomplexes:

Clearly, the spectral invariant of the unit will not decrease when computed
in the larger complex (because we maximize over representatives, the old
representatives from CF(Hy; F) are still valid). Thus it remains only to
show that the spectral invariant also does not increase. For this, we appeal
to Lemma 26} it is sufficient to show that:

sup{c(b, Hy) : b= PD(pt) + qA; + ¢°As + ...}

does not decrease. However, we know that for classes b in CF(H;; F) their
spectral invariant cannot decrease (and adding new possibilities for b in
CF(H; K) can only increase the supremum). This completes the proof. [

2.3. Proof of Lemmal[9 This lemma is specific to the quantum cohomology
of M = Gr(k,n). In fact, the result will hold in any monotone symplectic
manifold satisfying the property that PD(pt), the generator of the cohomol-
ogy group with top degree dim M, is invertible when considered as an ele-
ment in QHY™ M (M, F). This property is indeed satisfied for M = Gr(k,n)
(in we show PD(pt) = 27" and 2} = ¢*, so PD(pt) is invertible).

Recall the statement of Lemma@ We suppose that QH’(M, F) is a field and

let a € QH*(M, F) be a non-zero homogeneous element; we require proving
that a is invertible. Without loss of generality, suppose that:

a:a0+qa1+q2a2+...,

where ag # 0 is in H"(M,F). By non-degeneracy of the classical cup prod-
uct, there is some b € HY™M="() F) such that b — ag = PD(pt). It then
follows that

bxa=PD(pt) + qA; + Ay + -,
where A; € H*(M) are homogeneous elements. Then PD(pt)~!b x a is a
non-zero element in QHY, and so is invertible; the desired result follows. [
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2.4. Proof of Theorem . Denote by v; = op, where D; has j boxes in the
second row and 2¢ — 1 — j boxes in the top row. These elements v, ..., vs_1
form a basis for QH2~1(Gr(2,2¢ + 1)). The goal is to determine by which
matrix M a particular degree zero element A acts on this graded piece.

2.4.1. Computation of the matriz. We first claim the following identity:
(1-— q71x2 * V1) * U = Z M;jv;,

where M;; is the matrix in the statement of Theorem [T1} This degree zero
element A = 1 — g~ 'xg x vy will satisfy the first part of Theorem

Proof of the claim. Let us denote by V,;, = op,, where D has a boxes in
the top row and b boxes in the second row. Then:

xo = Vi1 and v; = Voy o 1.

Thus we compute, by straightforward application of the transposed quantum
Pieri rulef’]

Var-3,0*vo = Var—120-3

Var—g0xv1 = Vay—1,20-3 + Var—220—2 + q(0 + 0+ Vay_5)

Var—3,0 ¥ v2 = Vay_1,20-3 + q(0 4 Vo509 + Var_g,1)

Va0 *v3 = q(Var—s,0 + Var—e1 + Var—72)

Va0 *v3 = q(Var—e,1 + Var—72 + Var—g3)
Var—sz0*ve—2=q(Voe—s5+ Vi10-a+ Via0-3)
Var—z0xve-1=q(Ve1,0-4+ Vi20-3+0).

Using vy = @2 * Vay_3, with 29 = V1 1, the quantum Pieri rule of gives:
(o xv1) *vg = q(0+ 04 Voy_a1) = quy

(@ xv1) *v1 = q(Vag—1,0 + Var—a1 + Var—z2) = q(vo + v1 + v2)

(@ x v1) *vg = q(Vag—o1 + Var—z o + Vara3) = q(v1 + v2 + v3)

( ) = q(ve 4+ v3 + v4)

zoxv1) *v3 = q(Vay_z 9 + Vor_a g + Var—s4)

(2 *v1) ¥ vp—g = q(Vig2,0-3 + Vig1,0—2 + Vig—1) = q(ve—g + vp—2 +vp—1)
(2 *v1) xve—1 = q(Vig1,0—2 + Vi1 +0) = q(ve—2 + vp—1).

