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ABSTRACT. This paper constructs a persistence module of Floer coho-
mology groups associated to a contact isotopy of the ideal boundary
of a Liouville manifold. The barcode (or, bottleneck) distance between
the persistence modules is bounded from above by Shelukhin’s Hofer
distance. Moreover, the barcode is supported (i.e., has spectrum) on
the lengths of translated points of the contactomorphism. We use this
structure to prove various existence results for translated points and to
construct spectral invariants for contactomorphisms which are monotone
with respect to positive paths and continuous with respect to Shelukhin’s
Hofer distance. While this paper was nearing completion, the author was
made aware of similar upcoming work by Djordjevié, Uljarevié¢, Zhang.

1. Introduction

Let (W, \) be a (finite type) Liouville manifold and let Y denote its ideal
contact boundary; throughout we follow the conventions of [BC24] §2].
The main results in this paper concern the relationship between a per-
sistence module of Floer cohomology groups associated to a contactomor-
phism ¢ of Y, the translated points of ¢, and Shelukhin’s Hofer distance
for contactomorphisms from [Shel7]. The colimit of the persistence mod-
ules we consider is the well-known symplectic cohomology group SH(W);
see [Vit99, [Sei08|, Rit13] [Ulj17, MU19, [SZ19, U122, [UZ22] [DU22, [She22al,
She22h, Mai22, FLS23).

Persistence modules were introduced into symplectic topology in [PSI16];
the reader is referred to [CASGO16), [UZ16l [SZ19, PRSZ20, KS21l, [She22al,
She22bl [CGG22), (GGM22, [Can23| [FL.S23] for more details on persistence
modules, barcodes, and their role in symplectic topology.

Translated points are a generalization of fixed points for contactomorphisms
defined in [Sanl2l [San13|] (as a special kind of leafwise intersection point);
see [AM13] [Shel7, [AFM15, MK18, [Oh21l, [(Oh22] [Al122] [Can22a] for research
on translated points.

It is well-known that symplectic cohomology is closely related to Rabi-
nowitz Floer homology (RFH), see [CF09, [CFO10] and in particular [AF12]
AM13, [AM18] which associate algebraic invariants to contactomorphisms
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using RFH. Related invariants for Legendrians involving barcodes and the
Shelukhin-Hofer norm can be found in [DRS20, IDRS21]. The work of
[Oh21], [Oh22] [0Y23al, [0Y23b] defines algebraic invariants for contactomor-
phisms and Legendrians using the framework of contact instantons. Work in
progress [ASZ16] defines similar invariants for prequantization spaces, using
the technology of Lagrangian Floer cohomology.

The structures introduced in this paper are fairly close to those in [DUZ23];
however, the results were reached independently and are different in certain
ways.

1.1. Definition of terms and statement of results.

1.1.1. Group of contactomorphisms. Let I' be the identity component in
the group of contactomorphisms of Y. We will frequently consider families
o € T, t €[0,1], satisfying ¢9 = 1, and we implicitly require the extension
to R given by @i+1 = @1 to be smooth. We refer to such a family as a
system or as a contact isotopy. The space of such systems up to homotopy
is a model for the universal cover of I'.

1.1.2. Discriminant points, Reeb flow, and translated points. A discriminant
point of ¢ € I'' is a point y € Y so that ¢(y) = y and (¢*a), = o, for any
contact form «; see [Giv90, [Che96l [AF12, [(CS15, (GKPS17]. We denote by
' C T the subset of contactomorphisms without discriminant points. The
complement I' \ I'* is called the discriminant locus.

Given a contact form a on Y let Ry = RS denote the corresponding Reeb
flow by time s. For ¢ € I, introduce the spectrum Spec,(¢) as the set of
numbers s € R so that ¢~! o R, has a discriminant point.

A translated point of length s for (¢, ) is a discriminant point for ¢! o R,.
Thus the spectrum is the set of lengths of translated points. It should be
noted that our convention is that a translated point is a pair (s,y) € Rx Y.
This convention differs slightly from, e.g., [Shel7, MU19]. If two translated
points (s,y) and (s',3) have y' # y, they are said to be geometrically dis-
tinct.

1.1.3. Persistence module associated to a contactomorphism. As in [Ulj17,
MU19, [UZ22] [U]j22, [DU22], to every system ¢; with o1 € I'* there is an
associated Floer cohomology group HF (), defined as the Floer cohomology
of any Hamiltonian system on W whose ideal restriction agrees with ;; we
give the construction in

For each s & Spec, (¢) let:
Va,s(p) = HF(SDt_l o Ry),

and, for s < ¢, define continuation maps ¢s ¢ : Vas(p) = Vo (@) by
counting continuation cylinders, similarly to, e.g., [UZ22]; the precise details



A SYMPLECTIC COHOMOLOGY BARCODE FOR CONTACTOMORPHISMS 3

are given in The data (V4 (), ¢) forms a persistence module, and hence
has an associated barcode B, (p). Lemma below implies the endpoints
of bars lie in Spec, (¢). The persistence module depends only on the image
(¢1, [¢¢]) in the universal cover, up to isomorphism.

In the case ¢; = id, the barcode B,(id) is a known object; indeed, the
boundary depth of the unit element appears in, e.g., [BK22]; see also [SZ19,
§3] and [FLS23| for a related barcode for Reeb flows that is defined using
action values as the persistence parameter.

The colimit of V, s(¢) as s — oo is independent of both ¢ and « and is
called the symplectic cohomology of W. See [Sei08|, Rit13l, Mai22] for a nice
survey of this invariant.

1.1.4. Bounding the barcode distance in terms of Shelukhin’s Hofer distance.
Our first main result is:

Theorem 1.1. The barcode distance between B, (1) and B (po) is bounded
from above by Shelukhin’s Hofer distance distqs (o, 1), where the distance
is measured in the universal cover.

The key step in the proof is to construct an interleaving between the per-
sistence modules V,(¢p) and V,(¢1) and then apply the famous isometry
theorem relating the interleaving distance with the barcode distance; see

{1.3.2 2.6.1}

References on this isometry theorem from the perspective of topological data
analysis are [CSEHO07, ICCSG™09, BLI5, [CASGO16].

Shelukhin’s Hofer distance and the barcode distance function are recalled in

respectively. The proof of Theorem [I.1]is completed in §2.6.2]

1.1.5. Endpoints of bars lie in the spectrum. An important technical lemma
for our applications is:

Lemma 1.2. Suppose that [so,s1] is disjoint from Spec,(¢). Then no bars
in B (p) have endpoints in [sg, s1].

This is established in §2.4]

1.2. Consequences of the main results. We digress for a moment on some
applications of our main theorem.

1.2.1. A wvanishing result for full symplectic cohomology. If ¢ has no trans-
lated points for some contact form c«, then Theorem implies B, () is
empty. Indeed, in this case, the spectrum Spec, () is empty and therefore
there can be no endpoints of bars. Consequently, 2B,,(id) has only finite bars
or some number of bars (—oo, 00).

Following ideas of [Rit13], we explain in why the absence of half-infinite
bars in B,(id) implies the full symplectic cohomology vanishes (and hence
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there are no infinite bars at all); briefly, the reason is that the unit for
the pair-of-pants product always represents a bar starting at s = 0, and
this bar is finite if and only if SH*(W) is zero. Consequently, Theorem
[I.1) implies that the full symplectic cohomology vanishes whenever Y has a
contactomorphism without translated points, i.e.,

Proposition 1.3. If Y is the ideal boundary of W and the full symplectic
cohomology of W is non-zero, then every ¢ € I' has at least one translated
point.

In [MUI9] it is shown that if ¢ has no translated points then the full sym-
plectic cohomology is finite-dimensional. It should be noted that there is no
known example of a Liouville manifold W with finite-dimensional non-zero
symplectic cohomology.

