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SELECTIVE FLOER COHOMOLOGY FOR CONTACT VECTOR
FIELDS

DYLAN CANT AND IGOR ULJAREVIC

AsstrAcT. This paper associates a persistence module to a contact vector
field X on the ideal boundary of a Liouville manifold. The persistence
module measures the dynamics of X on the region Q) where X is positively
transverse to the contact distribution. The colimit of the persistence module
depends only on the domain Q and is a variant of the selective symplectic
homology introduced by the second named author. As an application
we prove existence of positive orbits for certain classes of contact vector
fields. Another application of this invariant is that we recover the contact
non-squeezing result of Eliashberg, Kim, and Polterovich.

1. Introduction

One of the motivations for the present paper is the following question:

Question 1.1. Given a contact vector field X on a contact manifold Y, what
conditions guarantee that X has a positive closed orbit?

An orbit of X is positive if it is positively transverse to the contact distribution.
Positive orbits can also be defined in terms of contact Hamiltonians: given a
contact form o on Y, one can assign to X its contact Hamiltonian h := o«(X).
An orbit of X is positive if it is contained in the open invariant set {h > 0}.

Question [1.1]is closely related to Weinstein’s conjecture which says that X
has a positive orbit if its contact Hamiltonian h is everywhere positive.

One should note that there are examples of contact vector fields without any
closed orbits, and so Question sometimes has a negative answer. For
instance, one can take a vector field on a closed manifold N without closed
orbits, and lift this vector field to a canonical vector field on Y = ST*N. There
are many examples of such N; see, e.g., the work of [Kupg4] for an example
when N = S3.

In this paper we show that a contact vector field X on the ideal boundary
of a Liouville manifold W has a positive orbit provided a version of the
selective symplectic cohomology for the positive invariant region {h > 0} is not
isomorphic to the singular cohomology H*(W; Z;) (see Theoremfor the
precise statement).
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One application is the following:

Theorem 1.2. If X is a contact vector field on the prequantization space R/Z x C™
so that:

(1) the positive invariant region {h > 0} is precompact and contains the closed
solid torus R/7Z x B(1),
(2) the invariant hypersurface {h = 0} is transverse and non-resonant,

then X has positive orbits in the free homotopy class of the central knot R/Z x {0}.

Here non-resonance is a geometric condition on the characteristic foliation of
a hypersurface, described in greater detail below. Any hypersurface which
is convex in the sense of [EGo1, (Girg1, HH19, [EP22| Sal22] is automatically
non-resonant.

Another application uses a result from [Ulj23] to prove:

Theorem 1.3. Suppose the natural map H*(W) — SH(W) is not surjective and
dim W > 4. If X is a contact vector field such that {h > 0} is the complement of a
contact Darboux ball, and {h = 0} is cut transversally, then X has a positive closed
orbit.

Theorems1.2/and [1.3[can be also seen from the following perspective: they
prove the Weinstein conjecture for a class of Reeb vector fields on certain open
contact manifolds. Obviously, the Weinstein conjecture for open contact
manifolds does not hold in general. For instance, the Reeb vector field of the
standard contact form on R?™*! has no closed orbits.

To the end of proving existence results for positive orbits of contact vector
tields, we associate a new persistence module of Floer cohomology groups
to a contact vector field X on the ideal contact boundary Y of a Liouville
manifold W. The Floer cohomology group is a special case of the cohomology
groups considered in [MU19|, DUZ23| Can23b,|[CHK23] which are associated
to arbitrary contact isotopies.

The persistence module constructed in the present paper can also be used
to prove a variant of the contact non-squeezing theorem from [EKPo6], thus
essentially showing that selective symplectic homology theory is powerful
enough to detect this important milestone in contact topology; the precise
statement we prove is given in Theorem below. See [San11) [Fra16, (Chi17,
AM18| [FSZ23] for other approaches to the contact non-squeezing theorem.

We briefly sketch the construction of the persistence module. Let pi5 be a
cut-off function of the form illustrated in Figure

The cut-off function u;s(h) generates a new contact vector field X§ via the
equation «(Xg) = ps(h), and we let HF(X$'; s) denote the Floer cohomology
group associated to the contact isotopy obtained as the time-s flow of X
For ¢ sufficiently small, this new contact vector field “selects” the dynamics
of X only on its positive region (note that X = X¢ on the region where h > 9).
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Our invariant, denoted Q(X; s), is defined as an inverse limit (over continua-
tion maps) as & — 0 of the groups HF(X§'; s); the construction is given in
It is shown that Q(X; s) is independent of the choice of contact form.

5/2

0

Ficure 1. The convex and positive cut-off function ps is
required to satisfy us(x) = x for x > 6.

For our main theorem, it is useful to separate orbits by their free homotopy
classes. Let us therefore fix k to be a collection of connected components in
the free loop space of Y. Because Floer cohomology ultimately is defined
inside the filling, we require that « satisfies the following condition we call
saturation:
k=1""(i(x)),

where i: Y — W is the inclusion of the ideal boundary. We will refer to k
as a saturated free homotopy class. Given such a choice, we define a refined
version of the invariant, denoted Q(X;s; k).

The vector spaces Q(X; s; k) are shown to form a persistence module with
respect to s € [0,00); see [PS16| [UZ16, PSS17, PRSZ20] for earlier uses
of persistence modules in symplectic topology. Assuming the dynamical
condition of non-resonance (defined below), we prove that the persistence
module is supported on the lengths of positive orbits of X:

Theorem 1.4. Suppose that X is non-resonant relative k and has no positive orbits
with period in [so, s1] C [0, 00) in the saturated free homotopy class k. Then the
continuation map:

Q(X;s0;K) = Q(X;s1;)
is an isomorphism.

Non-resonance is a condition on the characteristic foliation of the hypersur-
face where X is tangent to the contact distribution; the precise definition is
given in For the purposes of the introduction, let us note that:

(1) non-resonance assumes the contact Hamiltonian h = «(X) cuts out
its zero level set £ = {h = 0} transversally,

(2) assuming (1), non-resonance only depends on Z,

(3) if X is convex (in the sense of, e.g., [Sal22| §2]), then X is non-resonant,

(4) if the characteristic foliation of X has no closed orbits in the class of
Kk, then X is non-resonant.
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It follows from the construction and well-known results for Floer cohomology

in Liouville manifolds that:
0 i HF(RE H*(W;Z/2) if k contains constant loops,
QX;0;) = 5500 (Revi ) = 0 otherwise.

At the other end of the persistence module we have an invariant closely
related to the symplectic selective (co)homology from [Ulj23]. Introduce:

Q(X;00; k) == cso_>lior£1 Q(X;s; k).
We will prove in §3|that there are continuation isomorphisms:
Q(X1; 007 k) = Q(X2; 00; k)
provided that{h; > 0} = {h, > 0} and each h; = «(X;) cuts out its zero level
set transversally. Thus, given any domain () C Y we define:
Q(Q;k) = li>r<n Q(X; 00; k);

the limit is over vector fields X whose positive region is QO and which cut out
the zero level set transversally, in which case we say X is adapted to Q). The
limit is formal in the sense that the map from the limit to any representative
is an isomorphism.

Our invariant Q(Q; k) has certain mild differences from the invariant in
[Ulj23], e.g., in this paper Q) is a compact domain rather than an open set.
We discuss further comparison with [Ulj23] in

With these definitions settled, we can state an important result:

Theorem 1.5. Let X be a non-resonant contact vector field adapted to Q. If « is
non-trivial (contains only non-contractible orbits) and Q(Q; k) is non-zero, then X
has a positive orbit in the class k. If k is trivial (contains contractible orbits) and the
natural map H*(W;Z/2) — Q(Q; ) is not an isomorphism, then X has a positive
orbit in the class of k.

Proof. This is a direct corollary of Theorem|t.4]and the above definitions. [J

This result should be thought of as the generalization of the famous result
of [Vitgg] on Reeb vector fields to a larger class of vector fields.

In view of this theorem, it is worthwhile to compute the invariants Q(Q; k)
in various settings, as the answer may imply the existence of positive orbits
of any contact vector field X adapted to Q.