Thus 1 — ¢ 'y % v; acts according to the matrix M from the statement of
Theorem [11] as desired. O

27The transposed quantum Pieri rule governs how one multiplies by the classes Vj o,
and is just the rule one obtains from the transposition isomorphism:

QH"(Gr(2,2¢ 4+ 1)) ~ QH*(Gr(2¢ — 1,24 + 1))
and the quantum Pieri rule of
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2.4.2. The characteristic polynomial of the matriz M. Let my(z) be the char-
acteristic polynomial of the matrix M, i.e., my(z) = det(M — xI). Then:

n
—1
€T —

where n = 2/ + 1.

Proof of the claim. We observe that:

224z+1 —xz 0 0 0 0
—x 241 —z 0 0 0
0

_ 0 —z 2?41 —=z 0
Ry(z)=| 0 -z 2241 —z 0
0 0 0 —z 2241 —x
0 0 0 0 —x x241

The determinant of this triagonal matrix can be computed using a recursion
relation. One sees that:

Ry(z) = (22 + ) Ry_1(z) — 22 Ry_s(x),

with initial conditions Ro(z) = 1 and Ry(x) = 1+ z + 2. Tt is clear by
inspection that:
Rg(l‘):.r%—i-x%_l—}—“-—i-fv—l—l

solve this recursion relation; equivalently, one can solve the recursion by
diagonalizing the matrix appearing in the recurrence relation:

O =T ] [Re).

This completes the proof. [l

2.4.3. Completing the proof of Theorem [11. It remains only to show the
equivalence of the statements through from the statement. Let us
abbreviate QH? = QH?(Gr(2,2¢ + 1)). The fact that |(1)| follows from |(2)|is
basic representation theory: if 7(y) is irreducible, then 7(y) is the minimal
polynomial of A. It follows that the action of A on QH*~! has no proper
non-zero invariant subspaces. We conclude that the action of any non-zero
element B € QH as an endomorphism of QH*~! has zero kernel (otherwise
this kernel would be an invariant subspace of the action of A). Here we use
that QH*! has a unit, namely vy, to ensure the action is faithful. In
particular, B has no zero divisors C' € QH, otherwise B % C vy = 0, which
would contradict the fact that C * vy is non-zero element in QH*~!. Thus
QH" is a field, as desired.

That implies follows similar lines: if the action of A has any non-
trivial proper invariant subspace, then this subspace is invariant for the
entire action of QHY, and by dimension reasons one concludes the existence
of zero divisors 2

28Note that dim QH® = 14+dim A™ = dim H™"? = dim QH?*!, recalling n—2 = 2¢—1.
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Next we prove that implies using a fundamental idea of Galois the-
ory; let L be the splitting field of 7(y) and suppose that the splitting of 7(y)
has no repeated factors in L, then: the group of automorphisms of ¥ C L
acts transitively on the roots of w(y) if and only if w(y) is irreducible. This
uses [Alu09, Theorem VII.6.9] which asserts that F is the “fixed field” of
Autg(L); in particular, if the group of automorphisms did not act transi-
tively, then one would conclude 7(y) has a factor over F.

Let us observe that, over L, we can write:

m(y) = (-1 y—r1)...(y—re)
and hence:
" —1

x—1"

r(—r—z =@ +rz+1)... (2 4+rx+1) =

It follows that each r; lies in the splitting field of 2™ — 1, denoted F((); i.e.,
L C F(¢). In fact there is some ordering of roots so that:

ri = —8; —s_; and s_; :si_l fori=1,...,¢
where 2" 1+ +x+1=(x—s)(x—5_1)...(x—s7)(x — 5_4) over F(().
Because we are working with F = Z/pZ, the mod p Frobenius automorphism
generates the automorphism groups of field extensions of F; see [Alu09,

Proposition 5.8]. In particular, if 7(y) is irreducible, it follows that we can
reorder the ¢ roots of m (which are distinct elements in L) so that:

(14) ri =7r"  and so s; + 571 = (81 + 5P

We are almost done with the implication == It remains only to
prove that n is prime, coprime to p, and {—1, p} generate the units (Z/nZ)*.
If n were not prime then ¢|n for some prime number ¢q. The ¢ root of unity
£ is technically an nth root of unity, and hence & = s; for some i. It follows
that £ = s; is in F(§). But then, since the Frobenius acts transitively on

the roots 71, ..., 7, it would follow that rq,...,7, all lie in F(&), and hence
L C F(§). But this contradicts:
o L:F]=¢,

o [F(§):F]=¢q—1 (or 1if g = p, technically speaking);

this is a contradiction, because we may assume that n > 9 is odd and appeal
to the (more-or-less obvious) inequality ¢ —1 <n/3 -1 < (n—1)/2 = ¢,
and conclude L cannot lie in F(§).

