LENGTHS OF REEB CHORDS AND VITERBO RESTRICTION

FILIP BROCIC AND DYLAN CANT

ABSTRACT. Let A be a Legendrian in the contact boundary of a Liou-
ville domain 2. We explain how the non-existence of Reeb chords with
endpoints on A of length up to a enables one to embed D.T*A x D(a)
into  in an exact way. As in earlier work of Zhengyi Zhou, we use the
Viterbo restriction map to deduce a contradiction in certain cases. In
particular, we show that if M admits a submersion from a product of
spheres (e.g., the n-torus), then all compact Legendrians A C ST*M
admit a Reeb chord for every choice of contact form ST*M. The ob-
struction we use in this case is based on the idea of inverting the degree-n
classes in cohomology, and is similar to the notion of string point invert-
ibility introduced by Egor Shelukhin.

1. Introduction

1.1. The notion of n-invertibility. Suppose that Q2" is a Liouville domain
and consider a Legendrian submanifold A C 0€2. The primary goal of this
paper is to bound the length of the shortest non-constant Reeb chord of A
from above. Here the Reeb flow is associated to the canonical contact form
on Jf).

Let W denote the Liouville manifold obtained by completion of 2. Our main
results are phrased in terms of the symplectic cohomology SH (W), and its
additional structures:

(1) PSS : H*(W) — SH(W),

(2) BV operator A : SH(W) — SH (W),

(3) pair-of-pants product * : SH(W) ® SH(W) — SH(W).
The symplectic cohomology SH (W) and its three additional structures are
well-known; see, e.g., [Vit99, [Vit96, [Sei08, [Abol5l, [Zhal6l Zho21l, [Zho22al,
Zho22b]. For further details on the conventions we use, see [BC25].

This leads us to our main definition:

Definition 1. A Liouville manifold W is n-invertible if the only A-invariant
ideal of SH(W') which contains the subspace PSS(H™(W)) is equal to SH(W).

Here we comment that n-invertible domains always have dimension 2n, i.e.,
we adopt the somewhat common convention in symplectic geometry that n
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stands for “half of the dimension.” The definition is closely related to that
of string point invertibility introduced in [She22].

Let us set some terminology before proceeding to our main theorem.

e The domain 2 is completed to a Liouville manifold W, which means
that @ C W is embedded in such a way that the Liouville flow lines
passing through the contact boundary €2 define the symplectization
end SY of W (here Y ~ 9 is the ideal boundary).

e The radial function r is 1-homogeneous dr(Z) = r and satisfies
rlog = 1. This function is smooth on the symplectization end SY
and extends continuously to the rest of €.

e The Reeb vector field is defined to be R = X, (defined on SY).

e The Floer cohomology group SH .(2) is defined as the “category the-
oretic limit” of Floer cohomologies of Hamiltonian systems whose
generating vector field agree with cR outside of a compact set. We
restrict ¢ to be in the complement of the spectrum Spec(2) of periods
of R. We assume throughout the body of the paper that Floer coho-
mologies are computed using coefficients in a field of characteristic
two.

The spaces SH.(Q2), for ¢ in the complement of the spectrum, form a persis-
tence module (in the sense of [PS16]); the colimit of this persistence module
is easily seen to be the symplectic cohomology SH (W).

The three structures PSS, A, * can be lifted to the persistence module as:

(1) natural maps PSS : H*(W) — SH.(Q) for ¢ > 0,
(2) natural endomorphisms A : SH.(2) — SH.(Q2),
(3) natural products * : SH, (2) @ SH,(Q2) = SH ¢ 4¢,(£2).
We now attempt to “quantify” the notion of n-invertibility; first set:
Jo,c = span { PSS(H™(Q)) * SH. () : ' < ¢},
where PSS(H"™(R2)) takes values in SH._~(£2). Similarly define for k > 1:
Jke = Ip—1,c +span{Ac, (Jx—1,¢,) * SHe, 1 ¢; > 0 and ¢1 + ¢2 = ¢},

and let J. C SH.(§2) be the union of Jj . over all k. Note that, since SH.(2)
is a finite dimensional vector space, the colimit J. = J, is attained for some
finite number k. This subspace J. C SH () is a natural subspace of the
persistence module (i.e., continuation maps send J. into J. for ¢ < ¢), and
so the colimit of J. is a subspace of the symplectic cohomology J C SH (W).

Lemma 1.1. The ideal J is the smallest A-invariant ideal of SH(W') which
contains the subspace PSS(H"™(W)).