1.1. The case of a contact Darboux ball. Our first example where Q(Q; k) can
be computed is when Q is a contact Darboux ball, i.e.,
Q={q*+p*+0? <1} CRxC",

with the contact form dO® + A where 0 is the projection onto R and A is
the radial Liouville form on C™. Our method of computation is to find a
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contact vector field X adapted to Q) which has no closed positive orbits. A
straightforward computation shows that:

h=1-02—p2—q>

is the contact Hamiltonian for a contact vector field X which has no positive
orbits. Because the boundary of the ball is convex, X is non-resonant, and
hence Theorem [1.5/implies that the natural morphism:

H*(W;Z/2) — Q(Q; k)

is an isomorphism when « is a trivial class (if k is nontrivial then Q(Q; k)
vanishes because every loop in a ball is contractible). This isomorphism also
follows from [Ulj23} §6] and the comparison in

1.2. The prequantization of a symplectic Darboux ball. Consider R/Z x C™, with
coordinates (6, z), and with the prequantization contact form:

(1) o =d0 + A,

where A is the radial Liouville form on C. It is well-known that, for any
R >0, R/Z x B(R) can be contactomorphically embedded into R/Z x B(e)
for arbitrarily small € > 0; see [EKPo6, Can23a]]. Here B(a) denotes the ball
of symplectic capacity a. We note that these embeddings are not isotopic to
the identity.

We will show in §4Jthat there is some Liouville manifold W which contains an
embedding of R/Z x B(R) into its ideal boundary Y which has the following
properties:

(1) the knot K =R/Z x {0} is not homotopic to any of its iterates in W;
in particular, the saturation « of K is non-trivial,
(2) QR/Z x B(a);k) ~Z/2®7Z/2if a > 1,
(3) the continuation map:
Q(R/Z x B(a); k) = Q(R/Z x B(R); k)
is an isomorphism if T < a <R.

Here we appeal to an additional structure we have yet to mention so far:
for any inclusion of domains Q7 C Q; there is a map Q(Q1; k) = Q(Q2; )
induced by continuation maps. Moreover, the assignment Q — Q(Q; ) is
functorial with respect to these continuation maps. This additional structure

is explained in
This set-up allows us to conclude Theorem [1.2|from the introduction:

Proof. Without loss of generality, suppose R/Z x B(a) C O C R/Z x B(R) for
1 < a < R. Embed R/Z x B(R) into the ideal boundary of the aforementioned
Liouville manifold W, and use this domain to compute the Q groups.

Because the composition of:
Q(R/Z x B(a); k) = Q(Q; k) = Q(R/Z x B(R); k)
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is an isomorphism, Q(Q; k) must be non-zero. Since k is a non-trivial class
(contains no contractible orbits), it follows from Theorem [1.5|that X has a
positive orbit in the class of k, as desired. O

We suspect that this existence theorem can be deduced by combining our
Lemma [3.2] with the techniques of [EKPo6] (which are specifically tailored
to prequantizations), or the generating function approach of [San11, FSZ23]
which are specifically tailored to the prequantization of C™. It is a natural
question as to whether the hypotheses on the non-resonance of 0Q or the
requirement that O contains R/Z x B(1) can be relaxed, although we leave
this question for future research.

1.3. A contact vector field with no orbits at all. The question which started this
project was the following: does every contact vector field on a compact contact
manifold have a closed orbit?

It is not so easy to come up with a counterexample; indeed, if X is a contact
vector field without orbits, then X must be everywhere non-zero; note that a
zero of X counts as an orbit. In this case the dividing hypersurface of X is cut
transversally. Moreover, since X has no orbits, and X directs the characteristic
foliation of X (see §2.2.2), it follows that the characteristic foliation of X has
no closed orbits. Thus X is non-resonant and our invariant can be applied.
Up to changing X to —X, the question reduces to X having positive orbits,
i.e., a generalization of Weinstein’s conjecture. However, as explained at the
start of §1} there exist canonical contact vector fields on ST*N, for certain N,
without any closed orbits.

We note one curious feature of canonical contact vector fields on ST*N. Any
canonical vector field X is generated by a contact Hamiltonian which is
linear in each cotangent fiber, so the anticontact involution (p, q) — (—p, q)
swaps the region where X is positive and where X is negative. Thus there is
a certain symmetry between the positive and negative regions. Are there
any contact vector fields without closed orbits which do not have such a
symmetry?

1.4. The non-squeezing theorem via selective Floer cohomology. Continuing with
the set-up of we now explain how the groups Q(Q; ) can be used to
recover the famous contact non-squeezing result [EKPo6, Theorem 1.2].

Recall that we had introduced a special Liouville manifold W, containing an
embedded R/Z x B(R), which satisfied properties (1)-(3). In fact, the W we
consider satisfies an additional property:

(4) the continuation morphism:
Q(R/Z x E(¢,Ry...,R); k) = Q(R/Z x E(a,R,...,R); k)

iszeroifc<1<a<R
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Here we introduce the standard symplectic ellipsoid:

E(cu,...,an):{thfﬂlzil2 <1}.

As we will explain in the invariants Q(Q; k) also satisfy a sort of
conjugation invariance:

Lemma 1.6. If1 is a contactomorphism of the ideal boundary Y which extends to a
symplectomorphism of W, then there is an induced natural transformation:
i Q(Q; k) = Q(Q);W(k));

the transformation is natural when Q(—; k) and Q(W(—);(k)) are considered as
functors on the category of subdomains of the ideal boundary.

As a consequence of the lemma and item (4) we are able to recover the
non-squeezing result of [EKPo6]:

Theorem 1.7. Let W be a Liouville manifold for which there is a contact embedding
i:R/Z x B(R) — OW satisfying:
(i) the central knot is not homotopic to any of its iterates in W,
(ii) ¢1(TW) =0,
(iii) the central knot is primitive in Y, i.e., is not homotopic to any iterated loop,

Then there is no contactomorphism \p of the ideal boundary OW so that:
(1) V(R/Z x B(a)) C R/Z x E(c,R,...),
(2) R/Z x E(a,R,...) CWV(R/Z x B(R)),
ffc<l<a<R
Proof. We first prove the case when 1 is extendable to the filling. In this case

we do not need to assume the central knot is primitive in Y.

Let Q1 =R/Z x E(c,R,...), Q2 =R/Z x B(a), Q3 =R/Z x B(R), and let k
denote the (saturated) free homotopy class of the central orbit.

If there were such a 1\, we would have a commutative diagram:
Q(Qz,’ K) Q(Q3;K)

QW(Q2);k) —— Q(Q1;k) —2= Q(V(Q3);«),

where the vertical maps are conjugation isomorphisms and the horizontal
morphisms are continuation maps. The diagram is commutative because
the conjugation isomorphisms are natural transformations. However, the
top vertical map is an isomorphism by item (3) while the lower map is clearly
zero by item (4). This gives the desired contradiction. O

We note that [EKPo6] does not have the requirement that 1\ extends to
a symplectomorphism of W. We should remark that 1} extending to a
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symplectomorphism is weaker than 1 being contact isotopic to the identity.
It is not known whether there are “exotic” contactomorphisms of R/Z x B(R)
(indeed, such a problem is a sort of contact cousin of the well-known open
question of whether there are exotic symplectomorphisms of B(R); Gromov
has shown that the latter question has a negative answer in dimension 4).

It is potentially possible to remove the condition that 1 is extensible to W
using certain hypertight contact manifolds; this sometimes allows one to
work directly with symplectizations; see [AFM15, MN18§].

In this paper we argue in an ad hoc fashion to remove the assumption that
1 extends to W; the argument is given in

1.5. Comparison with the selective symplectic homology. In [Ulj23], the selective
symplectic homology, denoted by SHq (W), is defined via{]
(2) SHo (W) := colim lim HF(h+ f),

heH(Q) fell(h)
where HF(h + f) is the Floer cohomology of the time 1 map of the contact
vector field associated to the contact Hamiltonian h + f, using a fixed contact
form on the ideal boundary; here:

(1) H(Q) is a family of contact Hamiltonian with compact support in Q;
the colimit is defined by sending h to +oo.