There is one possibility we have not covered, namely the case n = p, which

must be excluded. Here 2™ — 1 = (x — 1)P and so it follows in fact that all
roots 71, ..., 7y lie already in F, contradicting irreducibility of .

Finally, we show that {—1,p} generate the units in (Z/nZ)*. Since the
powers:

¢ (P fori=0,...,0-1
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parametrize the ¢ roots of 7(y), it follows that every element in (Z/nZ)*
is of the form p’ or —p’, as desired. The implication = fol-
lows the reverse argument. The assumptions imply that the Frobenius map
acts transitively on the roots of 7(y), and hence 7(y) must be irreducible.
We should establish that m(y) has distinct roots over L when appealing to
[Alu09, Theorem VII.6.9]. It is clear that, if two roots are the same then
there are four distinct non-trivial solutions of:

(+¢t=r
for some r. But this contradicts the fact that a quadratic polynomial has at
most two roots. This completes the proof of Theorem O

2.4.4. Proof of Theorem[3. The proof of Theorem [3|follows by an immediate
combination of Theorem [I1} Lemma [9] and Lemma O

2.4.5. Proof of Theorem [2 The proof of Theorem [3] follows the same ar-
gument as above; we only need to explain the “specialization to primes”
argument ensuring that QH%(Q) := QH’(Gr(2,n), Q) is a field, when n is
a prime number. Given n, there exists some prime number p such that
{—1,p} generates the units (Z/nZ)*.

Let us denote by F = Z/pZ. If QHY(Q) is not a field, then there exists
a zero divisor a. Multiplication by a against some basis is represented by
some matrix with rational coefficients (using a basis of Schubert classes).
Then Na can be considered as a class in QHY(F) for large N (clearing
denominators); however, since QH°(F) is known to be a field, we must have
that Na is zero. By picking N intelligently (so that at least one coefficient
of Na is nonzero mod p), we obtain a contradiction. [l

2.5. Proof of Theorem[13. In a manner similar to we compute:
vy *vp = q(0 404 Var_90)
v *v1 = q(Vagae + Var—2,0 + Var—31)
v %V = q(Var—ii—o + Var—i—1,i—1 + Var—j—ay) for 2 <i < ¢
v1 v = q(Vig—2 +0+0).

Multiplying by x5 then yields:

0+0+wvp)

vo + v + v2)

Vi1 + v +vig) for 2 <i </

v—1 +0+0).

(xaxv1) *v9 =¢q

(xaxv1) *v1 =¢q

(
(

—_— o~~~

)
Tk V1) *xV; = q
Tg * V1) kU = ¢

Thus A = 1 — g~ 'y % v1 satisfies the first part of Theorem It remains to
prove the statement about the characteristic polynomial 7(y) = det(M —yI).
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We hayve:
z24z+l —x 0 0 0 0
-z z241 —z 0 0 0
41 =1\ 0 -z 2241 —xz 0 0
x ﬂ'( x x )_ 0 0 —z 2?41 —=z 0
0 0 0 —z 2241 —x
0 0 0 0 —z x24z+1

Using linearity of the determinant as function of the last row, we conclude:
(= —a7h) = Repa () + 2Ry(x)
where Ry(z) is as in Thus, the results of yield:
dMr(—z—z ) =Q+z) (@ 1 +2" 2+ F 2 +1),
as desired. O

2.6. Decomposition of (y) into irreducible factors. Theoremsandgive
sufficient information to answer the following question: how many irreducible
factors does the characteristic polynomial of w(y) split into. This is relevant
to studying the semisimplicity of QH®(Gr(2,n), F). It will be necessary to
assume that p is coprime with n.