This vanishing result for full symplectic cohomology appears to be deduce-
able by combining a result from [AM13], which states that Rabinowitz Floer
homology (RFH) vanishes whenever Y has a contactomorphism without
translated points, with a result from [Rit13], which states that RFH vanishes
if and only if the full symplectic cohomology vanishes.

1.2.2. Estimating the size of the spectrum. The main observation is that the
number of distinct values attained as endpoints of bars in B, () bounds
from below the size of the spectrum and hence the number of translated
points. We demonstrate the argument with an example.

As explained in B, (id) is never empty: there is always a bar (0,7)
where « is the period of a Reeb orbit of o or + is infinite. Thus, if the
barcode distance between B, (p) and B, (id) is less than /2, then B, ()
has at least one non-empty bar. In particular, we recover a result from
[Shel7] which states that:

2 ||¢ll,, < minimal positive action of an a-Reeb orbit
—> ¢ has a translated point.
The existence of translated points for ¢ is unchanged if ¢ is replaced by
Rg 0. Thus one can replace 2 [|¢||, by 2inf; || Rs o ¢||,; this latter quantity
is called the a-oscillation energy of ¢, see [ShelT]; see also [Oh22].
Generalizing the argument yields:

Proposition 1.4. Let €5 C R be the set of endpoints of bars in B,(id) of
length & or more, and let K5(€) be the minimal number of points in a
subset F C R so that the &/2-neighborhood around F contains Es. Then
2inf | Rs 0 ¢, < & implies ¢ has at least K5(E) many lengths of translated
points for a. O

1.2.3. Existence of two translated points when symplectic cohomology van-
ishes. In this section, suppose the full symplectic cohomology vanishes, and
the a-oscillation energy of ¢ is less than the minimal action of a Reeb orbit
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of a, as above. Then 9B,(id) must have a finite bar (0,~), where v is a
positive action of a Reeb orbit. The assumption on the a-oscillation energy
implies B, (Rs o ) also has a finite bar (for some s), and hence ¢ has two
translated points, with two different lengths.

1.2.4. Existence of infinitely many translated points on ellipsoids. Consider
the Hamiltonian isotopy of W = C™ generated by:

ra(2) = ay'mlaf* + ot ay |zl
where a1 < --- < ap. It is well-known that X, has ideal restriction equal
to the Reeb flow associated to the ellipsoid {r, = 1}. Let a be the induced
contact form on the ideal boundary. Then Spec, (id) equals a1ZU- - - Ua,Z.

Moreover, when s is not in the spectrum, the Hamiltonian Floer cohomol-
ogy Vas(id) = HF(R;) has a single generator whose Conley-Zehnder index

equals:

CZ(s) =n+23 " |s/a;].
This can be proved by using the autonomous system H = sr,, which has a
single non-degenerate orbit at z = 0, to compute HF(R;). See [Can22b] for
the computation of the Conley-Zehnder index.

Since continuation maps preserve Conley-Zehnder indices, every maximal
interval in R\ (e1Z U --- U apZ) is a bar in B,(id). Proposition then
implies:

Proposition 1.5. Let 0 < a1 < --- < ay. If ¢ is a contactomorphism of the
standard contact sphere whose oscillation energy is less than ay, and o is
the contact form associated to the ellipsoid {r, = 1}, as above, then ¢ has
infinitely many ag-translated points, with lengths diverging to infinity.

Proof. 1t suffices to prove that, for any € > 0, the complement:
R\ (m1ZU---Ua,Z)

contains infinitely many maximal intervals of length greater than a; — e.
Without loss of generality, suppose a; = 1. Introduce the torus:

T =R/axZ x --- x R/anZ,

and consider the projection of the diagonal sequence (k,..., k), k € N,
to a sequence xp € T. Since xj is the kth iterate of (0,...,0) under a
translation isometry, Poincaré recurrence implies xj eventually enters the
€/2 cube around (0, .. .,O)H For such k, we have |k — dja;| < €/2 for some
positive integers d;. In particular, the interval [k — 14 €/2, k —€/2] does not

contain any multiples of ag, ..., ay (since each a; > 1). Since k can be taken
to be arbitrarily large in the conclusion of Poincaré recurrence, the desired

result follows. O

IThe image of the /4 cube eventually intersects the e/4 cube around 0, and since we
are iterating a translation z must then lie in the €¢/2 cube around 0.
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1.2.5. Spectral invariants. To a non-zero element ¢ € SH*(W) one can asso-
ciate a spectral invariant for p; as the infimal number s so that e lies in the
image of
HF(¢; ' o Ryy) — SH(W).

Let us denote this number by c,(e, ;). Since the bars of the form (a,c0)
in B,(p) are in bijection with a basis for the full symplectic cohomol-
ogy SH*(W), the spectral invariant is always the left-endpoint of some bar
(a,00). The spectral invariant depends only on the projection (¢1, [¢:]) to
the universal cover.

To obtain a real-valued measurement, one should take ¢ to be non-zero in the
quotient SH(W)/II where II is the span of the basis elements corresponding

to fully infinite bars. As an example, one can pick ¢ to be the basis element
in SH(W) corresponding to a positive half-infinite bar.

The methods in this paper yield the following:

Proposition 1.6. Given g, 01+, one has:

]ca(e, ‘PO,t) - Ca(e, (Pl,t)| < diSta((SOO,ly [(PO,t])7 (901,17 [(Pl,tD)a

where the distance is measured in the universal cover. Moreover, cq (¢, o t)
is continuous with respect to o in the C° topology.

Proposition 1.7. If ¢.; is a path so that ¢s0 = id and @, 1 is positive, and
¢ is a non-zero element of the quotient SH(W)/II, then cq (e, sy) is strictly
increasing function of s.

The proofs are given in §2.6.3 and §2.6.4] It is interesting to compare these
spectral invariants with other spectral invariants for contactomorphisms ap-
pearing in the literature, e.g., [Sanlll [ASZ16l [AMI8] [Oh21l [Oh22] (0Y23al,
0Y23D).

1.2.6. Orderability of ideal boundaries. A direct consequence of Lemma[2.6.4
is that the ideal boundary of a Liouville manifold with non-vanishing sym-
plectic cohomology is orderable:

Proposition 1.8. IfY is the ideal boundary of a Liouville manifold W satis-
fying SH(W') # 0, then there can be no positive contractible loop of contac-
tomorphisms, i.e., Y is orderable in the sense of [EP00)].

Proof. Let ¢ be the non-zero unit, and consider c(t) = cq(e, ps:) where
©s,1 1s a positive contractible loop. Then, because the spectral invariant
depends only on the projection to the universal cover, ¢(1) = ¢(0). However,
Proposition implies ¢(1) > ¢(0). This completes the proof. O

This result has already been proved via a different method in [CCDRI9|,
and is closely related to the work of [AMI§| which establishes a similar result
in the context of RFH, and [MU19], which prove the ideal boundary of a
Liouville domain with infinite dimensional SH is orderable. The relation
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between positive loops of contactomorphisms and symplectic cohomology
groups is studied further in [CHK23].

1.2.7. Non-orderable ideal boundaries and the boundary depth. As explained
by Shelukhin in a private correspondence, in the case when Y is non-
orderable, one can use the barcode B, (id) to bound the minimal “size” of
any homotopy between a contractible positive loop and the constant loop,
similarly to the result [EKP06, Theorem 1.11].