(2) TT(h) is a family of perturbations; the limit over f € TT(h) is computed
by sending f to zero.

From this definition, and abstract nonsense, there is a well-defined continua-
tion morphism:

SHint(0) (W) = Q(Q) — SH(W).
However, because Q(Q) uses contact Hamiltonians with a non-zero deriv-
ative on the boundary 0Q and SHyy (o) (W) uses contact Hamiltonians h
with compact support, an inverse morphism Q(Q) — SHyy () (W) is not
clearly well-defined via continuation.

However, if U is any open set which contains Q) in its interior, then a
continuation morphism:

Q(Q) — SHu(W)
is well-defined; one can therefore conclude a factorization:
SHint(o) — Q(Q) — fllmrtl SHu(W) — SH(W);
c
whether or not the first two morphisms are isomorphisms seems to be a

slightly subtle question about the characteristic foliation on 9Q which we
defer to future research.

'Contrary to [Ulj23] we use cohomological conventions for defining the Floer differential
and continuation morphisms, hence we write SHq (W) rather than SH? (W).
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1.5.1. Comparison for convex domains. One thing which is fairly obvious is that,
if 0Q) is convex, then the morphism SHyy () (W) — Q(Q) is an isomorphism.
This can be seen as follows: let O, 0 € (—¢, €), be the family obtained by
flowing by a contact vector field which is outwardly transverse to 0Q). The
continuation map Q(Q_¢) — Q(Q) is an isomorphism, as follows from the
argument in since there is a factorization:

Q(Q—e) — SHInt(Q)(W) — Q(Q))

one concludes that SHy, () (W) — Q(Q) is surjective. Injectivity is proved
in a similar fashion, using that continuation SHyy () (W) — SHiy(a, ) (W)
is an isomorphism; see [Ulj23].

1.5.2. Proof of Theorem The comparison with SHy, (o) (W) and results in
[Ulj23] allow one to use Theorem [1.5/to conclude the existence of positive
orbits in certain cases.

The following is shown in [Ulj23]. If there exists a contractible positive loop
¢, t € R/Z, whose time-dependent contact Hamiltonian is positive on the
complement of (), then:

SHint(0) (W) — SH(W)

is surjective. Because of the factorization SHyy (o) (W) — Q(Q) — SH(W),
one concludes that Q(Q) — SH(W) is also surjective.

If the complement of Q) is contained in a Darboux chart, then there exists
such a positive contractible loop, as shown in [Ulj23, Lemma 7.3], when
dimY > 3. We note that it suffices to prove this for sufficiently small Darboux
charts, since there exist contact isotopies 1 so that the complement of {1 (Q)
is contained in an arbitrarily small Darboux chart.

Consequently, if H*(W) — SH(W) is not surjective, then H*(W) — Q(Q) is
also not surjective and hence Theorem [1.5|implies any contact vector field
adapted to Q) has positive orbits. O

1.6. Acknowledgements. The authors benefitted from enlightening discussions
with Y. Eliashberg, E. Kilgore, E. Shelukhin, and J. Zhang. The first named
author was support by funding from the CIRGET research group and the
Fondation Jacques Courtois. The second named author was supported by
the Science Fund of the Republic of Serbia, grant no. 7749891, Graphical
Languages - GWORDS.

2. Non-resonant contact vector fields

In this section we define non-resonance. As explained below, non-resonance of
Xis essentially a property about the dividing hypersurface X of X, assuming
L is cut transversally by «(X). We show in that X is non-resonant
provided X is a convex hypersurface.
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2.1. Free homotopy classes of orbits. It is important in our applications to refine
non-resonance by a free homotopy class of orbits. We call any collection k of
connected components of the free loop space of Y a free homotopy class. In
particular, we do not require k to be a single connected component.

2.1.1. Saturated classes. If Y is the ideal boundary of a convex-at-infinity
symplectic manifold W, then we say that « is saturated provided that:

(3) k=1""(i(x)),

where i : 1o (AY) — mo(AW) is the map induced by the canonical-up-to-
homotopy inclusion of Y into W as a starshaped hypersurface. In other
words, we require that vy, both lie in k if and only if i(y7) and i(y2) both
lie in i(k).

If K is some specific loop, then i~ T(1({K})) is called the saturation of K, and it
consists of all other loops which are homotopic to K within W. We are often
interested in the case when:

K=R/Z x {0} c R/Z x B(R) C Y,

and it is important in our applications to assume that its saturation k contains
no other iterate of K. If this happens then k does not contain any constant
loops, since the Oth iterate of K is constant.

2.2. Non-resonance. Roughly speaking, non-resonance is a dynamical prop-
erty needed to isolate the behaviour of the orbits of a contact vector field X
in the positive region.

2.2.1. Definition of non-resonance. Let us say that a pair (X, «) of a contact
vector field and contact form is non-resonant relative a free homotopy class k
provided that h = «(X) cuts out the dividing hypersurface tranversally and
R* is transverse to the dividing set  along every closed orbit of X contained
in the dividing set in the free homotopy class of «.

We show in that (X, &) being non-resonant relative k depends only on
the pair (X, o).

The definition of non-resonance is inspired by [EKPo6, Definition 5.1],
although our notion is weaker than theirs as we do allow some closed
characteristic orbits.

2.2.2. Characteristic orbits on the dividing hypersurface. 1f X1 and X, have the
same dividing hypersurface L (which is assumed to be cut transversally)
then h; = «(X7) and h; = «(X3) are proportional, i.e., hy = fh; for some
non-vanishing function f. Notice that:
CX(X1 — sz) =0.
The contact condition implies that, at points in £, we have:
da(X7,—) = dhy(R)ax — dhy = f(dh2(R)ax — dhy) = fde(X2,—).
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It follows that do (X7 — fX;,—) = 0 vanishes along Z, and hence X; — fX;
vanishes identically on X.

In particular, the (singular) line field spanned by X on X depends only on
the hypersurface . This line field is known as the characteristic foliation of %,
and it can be characterized as the kernel of du restricted to & N TX.

2.2.3. Independence of the choice of contact form. The choice of contact form is
rather flexible in the definition of non-resonance, as the following lemma
makes precise.

Lemma 2.1. The set of contact forms o (with the chosen coorientation) for which
(X, &t) is non-resonant is contractible; indeed, if (X, 1) and (X, x2) are non-
resonant, then the contact form o3 whose Reeb vector field is a convex combination:

OR™ + (1 —O)R™

satisfies (X, «3) being non-resonant. The statement also holds if one restricts to a
free homotopy class k.

Proof. The fact that X is a contact vector field implies that:
Qo= e u,
where @ is the flow by X and:
dsgs 0 @ | = dh(R%).

In particular, for every x we have:
S

gs(x) = L dh(R*)(@-(x))dT.

If R* is transverse to the dividing set along the trajectory ¢(x), then dh(R%)
is either positive or negative along the orbit, and hence g5 (x) > 0 or g5 (x) < 0.
Let us call closed orbits with gs(x) > 0 for s > 0 p-type and orbits with
gs(x) < 0 for s > 0 n-type. If (X, «) is non-resonant then every orbit in the
dividing hypersurface is either p-type or n-type.

Notice that if @ (x) is a closed orbit with period so > 0, then:

(4) (@3, 00)x = €90y

If @s(x) is a p-type orbit, then (@5 &)x > oy, and the reverse inequality
holds for n-type orbits. However, (4) is independent of the choice of contact
form since @, (x) = x; here we restrict to contact forms defining the chosen
coorientation.

Therefore, if (X, o7) and (X, &) are both non-resonant, then dh(R%*1) and
dh(R*2) must have the same sign along the orbit ¢4(x) (depending on
whether @(x) is p-type or n-type). In particular, dh(6R*' 4 (1 — 8)R*2) is
non-vanishing, for any 0 € [0, 1]. This completes the proof. O
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If X is the cooriented dividing hypersurface of X and (X, «) is non-resonant
for some « relative k, then we will simply say X is non-resonant relative .