Let us continue with the discussion from where n was even. Over the
algebraic closure of F, we can write 2" '7(—z — 271) as:

4
(xQ +roxr+1)... (x2 +ri+1) = (1' + 1)2 H(CU - Sz)(m - S—i)v
i=1

and after relabelling, we can assume that each rg = 2 and —s; —s_; = r;
and s_; = s; *. In particular, the roots of 7(y) lie in the splitting field F(()
of 2" ! 4+ ... 4+ 2+ 1, and are precisely the sums:

r=—s—s 1

where s is a root of 2" L + -+ + 2z + 1.

We have obtained exactly the analogous result when n is odd: the negative of
each such sumr = —s+s~' is a root of w(y), where 7(y) is the characteristic
polynomial of the matriz determined by multiplication by A = ¢~ xg *x v, on
the graded piece space QH" 2(Gr(2,n),F). Henceforth we allow n to be

even or odd in the discussion.

The Frobenius automorphism preserves this set of roots, and we conclude
the following general statement for Grassmannians of the form Gr(2,n):

Proposition 28. If F = Z/pZ and p is coprime to n, and there are N orbits
of the action s + s~ +— sP 4+ s7P on the set of sums s + s~ where s is a
root of the polynomial "' + - 4+ + 1, then QH®(Gr(2,n),F) splits into
a direct sum of N fields, and QH®(Gr(2,n), Q) splits into at most N fields.
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Proof. The (standard) idea is to average the roots:

fow) =T[w—-r
re0
where O is an orbit of the aforementioned action. These fo(y) form the
factors of m(y):
)= [ fowm.

orbits O
We will use the condition that n is coprime with p to prove the multiplici-
ties mo are 1, for each O; then standard representation theory, as in
implies that QH°(Gr(2,n), F) decomposes into N many fields (in this case,
the minimal polynomial of the element A equals its characteristic polyno-
mial)J*’| If mo were non-zero, then 7(y) would have a repeated root r, and
then (z? + rz + 1)? would divide 2™ — 1, contradicting the fact that 2" — 1
has no repeated irreducible factors when n is coprime to p.

The last part of the statement follows from a specialization to primes argu-
ment, similarly O
Remark 29. When n is coprime with p, there is a primitive root of unity
s = (, and then the sums can be identified with pairs {a,b} € Z/nZ where
a+b=0 and where a # b # 0, modulo n. The action is p{a,b} = {pa, pb}.
For instance, if n = 10, then over F = Z/7Z there are three orbits:

e {1,9} — {3,7} — {1,9},

e {2,8}— {6,4} — {2,8},

e {55} —{5,5},
and so QH(Gr(2,10),F) ~ F @ K ® K where [K : F] = 2.

Remark 30. Interestingly enough, if the assumption that n is coprime to p
is dropped, then QH®(Gr(2,n), F) may no longer admit field summands.

2.7. Proof of Theorem[IZ). In this section we explain how to construct ring
homomorphisms from QH*(Gr(k,n),F) into a field extension K of F.

2.7.1. Symmetric polynomials. To study QH(Gr(k,n);F), one important
idea is to consider the algebra homomorphism:

(15) QH(Gr(k,n);F) — F[q_l, q,21,---,2k]/3

2QSuppose that 7(y) = fi(y) ... f~(y); then one can solve:

N
1= Zgi(ﬂf) []#@).

J#i
This determines how QH® splits into fields; if A = ¢~ 2%(vo — v1) then the elements:
E; = gi(A) ng(A) where ¢t =1,...,N
J#i

are non-zero idempotents satisfying F; F; = 0 for ¢ # j. Each E; generates a field factor.
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where the Chern class x; is sent to the ith elementary symmetric polynomial:
ei(z1y...y2k) = Zzil . z,i’“,
the sum is over all 7 =41 + - - - + 43, such that each 7; is 0 or 1.
Claim. The map is well-defined provided that:
J = ideal generated by hy_pi1, .- hn_1, hn + (—1)%q,

where h; is the ith complete symmetric polynomaial:

hi(z1,. .., 2k) = Z zil...z,i’“.

i1+ tip=1

Proof. This is used in [GGO6] and attributed to [ST97]. One can also derive
from the result of [BucO3|] as follows. The key is to use the “generating”
functions:

E(t)=) et and H(t) =Y ht'
valued in F[t,x1,...,xk]. These satisfy the identityﬂ
E(-t)H(t) = 1.
In particular:
hy = hy_1e1 — hy_gea + -+ — (—=1)"hge, = 0.