Let (s¢, s € R/Z and t € [0,1], be a homotopy of based loops in I' so
that (s 1 is positive and (50 is the constant loop at the identity. Let Ay,
be the contact Hamiltonian generating the loop s — (s¢; see for the
definition of hg;. Following [EKPO06) pp.1641], one defines the number:

Na(Csnf) = - Iﬁlﬂ hS,t(y)-

Shelukhin explained that our methods imply the following estimate:

Proposition 1.9. Pick any system @, and let b be the length of the longest bar
appearing in B () (i-e., the boundary depth). Let (s; be a null-homotopy
of a positive loop s+ (51, as above. Then:

b S ,U/oz(gs,t)-

In particular, the boundary depth of B, (p) is uniformly bounded whenever
Y is non-orderable in the sense of [EP00].

The proof is given in §2.6.5] See [AFMI5, [AMI§| for related results in the
context of RFH.

1.3. Additional definitions. In this section we review some of the concepts
used in the preceding results.

1.3.1. Shelukhin’s Hofer distance for contactomorphisms. Let ps: Y — Y,
s € [0,1] be a contact isotopy, and define hs(ps(x)) := () (¢5(x)) where
« is some choice of a contact form. In [Shel7] the Hofer-type (pseudo)-norm
is considered:

1
lell. ::inf/ ma [y ()] dt.
Ps Jo Y

The infimum is taken over isotopies (s which represent ¢ in the universal
cover. The associated (pseudo)-distance function is:

diStoc(QO()v (701) = ‘}901800_1 Ha :
Concretely, if po: and ¢1; represent elements in the universal cover, one
considers all extensions g ; so that ¢, ¢ = id. Each such element induces a
path from ¢, joining the time 1 maps. Differentiating the path ¢, with
respect to s produces a contact Hamiltonian h; : Y — R, and the distance
is the minimum of [ max, |hs(y)|dt over all such choices g ;.
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Note that [Shel7, Theorem A] shows the pseudo-norm is non-zero on every
element whose time-one map is not a lift of the identity (i.e., if we do not
work in the universal cover, then the pseudo-norm is guaranteed to be a
norm).

1.3.2. Persistence modules and their barcodes. For this purposes of this pa-
per, a persistence module with spectrum ¥ is a functor (V, ¢) from (R\ X, <),
thought of as a category where there is an arrow s — s’ whenever s < s/,
into the category of Z/2-graded finite-dimensional vector spaces over the
field Z/2. More prosaically, to each s € ¥ one associates a vector space V
and to each inequality s < s’ one associates a linear map ¢s o : Vi — Vg, in
such a way that the linear maps are functorial with respect to inequalities
s< s <s§"

For every interval [s, s'] disjoint from X, ¢, ¢ is required to be an isomor-
phism.

A barcode B is the data of a set X with a map:
(a,b) : X — [—00,00) X (—00, 0]

so that a < b; this is interpreted as a collection of intervals [a(x),b(z)]
parameterized by x € X. We say that 28 has spectrum X if a is valued in
{—o0} UX and b is valued in {oco} U 3.

It is shown in [CB15l [CASGO16] that persistence modules with spectrum %
have a normal form described by a barcode 98 with spectrum X, described as
follows. For s € X, let Xy C X be those elements x so that a(x) < s < b(z).
There is a map Ts : X5 — Vs whose image is a (Z/2-graded) basis, and so
that:

(i) 55 0 Ts(x) = Ty (2) if a(z) < s < s' < b(x),
(ii) ¢5,4 0 Ts(x) = 0 otherwise.
In words, the bars containing s form a basis for Vs, and the structure maps

¢s,5 respect these bases. See [CdSGO16, [PRSZ20] for more details.

Two barcodes B1, B9 are said to be within distance 0 provided there are
sets E1, F5 and a bijection Sy U Fq ~ S5 E5 so that the bijection preserves
a,b up to §, with the requirement that we extend a, b so that a = b holds on
E;. In other words, after adding some number of bars of length zero, there
is a matching between the bars which does not move the endpoints more
than ¢.

The infimal ¢ so that B1, B9 are within ¢ is the barcode distance (or bottle-
neck distance) between B1,By. See [PRSZ20, §2.2].

1.4. Further questions.

1.4.1. Comparison with other measurements. Are there estimates on the
barcode B, (p) in terms of other measurements for contactomorphisms, for
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instance those in [EP00, [San10), [Zap13], [San15l [CS15, [FPR18, [Oh21, [(Oh22]
Nak23| [AA23]?

Another direction is to analyze the dependence of B,(y) on « more closely.
For instance, the work of [SZ19l [PRSZ20, [Ush22] indicates one should be
able to bound the distance between logarithmic versions of B, (id), B, (id)
in terms of the ratio between contact forms a/a’. This is related to the
concept of the Banach-Mazur distance on the space of contact forms, see
[RZ21].

1.4.2. Subcritical contact manifold without translated points. In it is
shown that a contactomorphism without translated points implies the van-
ishing of symplectic cohomology. It is known that subcritical Weinstein
manifolds have vanishing SH; see [Cie02, [CE12]. Does the ideal contact
boundary of every subcritical Weinstein manifold have a contactomorphism
without a translated point for some choice of contact form?

It should be noted that the author has shown in [Can22a] that S***1, for
n > 1 and with its standard contact form, has a contactomorphism without
a translated point.

1.4.3. Legendrian version. The experts will recognize that much of this con-
struction can be defined in a relative setting for a Legendrian Ag with filling
Lg according to the dictionary:

(contact isotopy) Legendrian isotopy A; starting at Ao,
(discriminant point) intersection between A; and Ag,
(translated point) Reeb chord from Ag to Ay,
(symplectic cohomology) wrapped Floer cohomology of L.
A version of this translation appears in [CHK23].

1.5. Acknowledgements. First and foremost, the author wishes to thank
Egor Shelukhin and Octav Cornea for providing valuable guidance dur-
ing the preparation of this paper. The author also wishes to thank Habib
Alizadeh, Marcelo Atallah, Filip Broéi¢, Jakob Hedicke, Pierre-Alexandre
Mailhot, Vukasin Stojisavljevi¢, and Marco Mazzucchelli for insightful dis-
cussions. Thanks as well to the authors of [DUZ23] for providing helpful
feedback and comments. Finally, we wish to thank the anonymous referee
for their helpful remarks and suggestions.

2. Persistence module associated to a contactomorphism

The outline for the rest of the paper is as follows: in §2.1 we recall the Floer
cohomology groups for a contact-at-infinity system and a complex structure
satisfying some admissibility conditions. In we define the continuation
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maps associated to a non-negative path. The persistence module associated
to a contactomorphism is defined in §2.3] The proof of Theorem is

completed in

2.1. Floer cohomology in Liouville manifolds. The space of Floer data 24
is the space of tuples of (i) a contact-at-infinity Hamiltonian system 1),
and (ii) a time-dependent almost complex structure J;. We suppose that

P+1 = Y1 and that:
dwfljt(¢l(w))d¢1 = Ji1(w),

i.e., Jy is twisted periodic with respect to the time-1 map 1; see §2.1.1)and
§2.1.2| below.

The contact-at-infinity assumption provides an ideal restriction as a contact
isotopy. Let * C 2 be the space of admissible data, namely, those data so
that:

(a) the ideal restriction of ¢ lies in ',
(b) all the fixed points of 1) are non-degenerate,

(c) the moduli spaces used to define the Floer differential are cut transver-
sally.

For each choice of admissible data, there is a Floer complex CF (i, J;) gen-
erated by the finitely many fixed points of ¥1. The Floer differential counts
certain solutions to Floer’s equation, described in §2.1.3] below.

It is notable that the vector space CF (¢, J;) depends only on ;. However,
various decorations (such as action filtrations, gradings, etc) depend on the
system ;.