Proof. Define ideals Jg = PSS(H"™(W)) * SH(W), and:
I = Jp—1 + A(Jg—1) x SH(W),
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and then Jj is easily seen to be the colimit of J.; as ¢ — oo, and since
colimits commute with colimits, the monotone union JoUJ; U. .. is equal to
the colimit J. From this description of J we conclude the desired result. [

This leads to our second main definition in terms of the persistence refine-
ment of the ideal J:

Definition 2. The n-invertibility capacity of a Liouville domain ) is:
i(Q) =inf {¢>0: PSS(1) € J.}.
Then cni(2) < oo if and only if the completion W is n-invertible.

Our main result is:

Theorem 3. FEvery Legendrian A C 02 bounds a non-constant Reeb chord
with period at most cni(QY), provided cni(§2) < oo.

1.2. Examples of n-invertible manifolds.

1.2.1. Domains with vanishing symplectic cohomology. 1f SH(W') = 0, then
the conclusion of Theorem [3] holds since the condition from Definition [ is
trivially satisfied. This recovers a result of Zhou [Zho22a].

1.2.2. Cotangent bundles of products of spheres.
Theorem 4. For n > 1 we construct classes:

e Ae H,(AS™) and,
e Be Hgnfl(ASn),

such that: Ax A(B x [pt]) = [S™]. More generally, if M = S™ x --- x S™
with n =ni + - + ng, there are classes:
A€ H(AM) B, € Hpqn,—1(AM) fori=1,....k
such that the sequence C;, i =0,...,k, defined by Cy = [pt]:
Ci =A;i*A(B; xCi_q) fori=1,...,k
satisfies C = [S™ X -+ x S"*].
This proves that 7%(S™ x --- x S™) is n—invertibleﬂ due to the morphism
of BV-algebras established in [Vit99, [Vit96l [AS06, [Abol15l BC25]:
H,(AM) — SH(T*M)

sending [pt] to PSS(F') where F' is the cohomology class represented by
the cotangent fiber. Moreover, our argument also gives estimates on the
n-invertibility capacity in terms of the lengths of the loops appearing in the
classes A, By, ..., By, where the length functional is the one determined by
the domain Q C T*M considered in [BC25]|.

1For odd-dimensional spheres, one can appeal to formulas in [Men09, Theorem 16].
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1.3. Rationality constants of non-exact Lagrangians. Let {2 be a Liouville
domain. Recently, there has been interest [Zho22al, [ACLS24] in bounding on
the rationality constant of a non-exact Lagrangian inside 2. Here we recall
that a Lagrangian L C Q determines a Liouville class [A|z] € Hlz (L), and
the rationality constant p(L) is the infimal positive period of this class.

Our second main result is the following bound on the rationality constants
of asphem'calﬂ Lagrangians inside of T*71T™:

Theorem 5. Let QQ C T*T™ be the unit codisk bundle. Then there exists a
constant C > 0 such that if L C Q is a closed, non-exact, Lagrangian which
is aspherical then p(L) < C.

It is noteworthy that our result applies to T*T", whereas previous results
concerning aspherical Lagrangians L such as [Zho22al [Li23] do not apply
when the ambient space is T*T™ (but rather apply when the ambient space
behaves like the cotangent bundle of a non-aspherical manifold).

Remark 1.2. The constant C can be chosen to be any number 2c such that
there exist classes:
Afc € SH, . () for cix >0 with ¢;y +¢; - <c
such that:
. Af lies in the free homotopy class of the loop t — x + te;,
e AT x A7 =1 holds in SH.().

For related bounds, see [BC25].

1.4. Methods of proof. The first step used in the proof of Theorem [3| is
a variation of the geometric construction similar to [MohO1] and [Ops25,
Proposition 4.4]. The result can be considered as a version of the 1-jet
neighborhood theorem for Legendrians.

Theorem 6. Let 2 be a Liouville domain inducing a radial coordinate v on
W, and let oo = \/r be the resulting contact form on the ideal boundary Y of
the completion W. Let Ay CY be a Legendrian isotopy, and suppose that:

e for each smooth path y(t) € Ay it holds that y*a > adt ,
e Ay N Ay =0 for each t £t in [0,1].

Then there is an exact embedding:
D.T*A x D(a) = Q

taking values in the interior of Q. Here D./T*A is an arbitrarily small disk
bundle in T*A, D(a) is the closed disk of area a, and DT*A x D(a) is
equipped with its standard Liouville structure.