Let us note that Y., given in @ satisfies a similar recursion relation; indeed,
using the Laplace rule for computing determinants, we obtain:

T] T2 T3 T
ac(l) ac? :L’g xé T1 T2 T3 To T2 T3 To T1 X3 To T1 T3
Y4 =10 =1 | %0 T1 T2 | — 9 0 z1 =2 —|—x3 0 zg x2 | — T4 0 zo z2
Lo L1 L2 0 zo 71 0 oz 0 x 0 0 =
0 0 z¢ 1 0 1 0

which simplifies to Yy = 1Y3 — 22Y2 + x3Y1 — x4. This holds in general, as
can be easily checked by the reader. Hence the map:

F[q_la q,T1,. .. 733]6] — F[q_17 q,21,--- ,Zk;]
sending z; to e;(z) (and ¢ to ¢) necessarily sends Y; to h;(z). Thus, is
well-defined provided we quotient by J from the statement. O

In fact, let us denote by A C F[zy, ..., zx] the ring of symmetric polynomials.
Then A is generated by the elementary polynomials ey, ..., e (see [Alu09,
§VIIL.7.3]), and we have constructed an isomorphism:

(16) QH*(Gr(k,n); F) — Alg™", q]/3,

where J is as in the claim.

30See [Mac95l pp. 20].
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2.7.2. Roots of unity. As in the statement of Theorem fix £ satisfying
£" + (—1)* = 0, and consider evaluation maps:

(17) evy: QH(Gr(k,n);F) —» K

where K is the splitting field for # + (—1)*¥. The map ev; is defined by
precomposing a map of the form:

(18) eVJIF[qil,q,Zl,...,Zk] — K,

with the ring map QH®(Gr(k,n);F) — Alg~1,¢]/d of (I6)); the map is
chosen such that:

e cach z; is sent to £(; where (; is an nth root of unity;
e the collection {(1, ..., (x} are admissible (see §L.5|for the definition);
e ¢ is sent to 1.

In the case p is a symmetric polynomial we will write p(£(y), where J is the
choice of roots of unity {(1,...,(x}, as the order is irrelevant.

Lemma 31. Evaluation maps are well-defined algebra homomorphisms,
i.e., the maps vanish on the generators of J and the restriction
takes values in F((), the splitting field of x™ — 1.

Proof. This is due to [GGO6] (at least in the case char(F) = 0). For our
purposes, we let char(F) = p. The case char(F) = 0 is similar to the case
when d = 0 and is left to the reader.

The idea is to use the generating function identity E(—t)H (t) = 1 invoked
previously, as well as the following application of Vieta’s formula:

k n—k n
(19) e (C)(=1)" Y eilCe) (=) =D el (=) =1 —t",
§=0 i=0 i=0
where (5 = {(1,...,(,} is the complete selection of roots of unity. It then

follows from E(—t)H (t) =1 that:
n—k

(1 =t")> (Nt = eilCre)(—t)'.
=0

(2

Il
=)

Consideration of degrees then yields:

k—1

D hnkri (C)EF =0 and b (¢y) — 1 =0,

j=1
Thus, if we evaluate instead at {(;, then each term h,_j4;(£¢s) remains
zero for j = 1,...,k—1, while h,(£Cs) — (=)™ = hn(£¢7) + (—=1)F = 0. The
map of is well-defined, as it vanishes on the generators of .
Next we prove that the map takes values in F(¢). It is clear that x; is
sent into £'F((), and ¢ is sent into £"F(¢) = F(¢). Thus by consideration
of the (complex) degree of elements we conclude every element of degree 4
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in QH is mapped into £F (), and so the degree 0 part is sent into F(¢), as
desired. This completes the proof of the lemma, and Theorem O

2.8. Proof of Theorem[7]. We need to show that, in all cases not covered by
Theorem 3| the algebra QH®(Gr(k,n)) is not a field (restricting to the range
n > 2k to avoid double counting — we also ignore the cases when k = 2 and
n is odd, as these are already determined by Theorem .