2.2.4. Example. The unit sphere in R2™"*! is non-resonant for the standard
contact form oy, since the only closed characteristic orbits are constant orbits
at the north or south pole, and R* is transverse to the sphere at the north
and south pole.

2.2.5. Convex hypersurfaces. The example in can be generalized to the
class of convex hypersurfaces. Recall that a convex hypersurface is one which
is transverse to some contact vector field; see, e.g., [EG91, Girg1, HH19, [EP22,
Salz22].

Lemma 2.2. Every convex hypersurface L is non-resonant.

Proof. Let Z be a contact vector field transverse to Z. The proof of the lemma
is based on two observations:

(1) £ can be divided into two halves £, U Z_ in such a way that Z
is positively transverse to & on the interior of £, and negatively
transverse to & on the interior of _.

(2) There is a compact subset K1 of the interior of X so that every
closed characteristic orbit lies in K_ U K. In other words, no closed
characteristic orbit travels between the two halves.

Because Reeb vector fields are closed under convex combinations, we can
find a Reeb vector field R* so that R* = Z holds on K and R* = —Z holds
on K_. It then follows from (2) that (X, «) is non-resonant for any X whose
dividing surface is X, as desired.
It remains to establish (1) and (2). First pick an auxiliary contact form . The
decomposition in (1) follows by setting k = «(Z) and X4 = {£k > 0} N L.
Denote:

N={k=0NnZ%
so that I' is the common boundary of .

Now write L as a transverse zero level set {h = 0}, and let X be the contact
vector field so «(X) = h.

To establish (2), consider the contact vector field equations for Z and X:
dk + do(Z,—) = dk(R)«,
dh + da(X,—) = dh(R)a.

Insert X into the first equation and Z into the second equation and evaluate
at points in I' to obtain:

dk(X) = —dh(Z),
where we use that «(X) = «(Z) = 0 holds along I'. Since Z is transverse
to X, by assumption, dh(Z) is non-vanishing along X, and hence dk(X) is
non-vanishing along I'. Without loss, suppose that dk(X) > 0 holds along
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I'; this can be achieved by reversing Z on any components of ~ where the
sign is opposite. Then every orbit of X passes from X_ into X, and never
travels back. Moreover, no closed orbit of X enters a neighborhood of T’; the
complement of this neighborhood produces the desired compact sets K_..

As explained above, we modify R* so that R* agrees with £Z in a neighbor-
hood of K. This completes the proof. O

2.2.6. Prequantizations of ellipsoids and non-resonance. Introduce the standard
symplectic ellipsoid in C™ associated to the vector (ay,...,an):

E(a) = {} ma; 'z:> < 1};
we assume throughout that 0 < a; < --- < an < oo. Let us define the
prequantization of this ellipsoid to be:
Q(a) =R/Z x E(a);

considered as a compact domain in R/Z x C™ with the contact form (1. A
straightforward computation shows that:

0 -1
Xa =35 > v
is a contact vector field when V; is the horizontal lift of the Hamiltonian

vector field for 7tz;|?; the nice thing about the V7,..., Vy vector fields is that
they pairwise commute and each one defines an R/Z-action. Moreover:

ha=alXa) =1-) mai'|zif?,
satisfies that {hq > 0} = Q(a); i.e., Xq is adapted to Q(a).

Let k be the free homotopy class containing R/Z x {0} C R/Z x C™. Then:

Lemma 2.3. If a; > 1, then (Xq, &) is non-resonant relative the free homotopy
class k.

Proof. Indeed, we will prove that X4 has no orbits in its dividing hypersurface
which lie in the free homotopy class of k. This is immediate; since the cross-
sectional area a; is bigger than one, the vector field ai_] Y; rotates the z;
coordinate by a total angle less than 27t (in time 1).

In particular, X, has no closed orbits of period less than 1, except the central
knot zy = - -- = z; = 0 which never lies in the dividing hypersurface. Any
orbit of period more than 1 will clearly not lie in the free homotopy class k;
thus the proof is complete. O

Note that, if R/Z x B(R) C oW, and if the saturation k of K = R/Z x {0}
contains none of the other iterates of K, then (X, &) is also non-resonant
relative k. This is because the dividing hypersurface of X, remains entirely
in R/Z x B(R), and so the only orbits which can appear are homotopic to
iterates of K.
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3. The selective Floer cohomology of a contact vector field

In this section we explain how to construct the selective Floer cohomology
Q(X;s; k) associated to a contact vector field X using the framework of [UZ22)
DUZ23, Can23b]. These selective Floer cohomology groups naturally form
a persistence module whose colimit is a variant of the selective symplectic
homology introduced in [Ulj23]. The construction of these groups is carried

out in

3.1. Construction of the invariant. As explained in the introduction, we will
construct cohomology groups Q(X;s; k), for s € [0, 00) and a saturated free

homotopy class k (see §2.1)).

3.1.1. Choice of cut-off function. Let u: R — R be a smooth convex function
so that u(x) = xforx > 1and u(x) = 1/2 for x < 0, and let us(x) = du(x/d);
see Figure[i] We think of § € (0, 1) as a small parameter. Note that:

(100 — ) = ') — ' (x/8) <0,
X

so u(x) = us(x) holds for all x € R (note the equality holds for x > 1).
Consequently, us, (x) > s, (x) holds for all 59 > 97.

3.1.2. Selecting the positive part of an isotopy. Consider the contact vector
field Xg generated by ps(h) and the contact form «. A straightforward
computation shows that:

(5) X§ = (us(h) — hpg (N)R™ + g (R)X,

where R* is the Reeb flow for «. By construction X¢ = X holds in the region
where {h > 6}.

3.1.3. A genericity statement. In order to define the Floer cohomology of a
contact isotopy P using the framework of [DUZ23} |Can23b, [CHK23], it is
important that {7 has no discriminant points. If \; is the autonomous flow
by a positive contact vector field, this condition is that the contact vector
field has no 1-periodic orbits. The following claim will be sufficient for our
constructions.

Claim 3.1. For a generic set of times s, the positive contact vector field Xg has no
s-periodic orbits.

Proof. 1t is clear that Xg is simply a Reeb flow for some contact form (indeed,
every positive contact vector field is). Thus the result follows from the well-
known fact that the spectrum of periods of a Reeb vector field is nowhere
dense. This is due to Sard’s theorem, since the periods of R* are the critical
values of the contact-action y — [ y*«; see, e.g., [HZ90| Schoo| Ginos]. O
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3.1.4. Floer cohomology of certain contact isotopies. Recall from [MU19|,[DUZ23),
Can23b, (CHK23] that to any contact isotopy {1 : t € [0, 1]}, so that Py = id
and 11 has no discriminant points, there is a Floer cohomology group HF (1)
defined as the Floer cohomology of any contact-at-infinity Hamiltonian
isotopy of W whose ideal restriction is \¢. When « is a saturated class, one
defines HF(1¢; k) as the piece of Floer cohomology generated by orbits in
the class of i(k) where i : Y — W is the inclusion of the ideal boundary.

In this paper we are primarily interested in the autonomous isotopies {5
generated by the contact vector fields Xg. In this case we write:

HF(Xg;s; k)
to be the Floer cohomology of the contact isotopy Vst in the class k.

As explained in this Floer cohomology is well-defined for s in the
complement of a nowhere dense set. We can therefore extend the Floer
cohomology to all s € R by a limit:

(6) HF(XE;s; k) = lim HF(XE; e€s; k),
e—0+

where the morphisms in the limit are given as continuation maps. We defer
the definition of continuation maps until but let us just say a few things
for now:

(1) Continuation maps are defined HF(Xo;s; k) — HF(X1;s; k) using
continuation data X, namely, a one-parameter family of contact
vector fields X interpolating from Xy to X5 which is non-decreasing.

(2) The non-decreasing condition is a convex condition to place on Xg;
consequently, the morphism is canonical and depends only on the
existence of a non-decreasing interpolation. If hy,h; are contact
Hamiltonians for Xo, X7, then a necessary and sufficient condition
for there to exist a non-decreasing interpolation is hg < hj.