2A manifold L is said to be aspherical if its universal cover is contractible.
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It is clear that if A has no Reeb chords for the contact form « (as in the
statement of Theorem |§[) of periods up to a, then we can find an isotopy
A, satisfying the hypotheses of Theorem [6] and thereby conclude an exact
embedding D.T*A x D(a) — Q.

The next step is to appeal to the well-known Viterbo restriction (or Viterbo
transfer) map, whose properties are summarized in the following theorem:

Theorem 7. If K, are smooth Liouville domains and v : K — ) is an exact
embedding taking values in the interior of 1, then, for each pair of numbers
0 < ¢ < b such that ¢ & Spec(Q) and b & Spec(K), there is a linear map:

R : SH(Q) — SHy(K).
Moreover, this map respects structures:

e RoA =AofR,

* R(C *G2) = R(G1) *R(C2),
e o PSS = PSS ofR,

where R : H*(Q) — H*(K) is the pullback on cohomology in the last item.

Thus, given a Legendrian A which has no chords of length up to a, every
smooth Liouville subdomain K C D.T*A x D(a) receives a map:

R: SH(Q) — SHy(K)
compatible with structures, as in Theorem In particular, if a is larger
than cyi(€2), then we can pick ¢pi(2) < ¢ < b < a so that:
1=0¢€ SHy(K).
This is because 1 lies in J.(€2), and R(J.(£2)) vanishes in SH;(K) since:
R:H"(Q) - H'(K)
vanishes (as there are no non-trivial degree n classes in D T*A x D(a)).
The next step uses the following filtered Kiinneth map result:

Theorem 8. Let Q x D(a) be a Cartesian product of a Liouville domain with
a disk D(a). Then, for any number 0 < b < a not in Spec(Q), there exists
a Liouville subdomain of K C Q x D(a) and an isomorphism:

R: SHb(K) — SHb(Q)

such that R(PSS(1)) = PSS(1), and such that b ¢ Spec(K). In particular,
if the PSS(1) is zero in SHy(K), then it is also zero in SHp(Q).

Combining all these steps, we conclude that if A admits no Reeb chords of
length up to some number a > c;(£2), then the unit vanishes in SH(T*A).
However, due to the comparison between string topology and symplectic
cohomology, the unit cannot vanish in SH(T*A). This provides the desired
contradiction, and proves Theorem (modulo Theorems@, and. More-
over, the argument actually gives a stronger statement; we first introduce a
definition:
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Definition 1.3. Let (Y,a) be a compact cooriented contact manifold with
contact form a. If Ag CY, s € [0,00), is a Legendrian isotopy, satisfying:

e for each smooth path y(s) € As it holds that y*a > ds,

then we say Ag is uniformly fast relative a. If Ag is uniformly fast relative
some unspecified contact form, then we simply say it is uniformly fast.

Theorem 9. Let 2 be a Liouville domain inducing a radial coordinate v on
W, and let oo = \/r be the resulting contact form on the ideal boundary Y of
the completion W. Let A; CY, s € [0,00), be a Legendrian isotopy which
is uniformly fast relative a, then there exists 0 < t1 <ty < cni(2) such that
Ay, N Ay, # 0, provided cy;i () < oc.

Proof. This follows from the combination of Theorems [6] [7} and O

Because the Reeb flow Ay = Rs(A) is uniformly fast relative a, Theorem
9] implies Ry, (A) intersects Ry, (A) for 0 < #1 < ta < ¢yi(£2), which implies
Theorem [3 (since A N Ry,—, (A) # 0).

Using Theorem [J] we prove the following in

Theorem 10. Suppose there is a submersion E — M, where E is a compact
manifold, and T*FE is n-invertible, e.q., £ could be a product of spheres.
Then any uniformly fast Legendrian isotopy As C ST*M, s € [0, 00) satisfies
Ay, N Ay, # O for some 0 < t1 < to. In particular, the Arnol’d chord
congjecture holds for ST*M .

Turning now to Theorem |4, the method of proof is to use the framework of
[BC25], which allows one to prove the desired relations in the BV algebra
H,.(AM) by direct manipulation of smooth maps taking values in M. The
proof is entirely topological and all Floer theory is isolated in our earlier
work [BC25].