2.1.1. Contact-at-infinity systems. A symplectic isotopy ) is said to be
contact-at-infinity provided vy commutes with the Liouville flow outside of a
compact set, and the generator X1 = X} is a time-dependent Hamiltonian
vector field. The generating Hamiltonian functions H; are one-homogeneous
with respect to the Liouville flow, up to the addition of a function which is
locally constant outside of a compact set. In this paper, we use the normal-
ization scheme used in [AAC25, [CHK23]: one of the connected components
of Y is chosen to be distinguished, and H; is normalized provided that it is 1-
homogeneous in the non-compact end corresponding to the symplectization
of the distinguished component.

2.1.2. Admissible complex structures. The complex structures featuring in
2 are required to be w-tame, Liouville-equivariant in the ends, and s-
independent. See [BC24, §2] for more details. A special class of such complex
structures are those of SFT-type, see [BEHT03].
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2.1.3. Floer differential cylinders as twisted holomorphic cylinders. For a
choice of data (i, J;) € 2, consider the moduli space M(y, J;) of finite-
energy “twisted” holomorphic maps solving:

w:C—>W
Yi(w(s,t+ 1)) = w(s,t)
Osw + Jy(w)yw = 0.

Recall that we require that J; 1 (w) = do] ' J; (1 (w))dpy, ie., J; is twisted-
periodic with respect to ;.

A similar twisted holomorphic curve equation is considered in [DS93| §3].
Energy is defined in below.

Admissible data 2% C 2 are required to cut M(vy, J;) transversally. For
such data, let My (¢, J;) be the union of the 1-dimensional components.

Note however that the moduli space M(1)y, J;) is independent of the choice
of system 1 generating 11 = . However, given such a choice, one can
associate u(s,t) = ¥ (w(s,t)) which solves the standard Floer equation on
the cylinder, and the reason for the twisted periodic condition is so that u
solves a smooth PDE; see for further discussion.

2.1.4. Energy estimates. The energy of w is the integral of w over any strip
of height 1, i.e., R x [to,to + 1]; these are all the same and we typically
take tg = 0. The finite energy assumption implies that w converges to fixed
points of 11 at the s = 400 ends of the strip. Stokes’ theorem gives the
formula:

E(w) = / Wi — A= f(w(+00)) — f(w(—o0)).
w(R,1)

Where df = 9]A— A, for f which is constant outside of a compact set. Such
a function f exists by our assumption that the generating Hamiltonian for
1 can be taken to be one-homogenous up to a constant in the ends.

Consequently, all finite energy solutions (for admissible data) automatically
have an a priori bounded energy.

Fix a Riemannian metric which is translation invariant in the ends. Standard
bubbling analysis shows that these energy bounds imply bounds on the first
derivatives. Elliptic regularity then implies bounds on the higher derivatives;
see [BC24, §3.1].

Following [BC24, §2.2.5] and [MU19], a priori energy bounds also imply a
priori C° bounds on Floer cylinders. In below we establish a maximum
principle for continuation cylinders, which also proves a maximum principle
for the Floer cylinders appearing in the differential.

2.1.5. The Floer differential. The R-action on M; by reparametrization is
free and proper. The energy bounds in §2.1.4]imply the quotient is compact,
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and hence a finite set. Define:
dep(y) :== Z {u(—=o0) : u € M1 /R and u(4+00) = y}.
This is the cohomological differential on CF (v, Jy).

The homology of CF (v, J;) is denoted HF (¢, J;); continuation maps prove
its isomorphism class is independent of J; and depends only on the ideal
restriction of 1y; see §2.2]

2.1.6. Supergrading. By definition, a supergrading of a 7 /2-vector space E
is a decomposition Ey @ Ej.

It is well-known that for any fixed point = of ¢1, one can associate a Conley-
Zehnder index CZ(vy) € Z/2; one considers the linearization along the loop
Y¢(x). The path of symplectic isomorphisms:

diﬂt@ : TW'y(O) — TW,y(t)

has a well-defined Conley-Zehnder index in Z/2. This index induces a su-
pergrading on CF (¢, J;); the index formula from [Flo89, [EGH00, BEH™03,
Wen20, [Can22b] implies that dcp shifts the supergrading by 1. The homol-
ogy HF (¢, Jy) therefore also inherits a supergrading.

2.2. Continuation cylinders. A path in 21 with endpoints in 2% sometimes
induces a continuation map between the Floer cohomologies associated to
the endpoints of the path. In the non-compact setting of Liouville mani-
folds, a sufficient condition for the existence of a continuation map is that
the ideal restriction of the path is a non-negative path in the group of con-

tactomorphisms; see §2.2.5)

Let us call such a path in 2 non-negative. One can form a diagram (a small
category) whose objects are elements (¢, J;) of A* and whose morphisms
(ot Jot) = (14, J1+) are homotopy classes of extension (154, Js ) so that
1,1 is non-negative, J,; is twisted periodic for 151, and where composi-
tion is given by concatenation. The continuation map construction induces
a functor from this diagram to the category of supergraded Z/2-modules,
associating each element of 20 to its Floer cohomology HF (1, J;).

2.2.1. The Serre fibration property. Consider the space of all Floer data
and the ideal restriction map 2 — I' as a fibration. Standard arguments
involving cutting off Hamiltonians and the contractibility of spaces of almost
complex structures imply this map is a Serre fibration, and, in particular,
has the path lifting property. See [Girl7, Proposition 7], [Ulj17, IMUI9,
DU22| [CHK23] for related discussion.

2.2.2. Definition of the Floer cohomology associated to a contact isotopy.
For a system ¢, € I" with ¢1 € I'*, consider the small category A(y;) whose
objects are admissible pairs (1, J;), where 1) is a Hamiltonian system whose
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ideal restriction is ;. Between any two objects we declare there to be a
unique morphism.

A path in the space of data 21 whose ideal restriction remains fixed is called
compactly supported. Clearly compactly supported paths are non-negative.
Compactly supported paths can be reversed, which implies the associated
continuation maps are isomorphisms.

If 19,11+ both have ideal restriction ¢y, then there is a distinguished ho-
motopy class of compactly supported paths from g ; to 1+, namely, those
paths 1, ; whose ideal restriction remains fixed at ;. The Serre fibration
property (§2.2.1]) implies that (i) such a lift 1, ; exists and (ii) the homotopy
class of 1) 1, in the space of compactly supported paths from g1 to 11, is
independent of the choice of 15 ; and depends only on ¢;; see Figure

Thus we can define a functor from A(y;) to the category of supergraded
vector spaces by sending (¢, J;) to HF (¢4, J;) and each morphism is sent
to the continuation map associated to the distinguished homotopy class of
compactly supported paths. The limit of this functor is defined to be the
Floer homology HF(¢;). Since the diagram has a unique morphism between
any two objects, the limit map HF (¢;) — HF (¢4, J;) is an isomorphism for
any lift ¢;. For details on limits of arbitrary functors, the reader is referred
to [AIu09, §I.5.1 and §VIIL.1.4].

/
7
/

/

Yo |
07t /

/

/

/

id

FIGURE 1. Defining the functor from A(y;) using the Serre
fibration property; given ¢+, and lifts to the solid lines (i.e.,
t =0 and s = 0,1) there is guaranteed to be some lift 1) ;.
Evaluating at ¢ = 1 gives canonical homotopy class of paths
from 0,1 to 11 (depending on s ¢).

A final application of the Serre fibration property from §2.2.1] implies that
HF(¢;) is a functor from the category whose objects are systems ¢; with
1 € I'* and whose morphisms are homotopy classes paths ¢, with fixed
endpoints so that ¢ is a non-negative path. Indeed, given any lifts 1,
1,4, there exists some extension to a lift ¢, ; whose ideal restriction is ¢, ;
see Figure[Il Then )5 is a non-negative path from g 1 to 11, inducing a
continuation map HF (¢1) — HF(¢1,1). This continuation map is natural
with respect to the choice of g, 11 and the distinguished continuation
maps used to compute the limit.