(3) HF(e€X;s; k) = HF(X; e€s; k), so the continuation maps in (1) can be
used to define the morphisms in the limit (6).

3.1.5. Definition of the selective Floer cohomology. Define:
X; :=lim lim HF(X§;s; k).
Q( /SaK) lglé_l)rg_'_ ( 6/SIK)

The inverse limits are computed with respect to continuation maps (see §3.2).
Indeed, we recall that:

s, (h) < ps,(h)
if 57 < &y, and hence there is a continuation data from Xg‘] to Xg‘o. The limit
over contact forms is formal and is explained next.
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3.1.6. Dependence on the contact form. Suppose that A = e"« is a different
contact form, and let k = A(X) = e"h. For e" < €/ we have:

e du(h/8) < ep(e"h/e),

so the linear interpolation from X to X2 is a non-negative path, and hence
has a well-defined continuation map. It is with respect to these continuation
maps and abstract nonsense that we obtain a canonical isomorphism:

lim HF(XE;s; k) — lim HF(X2;s; ),
5—0 e—0

and it is these isomorphisms that are used in the limit over contact forms. The
upshot of this discussion is that the vector space Q(X; s; k) is independent of
the choice of &, but it can be computed using any fixed contact form.

3.1.7. The role of non-resonance. The following geometric lemma is where we
use the non-resonance assumption.

Lemma 3.2. If X is a family of non-resonant contact vector fields relative a free
homotopy class « then, for any so > 0, there exists 5o > 0 so that the following
holds: every orbit of X3 5 in the class of k with & < 8¢ and period at most so is also
an orbit of X and lies entirely in the region where hs = d.

3.1.7.a. Before we give the proof, we explain how the lemma gives a criterion
for establishing certain continuation maps are isomorphisms.

If X is a family of contact vector fields which satisfies:
Xo =20 = 0X5 =0

then it is easy to see X s is non-decreasing; thus there is an induced
. . )
continuation map:

(7) HF(XG 55 8; k) = HF(XT 5,5, k)

which commutes with the other continuation morphisms, and consequently
induces a morphism:

(®) Q(Xo;s; k) = Q(X1;s;)

If X has no positive orbits of period s in the class k, and is non-resonant
for each o, then Lemma [3.2] implies (8) is an isomorphism. This follows
from the fact that there exists a family of contact vector fields (namely
Xg,s) interpolating between Xg 5 and X{' 5 which is non-decreasing and
which never has any orbits of period s in the class k. That this implies
the continuation map (7) is an isomorphism is proved in [UZ22], and is an

analog of well-known facts about continuation maps in other contexts; see
§3.3for further discussion.
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3.1.7.b. An important variant of the idea in is the following: if X is
non-resonant and has no positive orbits of period in [sg, s1] in the class ,
then neither does X¢ for 6 sufficiently small. In particular, the continuation
map:

)] Q(X;s0; k) = Q(X; 81, )

is an isomorphism, completing the proof of Theorem Understanding
when this continuation map is an isomorphism is important for us as it plays
the role of the structure map in the persistence module Q(X; —; k).

Corollary 3.3. If X is non-resonant relative the class k, then the endpoints of bars
in the barcode for Q(X; —; ) form a subset of the periods of positive orbits of X in
the class of k.

3.1.7.c. We prove Lemma

Proof. Without loss of generality, let us prove the statement for a single vector
field X; the generalization to a family X follows the same exact argument.

We suppose X is non-resonant relative the contact form « and class . See
§z.2.3)for how to pick contact forms when generalizing to parametric families
of vector fields.

For the purposes of the proof, let us refer to a positive orbit of X in the class
k and period at most sp which passes through the region where h < 6 an
extra orbit. We need to show there is some 8¢ so that, for & < 5o, X§ has no
extra orbits.

Let V be the unique vector field tangent to the contact distribution so that:
(10) XE = s ()R + i (R) V.
It follows from the construction that V € & satisfies:

do(V,—) + dh — dh(R*)x = 0,

and, in particular, V preserves the level sets of h. For notational concision in
the rest of the proof, we will omit the contact form & from the notation and
write X§ = Xs.
Since dh(Xs) = ps(h)dh(R), any flow line y(s) of X5 satisfies:

0

afsus(h(v(S)) = ps (W) dh(R)us (h(v(s))).

In particular, any flow line with ps(h(y(s))) < b for some s € [0, so] must
remain entirely in the region ps(h) < eCs0§ where:
C = max |dh(R)| > max|ug(h)dh(R)|.

From another point of view, if ps (h(y(s))) > eCs0§ holds for some s € [0, so],
then ps(h(y(s))) > 6 holds for all s € [0, sp], in which case y(s) is an
trajectory of the original vector field X, since:

us(h) =6 = us(h) =hand ug(h) =1.
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Thus, every extra orbit of X5 remains in the region where ps(h) < e©508.

Since dh(Xs) = ps(h)dh(R), we can conclude that any extra orbit of Xs
remains in the region h > —CeC3%05sy or remains entirely in the region
where h < 0. This is because:

lus(h)dh(R)| < CeCs0s.

However, in the region where h < 0, X5 = (8/2)R. Picking 6/2 smaller than
the minimal period of a Reeb orbit we can therefore conclude that for &
sufficiently small every extra orbit of X5 remains in the region where:

h € [~Cspe®06,e%%05] — ps(h) € [6/2,eC%05].

We conclude the proof with a compactness argument: suppose that x,,, o,
are sequences so that 6, — 0, and yn(s) is an extra orbit of X5  with
initial condition vy, (0) = x,,; we will then derive a contradiction using the
non-resonance condition. Let s, € [0, so] be the period of v, and introduce:

an(t) = Snllén(hh’n(snt)))a
b (t) = snig, (h(yn(snt))).
Consider the non-autonomous vector fields:
Fn,t = an(t)R* +bn(t)Vand Gn t = bn(t)V,
so thatn (t) = yYn(snt) solves ), (t) = Fn ¢ (Nn(t)). By construction, ny is a
1-periodic orbit of F;, .

By passing to a subsequence, we may suppose that x,, € Y converges to
Xoo € L and sy, converges to s. Let gn (t) be the flow line of G, ¢ starting
at x«. In suitable local coordinates we estimate:

%(nn(t) — gn(t)) = an(R¥(Mn (1)) + bn () [V(n(t)) — V(gn(t))].
Taking norms yields:

0

ot
where we use |by, (t)] < sn, and |an (t)| < snCe®09; the constants Cq, C, are
allowed to depend on sy, (which is bounded). A standard application of a
Gronwall type inequality then implies that N, (t) and gn (t) remain close for
all times t € [0, 1]; how close depends on how close x;, is to X, the size of
sn, and how small ¢ is; see, e.g., [Tes12]].

Mn(t) = gn(t))| < C10+ CoMn(t) — gnl(t)l,

Since g/, (t) = bn (t)V(gn(t)) and by (t) € [0, sn], gn(t) is a reparametrized
flow line of V = X on X of parameter length at most s,,. Moreover, g, (1)
converges to X, and so X« lies on a closed orbit of X of period at most s,
on the dividing hypersurface. Here we use that a sequence of flow lines of
V with bounded parameter lengths converges in C° (after a subsequence) to
a flow line.



SELECTIVE FLOER COHOMOLOGY FOR CONTACT VECTOR FIELDS 19

Moreover, a straightforward construction associates to g, (t) a free homotopy
class for n large enough; one simply takes a small geodesic ball around X,
and connects gn (1) to gn (0). The resulting free homotopy class is preserved
under reparametrization, and by comparison with 1y, (t) we conclude that
this class lies in k. It then follows that x lies on a closed orbit on the
dividing hypersurface in the class of «.