The proof will follow from linear algebra (dimension estimates) and the
existence of the ring homomorphism:

(20) QH’(Gr(k,n),F) — F(¢).
from Theorem [14] (as explained in §2.7.2| this is valued in F(¢) C K when
we restrict to the degree zero part).

We argue by contradiction: suppose that QH? = QH®(Gr(k,n), F) is a field.
The first step is to compute the dimension of QH’; by Lemma [9] it follows
that x; is invertible (we are assuming that QHY is a field). Therefore:

dim QH? = dim QH' = - -- = dim QH" !,

as multiplication by x; establishes bijections between these graded pieces.
On the other hand:

n—1 n—1 —+oo
D dimQH =3} dim H(Gr(k,n)) = <Z>
=0 =0 j=—00

where we use that the formal variable ¢ has degree n; here, as always, we are
using complex dimensions. Thus, assuming that QH? is a field, we conclude
its dimension must be:

dimQHO:i(Z) (n—l)(n—2)k.!..(n_k+1)

Note that, in some cases, this is not even an integer, and so we automatically
would conclude that QHY is not a field. This happens, e.g., if n is even and
k = 2, as it gives (n — 1)/2. Another option is k¥ = 3 and n = 6, as the
above gives 20/6, which is not an integer. However, we can be more precise
and exclude all cases not covered by Theorem

The key idea is that, if QHY is a field, then dimp QH° must divide [F(¢) : F],
because the ring homomorphism is a field extension. Thus we conclude
(still in search of our contradiction) that:

(21) (n—=1)(n—2)...(n—k+ 1) divides k![F(¢) : F]
Let us consider the case n = 7 and k = 3, in which case we have
6 x 5 divides 6[F(¢) : F].

However, [F(() : F] is never divisible by 5 if n = 7; indeed, we have either
[F(¢) : F] =6 if char(F) # 7 and [F(¢) : F] =1 if char(F) = 1.
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Now in the remaining cases, we may assume that n > 8. From , it
follows that:
n—1 n—-2n—k+1 .”n—3 <1
[F(():F] 3! k 4 -

Since [F(¢) : F] <n—1, and n — 2 > 3!, and n > 2k, it follows that all
terms in the product are at least 1. The last written term is strictly bigger
than 1, and so we get a contradiction if k& > 4 (otherwise the last written
term does not actually appear). The final remaining case is when n = 8 and
k = 3, when we have:

7
— < 1.
[F(C) : F]
This is also a contradiction, since [F(¢) : F] <4 if ¢ is an 8th root of unity.
Thus we have reached a contradiction of our assumption that QH? is a field

in any case not covered already by Theorem [3] This completes the proof of
Theorem [7. O

Appendiz A. Floer cohomology review

This appendix reviews the Hamiltonian Floer theory used in this paper.
Throughout, we assume that H : M xS! — R is a non-degenerate Hamilton-
ian function on a closed monotone symplectic manifold (M,w). We denote
by X, the vector-field defined by the relation w(X;, —) = —dH,.

A.1. Cohomological cappings. A representative (cohomological) capping of a
loop z is a smooth map # : D — M whose restriction to 9D = S is given by
x when 0D is oriented as a negative boundary (i.e., clockwise, the opposite
of the standard orientation of dD). The difference of two representative
cappings of x form a sphere, and if this sphere has zero symplectic area then
the representatives are deemed equivalent. An equivalence class of such
representatives will be called a capping of x. The quotient space of cappings
is a covering of the space of contractible loops LM.