14 DYLAN CANT

In the next section §2.3] we restrict this functor to systems of the form

0y Lo Ry to define the persistence module V() introduced in
See [CHK23| §2.2.10] for related discussion.

2.2.3. Dependence on the system. The functoriality of ¢; — HF(y;) seems
to require working with the system ¢; rather than its projection to the
universal cover (1, [p]).

As we shall show in this section, the values of this functor depend only on
the projection (¢1,[pt]); however, there does not seem to be a canonical
isomorphism HF (g ;) — HF(p1,4) if @01 = 1,1 and [po] = [p1,4)-

Clearly, if ¢ 1 = ¢1,1 and [po ] = [¢1,¢], then by definition, there is some @ ;
so that vs1 = @o,1 = ¢1,1 and ¢, ¢ = id. By the Serre fibration property, for
any lifts 1o, and 11, to Hamiltonian systems, we can find some extension
s, s0 that 150 = id and 1 lifts g ;.

In particular, the path s + 1,1 is compactly supported, and hence the
continuation map furnishes the desired isomorphism.

It is also important to recall the morphisms HF (¢, J;) — SH(W) are natural
with respect to continuation maps associated to compactly supported paths.
This implies HF () — SH(W) is preserved under the above isomorphisms.
This is used to show the spectral invariants ¢, (¢, ¢) defined in depend

only on (¢1, [#4])-

2.2.4. Topology on the space of admissible data. For each (¢, J;) € A define
a basic open neighborhood to be the data of:

(i) a compact set @ C W so that (¢, Jy) is Liouville equivariant outside
this compact set for each ¢ € [0, 1],

(ii) an open subset V of (¢, Ji)|o in C°([0,1] x ) , and
(iii) an open subset U of the ideal restriction of (¢, J;) in C*°([0, 1] x Y").

The resulting open neighborhood consists of all (¢, J}) so that i}|q lies in
V', is Liouville-equivariant outside of €2, and the ideal restriction lies in U.

These form a basis for a topology. It has the following property: if x — 15 ;
is a continuous map defined for x in a compact space X, then there is a fized
compact set €2 so that 1, ; is equivariant outside (2, for all z, ¢.

Henceforth we assume all paths 1) ; are continuous, satisfy ds1s; = 0 for s
outside a compact interval, and are infinitely differentiable in the s-direction.

2.2.5. Non-negative paths and a priori energy bounds. Let (54, Jst) be a
path in 2 so 1), 1 is non-negative, suppose that v, Js; are s-independent
for s outside of [sg, s1], and the endpoints are admissible.
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By definition of 2, we assume that J,; is twisted by v, 1, and hence we can
form the periodic complex structure:

js,t = dws,tt]s,tdd);tlv
so that js,t+1 = js,t.
When writing equations we will use —s instead of s, since we consider the

input to be the s = 400 puncture (which should correspond to the starting
point of the path 1)y).

Let Y+, X5+ be the generators of ¢ _,; with respect to s and ¢. A straight-
forward computation shows that w is J_s; holomorphic if and only if the
coordinate change u(s,t) = ¢_s¢(w(s,t)) solves:

(1) Osu — Ys1(u) + J_s+(w)(Opu — X ¢(u)) = 0.

In other words, u solves an s-dependent Floer-type equation on the cylinder.
Note that, outside of [sq, s1], Y5+ = 0 and X, equals the generators of the
asymptotic systems 1, ; (at the right end) and v, + (at the left end).

Unfortunately, is not a smooth equation on the cylinder, even if w(s,t)
is twisted periodic, because Y ; is rarely 1-periodic in the ¢ coordinate. To
obtain a smooth equation, we consider the following cut-off version for the
continuation maps. First of all, assume that 9s; = 151 and 95 = 50 = id
holds for ¢ in a neighborhood of 1 and 0, respectively; this is without loss of
generality, since the Floer complex and differential depends only on 15 1; it
can be achieved by a standard time reparametrization.

Let M(ts4, Js+) be the moduli space of continuation cylinders solving:
u:RxR/Z— W,
asu — p(t)Yv&t + Jls,t(u)(@tu — Xs,t) = 0,
where p(t) is a cut-off function so p(t) =1 for t < 1 — 2¢ and p(t) = 0 holds
for t > 1 —e. We suppose that p/(t) < 0 and, whenever p(t) # 1, we have
the equality Y, ; = Y, 1 and X ; = 0. Note that this equation is smooth on

the cylinder (since Ys; = 0 holds for ¢ near 0), and, moreover, agrees with
the Floer differential equations for 1y, ; and 1, ¢ for s outside of [sg, s1].

The relevance of non-negativity of i is that it ensures an a priori energy
bound:

Lemma 2.1. There is a finite constant C' = C(vsy, Jst) so that:
E(u) = /w(@su — p(t)Ys 1, Opu — X p)dsdt < C,

holds for any w € M(vps ¢, Js¢). The bound continues to hold if one perturbs
Vst, Jsr in a C small way on a compact set in W.

Proof. Let H,, Ks; be the normalized Hamiltonian generators of X ; and
Y, 1, respectively. Since X, ; and Y, ; are the vector field generators of 1_g 4,
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it is known that:

aKs,t 8L[s,t .
(2) N + s +w(Ysy, Xot) = 0;

this is the well-known curvature relation for the generators of a two-parameter
family of Hamiltonian diffeomorphisms; see, e.g., [CHK23|, §2.2.5] for a proof.

We compute:
E = /u*w + /p(t)sz7t(8tu) - dH57t(85U) + p(t)td(}/sﬂg, stt)det.
Integration by parts yields:

E(u) = /u*w + /H—oo,t(’y_(t)) _ H—l-oo,t(’y_g_(t))dt
+/(t — 0 () Ks¢(u))dsdt,

where v+ are the asymptotic orbits and:

0K, OH,
v=—p(t) =57+ = 2+ P (YVats Xar).

By construction, p(t) = 1 holds on the neighborhood where ngt % 0 or

X, # 0, and so implies that v = 0.

Since p'(t) <0, and K1 is non-positive at infinity (because it is the gener-
ator for ¢_, 1), the second term in the formula for E is uniformly bounded
above, by the maximum that —p’(¢) K, 1 achieves (which is attained on some
fixed compact set). On the other hand, the remaining terms are uniformly
bounded in terms of the asymptotic orbits, as desired. ([l

2.2.6. Mazimum principle for continuation cylinders. Suppose:

Up € M(¢s,ta Js,t)

is a sequence of solutions where 1), 1 is a non-negative path. By §2.2.5] the
energy of u, is bounded independently of n.

Bubbling analysis then implies that u,, satisfies a gradient bound, i.e., |Osuy,|
and |Opu,| remain bounded for any metric g which is translation invariant
in the symplectization end; see [MS12l, [ BC24l [AAC25] for further discussion
of bubbling in tame symplectic manifolds.

The maximum principle [BC24, Theorem 2.4] asserts that, any sequence of
solutions u,, to the s-independent Floer’s equation with admissible data on
finite length cylinders [a,, b,] satisfying:

(i) an energy bound E(u,) < E,
(ii) a modulus bound b,, — a,, > ¢, and
(iii) gradient bound |9sul, + [Opul, < C,
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remain in a fixed compact set K C W depending only on E,¢,C (and the
admissible data).

Apply [BC24, Theorem 2.4] to these cylinders disjoint from [sg, s1] X R/Z
to conclude that any sequence u,, satisfies:

un((—00, so] X [0,1] U [s1,00) x [0,1]) C K.
However, since we have concluded the gradient bound on the entire cylinder,
the central region u, ([so, s1] X R/Z) remains within distance C'(s1 —sg) from
K. Since the metric is translation invariant in the end, it is complete, and

hence the entire image u,, (R x R/Z) remains in some fixed compact set. This
completes the proof of the maximum principle for continuation cylinders.