However, since Ny (t) = yn(snt) is close to gn (t), the non-resonance implies
that dh(Ry) > 0 or dh(R«) < 0 holds along the orbit of v, (s). Thus:

0

3¢ Hyn(s)) = ps(R)dR(RY),
and us(sh) > 6/2, we conclude that h(yn (1)) # h(yn(0)), i.e., yn is not a
closed orbit. This contradiction completes the proof. O

3.2. Continuation maps. The continuation maps we consider are fairly stan-
dard; given non-decreasing continuation data X, see we consider
an extension X ¢ to the filling as a family of time-dependent Hamiltonian
vector fields, and then count the rigid Floer continuation cylinders:

u:RxR/Z—W,

Osu+ J(u)(0ru— Xg(—s),t (1) =0;
here 3 is a standard cut-off function so 3(—s) is non-increasing. Since
Xg is non-decreasing, one therefore has a priori energy bounds and the
relevant Floer theoretic arguments go through. The details of this assertion

are covered elsewhere; see, e.g., [MU19, §4], [Ulj23| §2.2.3], [BCS24, §2.3.6],
[AAC23) §2.3.3], and [Flo89a) SZ92, [Abo1s), [Ulj17].

3.2.1. Continuation data. Let X5, 0 € [0,1], be a smooth deformation of
contact vector fields so that:

(11) 0, X is a non-negative contact vector field.
Note that:

oh
he = x(Xs) = 60'0 = x(05Xs),

so that is equivalent to requiring the contact Hamiltonians are non-
decreasing.

There is a natural homotopy relation one can place on such deformations,
asking they are homotopic relative their endpoints through deformations
satisfying (11). Let us call such a homotopy class continuation data. Note
that the set of contact vector fields, with continuation data as morphisms,
forms a category in a manner similar to the construction of the fundamental
groupoid of a space. Moreover, condition ensures that, between any two
objects X and X there is either a unique morphism or there is no morphism
at all; the relevant criterion is whether or not the inequality hy < h; holds
pointwise.
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Associated to such continuation data, we define a morphism:
(12) ¢ : HF(Xp; s; k) — HF(X7;s; k);

these morphisms make HF(X; s, k) functorial when the set of contact vector
fields is endowed with a category whose morphisms are continuation data
(whose composition is given by the associative concatenation operation on
continuation data). As a special case of this functoriality, induces a
morphism of persistence modules HF(Xo; —; k) — HF(X5; —; ).

3.3. Definition of the cut-off continuation map. We now explain how to use the
general framework in to define continuation maps:

Q(Xo;s;k) = Q(X1;s; k).
Let X be a one-parameter family of contact vector fields so that:
(13) Xeg>0 = 0,X5 =0.
Recall X3 ; is the contact vector field generated by 15 (hs) and «. Since:

Ogts(hg) = Hé (hs)dshg,
it follows that 95Xg 5 > 0 holds everywhere on Y. In this case there is a
well-defined continuation map HF(XS‘)6 ;S K) — HF(X?‘) 585 K).

Since continuation maps commute with continuation maps, we can pass to
the limit over 6 and conclude there exists an induced morphism:

Q(Xo;s7x) = Q(X1;5;K).
That these morphisms turn X — Q(X;—, k) into a functor valued in the
category of persistence modules is then a straightforward consequence of
the general fact that continuation maps commute with continuation maps.

3.4. Selective symplectic cohomology as a colimit. As explained in the introduc-
tion, for any compact domain () we may define:

Q(Q; k) =limcolim Q(X; s; k).
X s—o0

The limit is over contact vector fields satisfying {«c(X) > 0} = Q and so that
0Q) is a regular level set of «(X); such vector fields are called adapted to Q.
The limit over X is just a formality because the natural maps:

Q(Q; k) — Csciim Q(X;s; k)

are isomorphisms for any fixed choice of X. Indeed, the morphisms used
to compute the limit are canonical isomorphisms defined by interleaving
cofinal sequences.

Arguments of a similar nature show that, for any inclusion of compact
domains Q7 C Q, there is an associated continuation morphism:

Q(Q1; k) = Q(Q2; k),
which is functorial with respect to iterated inclusions Q7 C Q, C Q3.
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3.5. Conjugation isomorphisms. We recall the definition of conjugation iso-
morphisms at the low level of Floer cohomology in W, and then explain
how to extract natural isomorphisms Q(Q; k) — QW (Q); P (k)).

3.5.1. Definition at a low level. Let be a contact-at-infinity symplectomor-
phism of W and suppose that « is a saturated free homotopy class of orbits
in Y. We do not assume that{ = 11 is the time-1 map of a contact-at-infinity
isotopy.

This map induces a conjugation isomorphism: if ¢ is any contact-at-infinity
Hamiltonian system, then so is Y@\, and their Floer cohomology groups

are identified via x — (x); here x is a fixed point of ¢1. See [Ulj23| §5] for
further discussion.

3.5.2. Taking the limits and colimits. The conjugationisomorphisms are natural
(i.e., commutes with continuation morphisms), and hence induce limiting
isomorphisms:

(14) HF(X; s; k) — HF(dpXp 5 s;(x)).
Taking the colimit over s yields the desired natural isomorphism:
(15) QX k) = QW (Q); (k).

Note that in and only the ideal restriction of 1\ is involved in the
objects. It seems to be an interesting question as to whether or not the
morphism depends on the extension of \ to the filling W.

4. Prequantizations of a symplectic ellipsoid

The goal in this section is to compute the Q(Q; k) groups for the prequanti-

zation domains introduced in and

4.1. Geometric set-up. As described in and we are interested in
certain continuation morphisms Q(Q1;«) — Q(Q2;«) when Q; are pre-
quantizations of ellipsoids R/Z x E(aj,...,a,) embedded into the ideal
boundary of a Liouville manifold W as a tubular neighborhood of a trans-
verse knot K.

As explained in the introduction, we assume that the saturation k of K
contains no other iterates of K. In particular, if a loop vy is homotopic to K
inside of W then vy is non-contractible in W, so it is guaranteed that:

Q(X;0;k) =0,
for any vector field adapted to Q.



22 DYLAN CANT AND IGOR ULJAREVIC

4.2. Examples of Liouville manifolds satisfying our requirements. We now con-

struct a Liouville manifold W satisfying properties from the
statement of Theorem 1.7}

We take W to be a so-called divisor complement in a compact symplectic
manifold M which:

(1) is symplectically aspherical,

(2) has a vanishing first Chern class, i.e., there is a non-vanishing section
of the complex determinant line detc(TM), and

(3) has no torsion in its fundamental group;

one can take, e.g., M = T2™. Let us denote the divisor by N C M.

It is known that the ideal boundary OW of the divisor complement is
a prequantization of the divisor see, e.g., [Biroi]. In particular, there
is a circle bundle oW — N where N is a compact symplectic manifold.
Taking any Darboux ball B(R) C N we obtain a fairly explicit embedding
R/Z x B(R) C 0W. Moreover, by the divisor construction, the central knot K
actually bounds a disk in M which intersects the divisor once transversally.

We establish property If K and KJ are homotopic in W, for i #j € Z,
then there is a cylinder C joining K' to KI. Connect C to disks in M capping
K' and KJ which intersect the divisor i times and j times, respectively, to
form a sphere S. By definition, the divisor is Poincaré dual to a non-zero
multiple of the symplectic form in M, thus S has symplectic area k(i —j),
where k is a non-zero number. Since M is assumed to be symplectically
aspherical, we must have 1 = j, as desired.

From the construction it is immediate that ¢1(TW) = 0, i.e.,[(ii)| holds.

To establish we suppose, if K ~ L¥ for some other loop L C dW, then
the inclusion of L into M is torsion (this is because the inclusion of K into M
is contractible). By our assumption, this means that L bounds a disk D in M.
This disk D intersects the divisor N some number of times, say a € Z. But
since L* is homotopic to K within dW, it follows that K bounds a disk in M
which intersects N ka times. Because M is aspherical it follows that ka =1,
and hence k = +1, as desired.