Remark 32. The slightly non-standard definition of cappings is motivated by
the PSS construction; see Figure[3 and {A.3

A.2. Action and the Floer complex. To a non-degenerate Hamiltonian func-
tion H : M x S' — R one associates an action functional:

A (@) = /OIH(t,x(t))dth/Iw,

on the aforementioned covering of LM, whose critical points P(H) are ex-
actly the cappings T of contractible loops z(t) solving z/(t) = X¢(z(t)).
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For a generic w-tame almost complex structure J, the Floer complex is
composed of the F-vector space CF(H) of finite sumﬂ generated by capped
orbits; the differential is defined as the signed™ count of finite-energy rigid-
up-to-translations solutions Floer’s equation:

Osu + J(u)(Ouw — X¢(u)) = 0;

the input is the positive end u (oo, t); this is what we mean by “cohomological
conventions”. The complex is graded in such a way that PSS(C') has degree

equal to the codimension of C; see The usual index formula [Sch95]
shows that the degree is equal to

degree(z) = n + 2¢,(z) — CZ(x);

With the aformentioned cohomological conventions the differential strictly
increases action and has degree one.

The homology of the Floer complex is denoted by HF*(H, F). It does not
depend on the auxiliary choices. It carries a module structure over F[g~!, ¢
where the action of ¢ is given by ¢ - T = Z# Ao, where ¢1(A4p) = N is the
minimal Chern number (i.e., ¢ acts by “recapping”).

A.3. PSS-isomorphism. There is a ring isomorphism:
PSS : QH*(M;F) — HF*(H)

which intertwines the quantum product with the pair-of-pants product on the
Hamiltonian Floer cohomology (we do not discuss the pair of pants product
in this paper, and refer the reader to [Sch95, [PSS96]). Here QH*(M;F) is
as in . This map is called the Piunikhin—Salamon—Schwarz isomorphism.
With our conventions, PSS(C) is defined as the sum of solutions u of a
certain asymptotic boundary value problem (illustrated in Figure [3]) with a
constraint u(oco) € C; this sum is considered as a sum of cohomologically
capped orbits.

Let us be precise in the case of M = Gr(k,n): recall that H*(M;F) is
the free F-vector space generated by the symbols op where D is a Young
diagram fitting into a rectangle of dimensions n — k by k. Each Young
diagram D determines a pseudocycle Cp, whose codimension is (twice) the
number of boxes in D; see Figure|l|for an illustration. One defines PSS(op)
by counting the solutions of the PSS-equation passing with constraint on C'p.
One extends the definition of PSS to QH*(M; F) using the aforementioned
Flg~!, q) module structure on HF*(F); this is a graded map.

31Warning: the use of finite sums here is specific to the setting of a monotone symplectic
manifold M — in general one requires working with a completion of this vector space.

32We refer to [FH93] for details on the signs appearing in Hamiltonian Floer theory.

33We use the conventions in [Can22] for the Conley-Zehnder indices (these are fairly
common conventions). They depend on a choice of section s of the anticanonical bundle
detc(TM) which is non-vanishing on the image of x; this section also determines the
number ¢;(Z) as a homological intersection number of Z with the cooriented cycle s (0).
The resulting degree is independent of the choice of s.
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C

x(t)

F1GURE 3. A solution to the PSS equation is a map u :
CP! — {0} — W as in [PSS96]. The figure illustrates one
solution of the PSS equation defining the Floer cycle PSS(C);
this cycle is the sum over all such rigid solutions considered
as cappings (note that the loop x(t) is a negative boundary
of the solution).

A.4. Spectral invariants and the spectral norm. To a quantum cohomology
class e € QH*(M;F) and a Hamiltonian H;, one associates a real number,
called a spectral invariant, defined by a cohomological max-min:

c(e; Hy) := sup{min{ Ay (Z1), A (Z2), Zﬂfz [PSS(e)]};

one maximizes over all elements in a given cohomology class. It is well
known that spectral invariants take values in the set of critical values of the
action functional Ag.

The spectral norm of a Hamiltonian function H is defined by:
Y(H) = —c(1; H) — ¢(1; H);

it depends only on the class in the universal cover of Ham(M ) represented by
the Hamiltonian isotopy ¢!, generated by H. Here, H(t,z) = —H (1 — ¢, x).
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