7 7
o /A
[ [
v Vol

o/ \

FIGURE 2. Maximum principle for continuation cylinders.
The equation is translation invariant outside the interval

{So, 81].

2.2.7. Definition of the continuation map. Let v, Js; be a path in A so
that 1, 1 is non-negative, which we assume is s-independent outside of [sg, s1]
and has endpoints in 2*. One defines a continuation map by counting the
rigid elements in Mo(t)s ¢, Jst), where 1,4 is perturbed to be generic on a
fixed compact set so as to ensure transversality. Since 1), is non-negative,
the rigid elements in Mq(¢)s+, Js+) form a finite set. The continuation map
= C(?,bs’t, Js,t) : CF(¢SO¢, Jso,t) — CF(wsl,ta Jsl,t) is defined by:

o(z) = Z {u(—00) : u(oc0) = x and u € Mo (s, Jst)} -

It is well-known that ¢ preserves the supergrading. As usual, examining the
non-compact components in M; proves that ¢ is a chain map with respect
to the Floer differentials dcr (¢s,1, Js,t) and dop (s, 1, Js t)-

See [Flo89, Theorem 4], [SZ92] §6], [Sei97, pp. 1060] for similar definition,
in the compact case.

2.2.8. Invariance under homotopy. The argument proving that continuation
maps are unchanged under deformations of the continuation data, up to
chain homotopy, is well-known, see [F1o89, Theorem 4], [SZ92, Lemma 6.3],
and [Abolb, Lemma 6.13].

2.3. Definition of the persistence module. As explained in §1.1.3] the per-
sistence module is defined as V, (@) = HF(p; ' o Ry), and the structure
maps sy < s is the continuation map associated to the path:

st =P 0 RO g(s)sot+B(s)sit
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where [ is the cut-off function in Figure

/

0 1

FIGURE 3. Cut-off function 5(s). In words, increases from
0 to 1 over the interval [0,1] with 8’(s) > 0; moreover /3'(s)
is compactly supported in (0, 1).

2.3.1. Dependence on the system. If (o1, [0i]) = (@], [¢F]), then there is an
induced isomorphism V,, s(¢1) — Va,s(¢}); one uses a path ¢, interpolating
from o = ¢¢ and 1, = ¢} whose time-1 map is fixed. Such a continuation
map is an isomorphism because the continuation map associated to the
inverse continuation data is the inverse (as follows from by a standard
argument).

We now show these isomorphisms commute with the structure morphisms
Va,so = Va,s1- Let 0 = s1 — 59 and consider the path:

ého {90[;(134-1)715 o Rsot for s < 07
st — _
‘Pl,tl o Ryyi48(s)s¢ for s > 0;

this continuation data defines a continuation map which is the composition
of the isomorphism V,, ,(¢0,t) = Va,s(¢1,1) followed by the structure map.

This piecewise expression equals ggi = 801_t1 © Rg(s)5t © P1,t © SOE(ISH) ¢ © Rsot,
as can be checked directly. Consider the homotopy defined for n € [0, 1]
1 —1
€d1 =14 © Ra—n)p(stn)st © P11t © Pa(s+1-n).t © Lsot+nB(s+n)sts
noting that, when ¢ = 1, this path is gpl_i 0 R4 8(s4n)5- Note also that th is
a homotopy through non-negative paths (since 6 > 0) with fixed endpoints

at s =0 and s = 1. Thus, by i the continuation map associated to 52775

equals the continuation map associated to f;t = <p§(1s) 0 Root48(s+1)s¢- This

in turn is equal to the piecewise formula:

¢l {‘PE; o Ryyt1p(s+1)s¢ for s <0,
st — _

Pa(s),1 © Lsottor for s > 0.

Then, by the usual argument proving that concatenation of continuation
data gives composition of continuation maps, we have proved that the iso-
morphisms Vi (o) = Vs(p1,+) commute with the structure maps. Thus the
persistence module V,, s(¢¢) depends only on (g1, [¢+]) up to isomorphism.
See below for similar arguments with more details.



A SYMPLECTIC COHOMOLOGY BARCODE FOR CONTACTOMORPHISMS 19

2.4. Spectrality of the barcode. Lemma [l.2]is implied by the following claim:
if cpfl o Ry has no discriminant points for s € [0,1], then the continuation
map associated to:
g(s),t = @;1 © Rﬂ(s)t

is an isomorphism. Working with the interval s € [0, 1] is without any loss
of generality, as one can reduce to the general case [sg, s1] by replacing ¢
by Rs_(ﬁfgot and Rpg,); by Rsp(s)r where 6 = s1 — so.

The claim is essentially the result proven in [UZ22]. However, as our con-

tinuation maps are defined in a different way, we prove the claim using our
framework.

Proof of the claim. The first trick is to show that £ ; is homotopic with fixed
endpoints to the continuation data defined by the piecewise formula:

~1
PLiB(s+1)(B(2t—1)—t) for s <0,

Ehy = 905(1%_1) © Rg(s)p(2r) for s € [0, 1],

-1
Pa(-1)+8(s-1)1-p(2-1)) © Bo@0+8(s-1)(t-p(2n) for s = 1.
Indeed, f;t only involves reparametrizations of the ¢-coordinate which do
not change the time-1 maps 52’1 = f;’l, and so one can find an interpolation
¢ satisfying £, = ¢0, for all n € [0,1].
Observe that §;¢ is a concatenation of three continuation data, and the
first and third parts induce an invertible continuation map (because the
time-1 map is fixed, the continuation data are themselves invertible; see the

argument at the start of §2.3.1)). It therefore is sufficent to prove that the

second part:
2 —1
§st 7= a1 © Bos)pe for s € [0,1]
induces an isomorphism. This part of the proof requires a delicate analysis,

and is similar to arguments used in RFH; see, e.g., [AM13].

Let Y54, X5 be the generators of {387,5 with respect to s and ¢, as in §2.2.5
which we compute to be:

Xt =26(—=5)8'(2t) R+ 26'(2t — 1)Qp(2t—1),
Yir = —B'(—s)B(2t)R,

where (); is the generator of ¢, ! The corresponding 1-homogeneous Hamil-
tonian functions Hy ¢, K, ; defined on the symplectization are:

Hs i =2B(—s)B'(2t)r 4 26'(2t — 1)qg2i-1),
Koy = —,6/(—8)6(275)7‘,
where ¢ is the generator of (). For rg > 1, we define the cut-off versions:
ot = B —10)2B(=s5)8'(2t)r + 28" (2t — 1)ga(21—1)
Ky = —B(r —r0)B'(—s)B(2t)r.
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We extend these from the symplectization to the filling by fixing an extension
Hy+ (suppose that Hp, is 1-homogeneous in the region r» > 1) and then
extend by that H;, = Ho; and K, = 0 on the region r < rqo (for the
parameter ro > 1).

Because Hy, and K, commute for all times and satisfy:
(3) athe,t = BSH;t,

it follows that the system ¢’ , on SY obtained by integrating Hy; has K7,
as its s-generator. Indeed, this is because the generators are related by the
curvature formula , which reduces to the IVP:

! !

KLy o (v o OHl
7+ st(Xst) = D5

which admits K7 ; as the unique solution by virtue of (3).