4.3. A stability result. Recall the domains:
Q(ay,...,an) =R/Z x E(ay,...,an),
with a7 < -+ < an. We will prove the following result which asserts that
the Q groups in class « stabilize:
Lemma 4.1. Let W, k be as in If1 < ay < by and a; < b for all other j,
then the continuation:
Q(Q(a); k) — Q(Q(b); k)

is an isomorphism.
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Proof. As explained in the hypersurfaces 0Q((1 — 0)a + ob) are non-
resonant relative k for each o € [0, 1]. The vector fields X(;_s)qop from
are adapted to Q((1 — o)a + ob) and never develop any orbits in
the class of k with period s > 1. Therefore Lemma [3.2|implies the cut-off
versions of X(j_y)q+ b Never develop any orbits in the class of k with period
s > 1, and hence the continuation maps:

Q(Xa;s; k) = Q(Xp; 8, K)
are isomorphisms as long as s > 1; see for related discussion. I

4.4. A non-vanishing result. Our next result shows that Q(Q(a); k) is non-
zero, and for simplicity we work in the stable range 1 < aj.

Lemma 4.2. For 1 < ay, there is an isomorphism Q(Q(a); k) ~Z/2 ® Z/2.

Before we present the proof, we introduce some preliminary notions.

4.4.1. Local Floer cohomology. Let X be a non-decreasing family of contact
vector fields, defined for o € [0, 1], and suppose that X, develops a simple
transversally non-degenerate 1-periodic positive orbit ' when o = 1/2.

Moreover, suppose that I' is the only 1-periodic orbit in the free homotopy
class k, and 05X is strictly positive along T".

Define the local Floer cohomology of T" in the class k to be the cone of the
continuation map:

CF(Xo; k) = CF(X5;«);
see [CKUZ24] for further discussion of the cones of the continuation maps.

Lemma 4.3. If T is simple and transversally non-degenerate, and W is a Liouville
manifold, then the local Floer cohomology of T depends only on the restriction of X
to a small open neighborhood of T

More precisely, if W;, Xic,, I, 1= 1,2, are data as above, and there is a contactomor-
phism between tubular neighborhoods of Ty C Y; which identifies the contact vector
fields XY, in those neighborhoods, then the local Floer cohomologies associated to the
two paths are isomorphic as vector spaces over Z/2.

Proof. Such a result, relating the cone of a continuation morphism to a local
Floer cohomology, is well-known. The notion of local Floer cohomology goes
back to [Flo8gb, [Flo8ga, SZ92, CFHWg6, Pozgg], and is well studied when I
is an isolated set; see [GGoo| (GG10, IGG12, CG20, 5221, She22| [AS23]; some
of these references discuss the local Floer cohomology for more general sets T".
The work of [CFHWg6, BOoga, [BOogb] describes the local Floer cohomology
for a transversally non-degenerate orbit I' using Morse-Bott methods; see
also [McL12| [Fen20, (GG20]. The proof of the stated lemma appears in the
upcoming joint work [CKUZ24] in a more general context. g
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4.4.2. Proof of Lemma The argument uses local Floer cohomology.

Proof. Fix 1 < a; < --- < an < R, for some large R > 0, and consider the
family of Hamiltonian functions on C™*1:

n
Go :=f(0)mlzol* — (1+€) )_ma; 'lzl?,
j=1

where f(0) increases from 1 — € to 1 + € with a single transverse crossing at
f(1/2) = 1. Let Y, denote the corresponding Hamiltonian vector field.

Since aj are greater than 1, the ideal restriction of Y; has no 1-periodic orbits
except for when |z1| = - -- = [zn| = 0, as long as € is small enough. On that
complex line (parametrized by z¢), Y acts as a rotation by total angle 27tf(o),
and therefore has a 1-periodic orbit if and only if f(o) € Z, which holds only
when f(1/2) = 1 by assumption. Therefore the hypotheses of the local Floer
cohomology set-up apply.

Our goal is to use Y to compute the local Floer cohomology of the orbit
which develops at o = 1/2. Then we will implant this local model inside of
the ideal boundary of the other Liouville manifold W to compute Q(Q(a); k).

For 0 # 1/2, Y has a single non-degenerate orbit at 0 € Cnt1. Therefore the
Floer cohomology is easily computed: HF(Y) ~ Z/2 for o = 0, 1. Moreover,
a computation of the Conley-Zehnder indices shows that the index of the
orbit at 0 is equal to:

n
n+1+2[f(0)]+2) [1/aj] =n+1+2[f(0)];

j=1
see, e.g., [Can23b, §1.2.4]. In particular, since the Conley-Zehnder index of
the orbit at 0 is different for o = 0, 1, it follows that HF(Yy) — HF(Y7) is zero,
and hence the local homology of the orbit which develops at o = 1/2 must
beZ/2 & Z/2.
Now consider the contact type embedding:

R/Z x B(R) — C™*+1
{ e2mio

L1 (0,2) = (773 2)
this embedding is “contact type” because 1*A = d6 4 A where A is the radial
Liouville form on C™*'; in particular, if we project t to the ideal boundary
of C™*! it becomes a contact embedding of the prequantization into S?™*1.

With respect to this embedding, the contact Hamiltonian generating the
ideal restriction of Y is:

n
9o =Goot="f(0) = (T+¢) ) ma; Iz
j=1
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The single 1-periodic orbit that Y develops is I' = t(R/Z x {0}); therefore we
can use the above computation of the cone of CF(Yy) — CF(Y7) to conclude
that the local homology of I"is Z/2 & Z/2.

In other words, if there is some other contactomorphism R/Z x B(R) — oW,
for another Liouville manifold, then any non-decreasing family of contact
vector fields Xs on OW such that:

(1) X = Y5 when pulled back to R/Z x B(r),

(2) the only 1-periodic orbit X, develops in the class of « is the central
orbit R/Z x {0} at time o = 1/2 (which must exist since X; = Y&
holds on a neighborhood of this orbit),

will necessarily induce a continuation map whose cone is Z/2 & Z/2 (in the
class k). We also note that r can be taken as small as desired.

Let W be as in the statement, namely, suppose there is an embedding of
R/Z x B(R) whose central orbit has a non-trivial saturation k.

For simplicity, let us suppose a,, < R. Pick a contact form « on 0W which
agrees with « = d0 + A in the neighborhood R/Z x W, and let X; = Y,
in this neighborhood. Extend X to the complement as a negative contact
vector field; this extension will not matter at all, since we are interested in
the cut-off version Xg ;.

Note that «(Xy) = 0 if and only if:

i (1 + €)7T‘Zj|2 1
— N — b
i Qj f( o )

and if T + € < a;f(0), then we know from that this dividing hyper-
surface is non-resonant relative k. Thus if (1 + €) < a;(1 — €), the dividing
hypersurface will be non-resonant; this can certainly be achieved by taking

€ small enough.

Then we can apply the results in to conclude that for 6 sufficiently
small the only 1-periodic orbits X& s develops in the class of k are the
positive 1-periodic orbits of X, in the class of k. By the locality of local Floer
cohomology, it follows that the cone of a chain-level continuation morphism:

CF(XG 5: 1K) = CF(X{ 551, K)

is Z/2 ® Z/2. Since Xy is non-resonant relative k and nXy never develops
positive orbits in the class « for n € [0, 1], we conclude that:

HF(XG 5,1, ) = 0,
and hence HF(X%’"S; 1,k) ~7Z/2® 7Z/2. However:
(1X,5 =(1+e) 3,5»
where X, is the standard contact-vector field adapted to QQ(a). Thus:
QXa; 1+ € k) = HFXY 5, 1,k) ~Z/20 Z/2,
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where we are assuming that $ is sufficiently small.

Finally, since X, is non-resonant and never develops orbits in the class
with period bigger than 1, we have:

Q(Qa);k) 2 QX1;14+€Kk)~Z/207Z/2.
This completes the proof of the existence of the isomorphism. O
4.4.3. Application to Theorem At this point, we have proved everything
necessary to conclude Theorem 1.2} i.e., the existence of positive orbits for

any contact vector field which is adapted to a domain O C R/Z x C™ with
non-resonant boundary and which contains R/Z x B(1) in its interior.

4.5. A vanishing result. Using the set-up in we have:
Lemma 4.4. The continuation map:

Q(Q(C)R)---); K) — Q(Q(Q)R)'--);K)
iszeroifc <1 <a<R

This is used to show the non-squeezing result, Theorem|[1.7} Let us abbreviate
E=0Q(cR,...)and F = Q(q,R,...). Without loss of generality, we will
assume that ¢ € (1/2,1) and R is much larger than 1.

4.5.1. Local Floer homology for the ellipsoid E. In order to prove the vanishing
result, we will again appeal to the local Floer homology. Arguing as in
one obtains:

Q(Xg; 1+ ;) =~ local Floer homology of Xg , 5 in class «,

where Xg ¢ is the path of contact vector fields whose contact Hamiltonians

are: 2 5
(o) — (1 +e)<”'zc” vy ™l )

j>1

where f(0) increases from 1 — € to 1 + €. Here we note that when o0 = 1 we
have that X¢ o = (1 + €)(Xg) where X is adapted to E. We briefly recall the
construction.

First, one shows that X ; is non-resonant relative k provided the Hamilton-
ian system generated by:
7tz |2
He = )
o Z aj (o)

has no closed orbits of period 1 where:
_ cf(o) _ Rf(o)
a](o)_]+€ _1+€I
this is equivalent to requiring that a;(o) does not lie in {1,1/2,1/3,...}.
Since ¢ € (1/2,1), we can pick e small enough so that:

(1) cf(o)/(1+€) e (1/2,1) and

and qj(0)
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(2) Rf(0)/(1+¢€)>1

hold for all o. This implies Xg , is non-resonant, and the same argument
given in §4.4.2|shows the local Floer homology of X¥ ; 5 is supported on the
single 1-periodic orbit I' = {z = 0} and is isomorphic to Q(Xg; 1 + €; k).

The same argument given in the proof of shows that there is a commu-
tative square:

2/287/2~Q(Xg; 1+ ¢€;k) —— Q(E; k)

| l

7/2687/2~Q(Xg; 1+ ¢€,k) —— Q(F; k),

where the horizontal morphisms are isomorphisms. Even though both
groups are isomorphic to Z/2 © 7Z/2, the vertical morphism is actually zero
in this case. As we shall see below, this is due to a shift in the Conley-Zehnder
indices.

4.5.2. Proof of lemma The rough outline of the argument is straightfor-
ward: one computes the induced map between cones working first in cntl,
and shows it vanishes for index reasons. One then uses the assumption that
c1(TW) vanishes to deduce the map between cones in the other Liouville
manifold W also vanishes.

Proof. In C"*1 we work with the Hamiltonians:

Mz |2 7tz |
G :f6n22—1+€< +y =),
n,o ( ) | O| ( ) a](n) = R

and let Y;;  denote the corresponding Hamiltonian vector fields. Here:

(1) fincreases from 1 —eto 1+ €, and
(2) n increases from c to a.

The restriction of Yy, to the contact-type hypersurface mzo|* = 1, as in
Lemmal/4.2} has the local model:

ey mz1|? 7z |2>
(16 .0 = f(0) (1+e)(a1m)+]§ Ak,

Importantly, we observe that Yo ; and Y7 , only develop a 1-periodic orbit
when:

flo)=Tandz; =--- =2z, =0,
which happens when o = 1/2.
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Since 0,,Gy,¢ and 0,Gy,, ¢ are non-negative, it follows that one has a square
of continuation maps:

HF(Yo,0) — HF(Yo,1)

| |

HF(Y7,0) —— HF(Y7,1),

The four groups HF(Yy o), HF(Y7,0), HF(Yo,1) and HF(Y7 1) are all isomor-
phic to Z/2. Moreover, each group is supported in a specific Conley-Zehnder
index:

CZ(Yorq) =n+1+2[f(0)] +2lar(m) (1 +¢€)J;
as argued in the proof of Lemma

We digress for a moment on the grading conventions in a cone. Our cones can
be computed as follows: find a chain level representative of a continuation
morphism which is the inclusion of a subcomplex and then take the quotient
complex. To compute the cone of Y5 o — Y7 0, we therefore interpolate
in such a way so that the generator of CF(Yp o) survives the continuation
morphism; let us call Y , the resulting deformation. Then CF(Y7 o) will
necessarily have additional generators compared to CF(Y7 o) because some
are needed to cancel the generators from CF(Y o). Since the cohomological
differential decreases the Conley-Zehnder index, these new generators have
index equal to CZ(Yp,0) + 1. The cohomology HF(Y7 o) also injects into the
cone, and this contribution lives in the graded piece CZ(Yj o) + 2. In this
way, we have shown that the local Floer cohomology of the path Y o equals
Z/2 in each graded piece CZ(Yp o) +1,i=1,2.

The same argument proves that the local Floer cohomology of the path Y
equals Z/2 in each graded piece CZ(Yy 1) +1,1 = 1,2. However, we have
computed that CZ(Yy 0) — CZ(Yy,1) = 2 and so the cones are supported in
different graded pieces.

Because the relative Conley-Zehnder index in C™ is a local quantity, it follows
that the cones of Y§' ; s and Y7 ; 5 on $2n—1 are also supported in different

graded pieces. This is because the paths Y"‘ 0.5 and Y; s compute the same
local Floer cohomology, for i =0, 1.

Consider another Liouville manifold W with R/Z x B(R) Cc W, so that:
(1) the class k of the central knot K contains no other iterates of X,
(2) c1(TW) =0,

Let Xy, be a vector field which agrees with local model inR/Z x B(R),
and is non-positive outside, and let X%" )5 be the cut-off version, using a
contact form « which agrees with the standard form on R/Z x B(R).

For & sufficiently small, the cones of X1 Y 1 =0, 1 are local Floer cohomolo-
gies of the orbits which develop along the central kont z1 ==z =0.
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Moreover, the cones are supported in different graded pieces; this is because
of our computation in C™ and because the relative Conley-Zehnder indices
in a manifold with c1(TW) = 0 depend only on a neighborhood of the orbits.

Therefore the continuation morphism:

Q(Xo,1;1;k) = Q(Xq,1;1;x)
vanishes. By similar arguments to the ones encountered in the proof of
Lemmal4.2} we have that:

(1) Q(Xo,1;1;k) = Q(Xg; T+ €;x) =~ Q(E; k),
(2) QX1,1; k) =2 Q(Xg; T+ €;k) ~ Q(F; k),

via continuation morphisms, and hence Q(E; k) — Q(F; k) vanishes. This
completes the proof of Lemma O

4.6. Proof of the non-squeezing statement. We have proved everything needed
to deduce Theorem [1.7]in the case where the squeezings 1\ extend to the
filling W. The argument follows formally from the natural conjugation
action.

With a bit more work, one can remove the assumption that the squeezing 1\
extends to W. The argument then goes as follows: consider a one-parameter
family of vector fields X whose contact Hamiltonian equals:

mijz|?
(1—s)a+sR
in the neighborhood R/Z x B(R) and which is negative outside the neighbor-
hood. By our assumptions, this family is non-resonant relative k. It follows

easily that 1, X is again a non-resonant family relative the free homotopy
class containing 1(K). Now we invoke the final assumption:

he =1+

(x) the knot K is primitive

Since P (K) C R/Z x B(R), K is homotopic to an iterate of the central knot;
but, by the primitive assumption, we must have (K) ~ K*1. Think of 1
as defining another contactomorphic embedding of R/Z x B(R) into oW; if
1 sends K onto K~!, then we can simply precompose | /7 (r) With the
anticontact involution (6, z) — (—6, Z); after precomposing, if necessary, we
also ensure that the neighborhood 1 (R/Z x B(R)) respects the coorientation.

Our arguments apply equally well to this new embedding {(R/Z x B(R)),
and so we conclude that the continuation morphism:

Qw(Q(a)); k) = Qb(QA(R)); k).
is an isomorphism using the non-resonant deformation as explained above.

Moreover, Q(P(Q(a)); k) is non-zero, using the same local Floer homology
ideas as in the proof that Q(Q(a); ) is non-zero. However, by assumption,

V(Q(a)) C E(c,R,...) C E(q,R,...] CY(Q(R)),
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and since the continuation morphism:

Q(E(cyR,...);k) = Q(E(a,R,...);K)

has been shown to vanish we obtain the desired contradiction, concluding
the proof of Theorem
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