Thus, by definition in §2.2.5, if X, and Y{, are the vector fields dual to
H ;vt and K ;t, the continuation map is defined by counting the rigid finite
energy solutions to:

(4) Osu — p(t) Yy (u) + J (u) (Opu — X 4(u)) =0,

provided all solutions are regular. Here p is a cut-off function as in [2.2.5

and KL/?,O = 07

This construction yields a family of equations depending on rg. The proof is
complete once we establish the following subclaim: Solutions of satisfy
an a priori C° bound which is independent of rog. Then, for rq sufficiently
large, the only solutions of the continuation map equation are solutions of
the Floer differential equation for Hy;, and, by the standard argument, the
continuation map is an isomorphism.

The first step of the subclaim is to prove that the only orbits of H' ot are
orbits of Hy; = Hy; which lie in some fixed compact set. Indeed, X Loo,t is

B(r—70)26"(2t) R+ 28’ (2t — 1)Qp(21-1),
which is the generator of:
‘pf;(12t71) ° Rg(r—ry)a(2t) (here we use that r is the generator of R).
Therefore X’ ., having an additional orbit would imply gpl_l o Rs has a
discriminant point for some s € [0, 1], which does not hold by assumption.

Thus any finite energy solution of must have both of its asymptotics in
a fixed compact set.

The next stage in the subclaim is to establish an a priori energy bound:
solutions to have a uniform non-positive upper bound on their curvature
integral (see the proof of Lemma [2.1)):

—/p’(t)K;tdsdt: —/p'(t)Kéjldsdt S/minK;lds <0,
R

where we use the explicit formula K{; = —3(r —r)8'(—s)r.
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To prove the C° bound, suppose that we have a sequence of solutions u,, to
where the parameter ry also tends to infinity. Because the equation is
standard Floer’s equation in the region r < rg, and the energy is uniformly
bounded, the derivative of u,, is also uniformly bounded along any sequence
of points z, such that u,(z,) remains in a compact set. If the images of u,
do not remain in a compact set, then, for any number ¢ > 1, the equation
7(tn(Sn,tn)) = c can be solved for infinitely many values of n. By the above
uniform derivative bound, we conclude that cylinders (0,1) x R/Z around
these points are mapped into some compact set around r = ¢. Arzéla-Ascoli
and elliptic regularity conclude the existence of a Floer cylinder with energy
at most F intersecting r = c¢. The same argument with » = b and then
flowing back to r = ¢ yields a Floer cylinder with energy at most (¢/b)E.
Taking b much larger than c yields the desired zero energy solution. For c
large enough, this implies that X¢; has a 1-periodic orbit, contradicting the
fact that ¢, ! has no discriminant points. This completes the proof. O

2.5. No half-infinite bars means no full symplectic cohomology. Let Rg be
the Reeb flow for time s. It is well-known that there is a unit element
1 € HF(R¢) = Va(id) which is mapped to the unit element of SH(W)
under the continuation morphism.

There is a PSS ring homomorphism H*(W) — HF(R,) respecting the cup
product and the pair-of-pants product; see [Rit13, §6]. Here H*(WW) should
be thought of as the Morse cohomology HM(f}) of a function which is
positive and one-homogeneous at infinity.

One can also consider the Morse cohomology HM(f_) of a function f_
which is negative and one-homogeneous at infinity; in this case one has
an isomorphism HM(f_) ~ H*(W,0W); there is also a PSS morphism
HF(R_¢) — HM(f-), and it is a well-known folk-theorem that the following
diagram commutes:

Va,—e(id) —— Vyc(id)

| |

HM(f-) —— HM(f),

where ¢ is the structure morphism defined in For related discussion,
see [CHK23, §2].

By picking f— to have no local minima, then ¢ : HM(f_-) — HM(f) obvi-
ously misses the unit for index reasons, and hence ¢ misses the unit element.
Indeed, the image of ¢ consists entirely of nilpotent elements with respect to
the cup product. It follows that the image of HF(R_) — SH(W) consists
entirely of nilpotent elements.
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Finally recall from [Rit13] that SH(W) = 0 if and only if 1 € SH(W) van-
ishes. Thus, if SH(W) # 0, then there is a half-infinite bar corresponding
to the unit which is born at 0.

2.6. Proof of Theorem[1.1]. As mentioned in the idea is to construct
an interleaving between the persistence modules V' (¢g) and V(¢1), and then
to apply the isometry theorem relating the interleaving distance to the bar-
code distance. Interleavings are recalled in and the proof of Theorem

[1.1)is completed in §2.6.2)

2.6.1. Interleavings and the isometry theorem. Let Vs, W be two persistence
modules. A d-interleaving is a collection of maps Vi — Wyi5, Wy — Vi,
so that:

(i) the maps commute with the structure maps, and

(ii) the compositions Vs — V195 and Wy — Wiia5 equal the structure
maps.
The interleaving distance between V, W is the infimal § for which there
exists a J-interleaving; see [PRSZ20, §1.3]. It is an important theorem of
persistence modules and their associated barcodes that:

Theorem 2.2. The interleaving distance between persistence modules equals
the barcode distance between their associated barcodes.

Proof. See [PRSZ20, §3], [CASGO16], §5.4], and [CSEHO07, (CCSG™09, BL15]
for more details. O

2.6.2. Interleaving the two persistence modules. Let yps; be a path joining
systems g and 1. Abbreviate s = ;1. Let 5(s) be as in and pick
0 large enough that gog(ls) o Ry 4 4(s)s 18 a positive path; we will momentarily
estimate how large d needs to be. Use the continuation map defined in
to obtain a map Vo s (¢0,t) = Va,so+s(1,t). Also choose 0 large enough that
90;—1 B(s) © Ry, 15(s)5 1s positive, thereby giving maps in the reverse direction
Va,So (901,15) — Va,so—l—&(cpo,t)'

Lemma 2.3. If the Shelukhin-Hofer distance between pq, @1 is smaller than 6,
in the universal cover, then the isotopy ¢, can be chosen so that above paths
are positive and the above continuation maps define a d-interleaving.

Proof. First we prove the non-negativity of the advertised paths. It suffices
to prove the paths 9 := cps_l o R +s5 and gol_jS o Rg,+s5 are non-negative
for s € [0,1]. One computes:

Yy = [d‘:os,_l(_Xs + O0R) 0 ps] 0 s,
Inserting the generator of 15 into the contact form @i« yields the quantity

(—hs+9)ops; hence a sufficient criterion for positivity is that § > max, ¢ |hs|.
By reparametrizing ¢ in s optimally, we can ensure that max, s |hs| is close
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to [‘max, |hs|ds; see, e.g., [Nak23] §3]. If § is larger than dist, (o, ¢1) then
the required paths can be made non-negative (indeed, even positive). The
positivity of the other path (using ¢1_s) follows by a symmetry argument,
indeed, the contact Hamiltonian for ¢;_s is —hj_s.

Next we prove the proposed interleaving commutes with the structure mor-
phisms. Standard gluing arguments show the composition of a structure
morphism sy — s; followed by the interleaving morphism is itself the con-
tinuation map of the composite path:
0 SOE,tl 0 R(1_8(s+1))sot+B(s+1)s1¢ t0r § < 0,
t— -
s Spﬂ(ls),t o R31t+,3(s)5t for s > 0.
Recall Figure 3| for the graph of 5(s).
A Dbit of thought shows that ¢2,t is equal to:

(5) YRt = Py i Boot+B(s)5t48(s+1) (51 —s0)t-

The morphism obtained by composing the morphisms in the opposite order
is the continuation morphism associated to the path:

1 {‘Pﬁ(lsﬂ),t © Rygt4p(s+1)5¢ for s <0,
s,t T

P11 © R1-g(s))sot+B(s)sst+6 for 5 >0,
and this equals:

(6) Vst = 1 © Ro(s)s1-s0)t © P11 © Py © Rootsp(arnyar

As explained in §2.2.8] the two compositions are equal provided we can ho-
motope to @ through non-negative paths with fixed endpoints (bearing
in mind that the endpoints are s = —oo and s = +00).

Consider the family of paths ¢¢, parameterized by 7 € [0, 1], given by:

1" © Ruyg(s1-n)(s1-50) © P10 (s ) © RsotBstn)o+(1-m)(s+1-m)(s1-50)»

Vv
non-negative non-negative

where we suppress the dependence on ¢ in the notation (i.e., the notation
sets t = 1).

When 1 = 0 this path equals , while when 7 = 1 it equals (@ The
endpoints of the path remain fixed at ¢, Lo R, and gpl_l o Rs, 5. Moreover,
the non-negativity of the two paths ensures that ¢¢ is a deformation through
non-negative paths.

Thus the proposed interleaving indeed commutes with the structure maps.

Next we prove that the composition of the two interleaving maps is the
structure map Vi, — Vi 425. The argument is similar to the above, and we
will again suppress the dependence on ¢ from the notation by setting ¢ = 1.
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The composition of the two interleavings is given by the piecewise formula:

-1

wl B {905(3+1) © Rso+,8(s+1)6 for s <0.

s QD;EB(S) (e} R50+6+6(s)5 for s 2 O,
Similarly to the above this is given by the formula:

Vs =11 a(s) © Basys o pro ‘Pﬂ( 41y © BsgB(s+1)5-
Consider the deformation:
-1 -1
Vs = Po1-p(s)) © 805 °Pn © Prp(sin) © Rso+s(atns -

Vv
non-negative non-negative

where = 1 we recover v}, while when n = 0 we recover cpgl o R4 5(s)26
whose associated continuation map is the structure map, by definition. It
is clear that this path remains non-negative, and has fixed endpoints. The
desired result follows from the invariance of the continuation map under
deformations, as above. ([l

Applying the interleaving isometry theorem from completes the proof
of Theorem [l

2.6.3. Lipschitz continuity of spectral invariants. The Lipschitz continuity
of cq (e, ;) with respect to dist, (with « fixed) follows from §2.6.2] Indeed,
for any § > dist (@04, ¢1,+), we have constructed a sequence:

Va,sf(S((Pl,t) E— Va,s(‘PO,t) E— Va,s+5(§01,t) — SH(W)7

using continuation maps. Picking s nearby sop = cq(¢;¢0+), both slightly
larger and slightly smaller, and considering when e lies in the image of the
map to SH yields:

COA(ea <P0,t) - 6 S Ca(ea QD].,t) S Coz(ea 900,15) + 6
Taking 6 — dist, (o, 1) completes the first part of Proposition
The continuity with respect to variations in the contact form can be proved
as follows: first we claim that for any 6 > 0 and any pair (so,«), one can

find a C” neighborhood U of o and an open interval I around sq so that the
following holds for all 8 € U, o € I, and all ¢1, pa:

(i) diStg((pl, w2) < 2distq (1, p2), and,
(ii) there exists a positive path from R _s to Rg to Ra+6

For [(i)|it is clear that we may pick a C° small neighborhood, as the contact
Hamiltonians depend C° continuously on the contact form. For m we use
the linear interpolation between contact vector fields:

Xst = (0 —6)R° + 5(c(R* — R%) + 6RY),
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which generates a family ¢, whose 05 generator Yy, (generated by K¢)
satisfies the curvature identity :

(7) O Kop + AR 1(Xsy) = o(r™ —17) + orP;
where 77 : SY — R is the 1-homogeneous function such that )\\{Tﬁ:l} = 0.
Equation (7)) is equivalent, by Cartan’s magic formula, to:
Oi(Kstowst) = s (o(r® — 7“3) + 6r’8).
Integrating over t yields:
Ks109051>0 = K1 >0,

provided that o(r®—r?)+6r® > 0. The latter is a C° condition to impose on
the distance between the ratio 8/« and 1. This concludes the claim about

the CY neighborhoods.
For fixed ¢q ¢, yields a diagram of continuation morphisms:

Vﬁ,sf(s((po,t) — Va,s(‘PO,t) — VB,er&((PO,t) — SH(W)

Pick sp = cq (e, o), then by taking s < sp we conclude that the composite of
all three maps does not have ¢ in its image, which implies cg(e, ¢g) > s — 4.
Then take s — s¢ to conclude cg(e, @o) > cal(e, o) —0. Similarly take s > sg
to conclude:

ca(e; po) < cale, o) + 6.
Finally, if 1 is nearby g, use the Lipschitz-continuity to estimate for 5 € U
that:
|ca(p1,¢) — calo, €)| < 2dista(po, 1) + 6.
The second part of Proposition follows.

2.6.4. Monotonicity of spectral invariants. Suppose that there is a path ¢,
with ¢o.1,01,1 € I'* so g1 is positive. Then the path 901:13 is positive,
and hence one can find a small § > 0 so that the path cpf_ls o Ry 1 (1—5)5 18
positive. Therefore the following diagram commutes, where the morphisms
are continuation maps:

Va,so+6(901,t) E— Va,so(‘PO,t) — SH(W),

Take sp = ca (o, ¢) —€, so that the second map does not have ¢ in its image.
It follows that the composite map also does not have ¢ in its image, and
hence:

ca(p1,¢) > colpo, ) — €+ 0;
by taking € < d, we conclude Proposition [1.7



26 DYLAN CANT

2.6.5. Bounding the boundary depth. We prove Proposition[I.9] First, let B
be some number so that s — Rps o (s is positive for each t. Differentiating
the path with respect to s shows that the condition:

B+ minhg(z) >0
s,t,z

is necessary and sufficient. Thus one can take B slightly larger than the
measurement fio((s,¢) introduced in §1.2.7, The goal is to prove that b < B,
where b is the boundary depth of B,(¢p).

Pick € > 0 small enough so that s — R_.s 0 (s is positive (this is possible
since s — (1 is positive). Similarly to the arguments in §2.6.2| consider the
positive path:

€ {Sptl © Rsgt © RB_cp(s1)e © sty for s <0,
st +—

(pt_l © Rsot—et+(B+e),3(s)t for s > 0.

Gluing analysis implies that the associated continuation map is the compo-
sition of the continuation map for the first path with the continuation map
for the second path. Observe that:

st = 07 ' 0 Regrr(B+oB(s)i—eB(s+1)t © CA(s+1)-
By interpolating s + 1 to s, one sees & ; is homotopic to the modified path:

és,t = Sot_l © Rsot-l—Bﬁ(s)t © Cﬁ(s),tv
with fixed endpoints, so that &1 remains positive. Finally, one considers
the homotopy:

g,t = 90;1 ° Rsot—l—Bﬂ(s)t © Cﬁ(s),nt’
where 7 goes from 1 to 0; by assumption on B, 52771 remains a positive
path, and this homotopy terminates at fg’t = got_l o Ry1+Ba(s)t- By the
invariance of the continuation morphism under homotopies through non-
negative paths, the following diagram commutes:

V() —— V& _(¢1)

g i

V:S%C—Q—B((pt)v

where ¢ is the continuation map associated to & restricted to s € [—1,0].
The diagonal morphism is generated by fgt and the composition of the
vertical and horizontal morphisms is generated by {;t.

If B <b, then one can find some sy so that the image of ¢y, 5,+p is strictly
larger than the image of ¢5,_. s,+B; one can pick some bar close to maximal
length and take sg to be slightly to the right of the start of this bar, so sg—¢€
lies to the left of the bar, and so sp + B is still inside the bar; see Figure [4
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o —C

—_
sp—€ S0 so+ B

F1GURE 4. Choosing sg if B is smaller than the length of the
longest bar.

This contradicts the commutative diagram , and hence B > b, completing
the proof of Proposition [1.9
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