Finally we discuss the proof of Theorem [5| concerning the rationality con-
stants of aspherical Lagrangians L inside of T#T"™. The key idea is again to
use a Viterbo restriction map; however, since the Lagrangian L is non-exact,
Weinstein neighborhoods of L are not embedded into T*7T™ in an exact way,
and so one cannot appeal directly to Theorem [7] One instead appeals to
the so-called truncated Viterbo restriction map introduced by [Zho22al.

Theorem 11. Let v : K C Q be a symplectic embedding of a Liouville domain
such that the periods of the closed 1-form 1*Aq — Ag lie in the subgroup
pZ C R for some p > 0. Then, for any numbers 0 < ¢ < b such that
b+ c < p there is a restriction map R : SH.(Q) — SHy(K) such that:

e RoA =AofR,

® R(C1 *(2) = R(G1) * R(C2),
e Lo PSS = PSS ofR,
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as in Theorem [T, whenever these expressions make sense; i.e., in the second
item we assume that ¢; € SH.,(Q) and R(¢;) € SHy,(K) for i = 1,2 with
0<c <band ci+co+ b+ by <p.

Finally, if w denotes some collection of free homotopy classes in ), then R
satisfies:

o R(SH (Q,w)) C SHy(K,*wNk),

where k is the collection of free homotopy classes in the kernel of 1* g — Ak .

As in [Zho22al, given a Lagrangian L C §2 we apply Theorem |11 to a small
Weinstein neighborhood of L. The next step in the argument is to apply
the truncated Viterbo restriction map R to classes A;t as in Remark
to conclude classes in SH(T*L, k) (assuming the rationality constant of L
is large enough). Using the fact that L is aspherical enables the use of
two algebraic topology results [Lat15, Lemma 5.1 and 5.2], which we use to
show 71 (L, pt) admit a subgroup Z" whose associated covering space is open.
This leads to a contradiction, since the covering space is also an aspherical
n-manifold, and therefore must be homotopy equivalent to K(Z",1) ~ T™
which has non-zero nth homology group (and so cannot be open). The
details of this argument are given in

Remark 1.4. As in Theorem[I1] it is sometimes convenient to appeal to the
direct sum decomposition of SH.(Q2) into the summands generated by orbits
in a giwen collection of free homotopy classes w. It will be obvious from the
construction that the Viterbo restriction map associated to an exact embed-
ding v : K — Q respects this decomposition: R(SH (2, w)) C SHy(K, 1" w).
We do not need to use this fact in the proof of Theorem|[9, but it is useful in
certain cases. For instance, if there is an invertible element in SH (W, w),
then every Legendrian in 02 such that *w = () must have a Reeb chord.

1.5. Survey of related results. The chord conjecture due to Arnol’d appears
in [Arn86, pp. 15], and it is formulated for S with the standard contact
structure. Theorem [10] solves the Arnol’d chord conjecture for A C ST*M

when it applies.

1.5.1. Higher dilations. If one allows constraints on the topology of A rela-
tive the topology of M, then one can deduce quite a bit by combining the
following two propositions:

Proposition 1.5 ([Zhal6l Corollary 1.1.6] using [Goo85]). A compact ori-
entable manifold M is rationally essentmﬂ if and only if the unit element

3Every connected manifold has a classifying map M — BG where G = w1 (M, pt); if
the induced map in rational homology kills [M] (we assume M is orientable so [M] is
well-defined), then we say M is rationally inessential; otherwise M is said to be rationally
essential. Rationally inessential manifolds contain all simply connected manifolds, and
form an ideal with respect to Cartesian product (in the space of orientable manifolds).
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is non-zero in the S'-equivariant symplectic homology SHSl(M,Q, L), de-
fined with rational coefficients and twisted by the local coefficient system £
obtained by transgressing the second Stiefel Whitney class of TM . O

Remark 1.6. The vanishing of the unit is often expressed as the existence
of a “higher dilation.” Dilation classes were introduced in [SS12, [Seild]
and further developed from the framework of S'-equivariant homology by
[Zhal6, [Zho21l [Zho22, [Zho22al [Li23), [Li24].

We note that [ACE16,[FP17] also appeal to the result of [Goo85). In [FP17] it
is shown that the mi-sensitive Hofer—Zehnder capacity is finite in the cotan-
gent bundles of all compact rationally inessential manifolds.

Proposition 1.7 (Truncated Viterbo Restriction [Zho22al]). If A C 99 is a
Legendrian without Reeb chords, there is a restriction morphism:
SHS' (Q,k, £) — SHS (T*(A x SY),k, &),

which sends the unit element to the unit element; here k is a coefficient
field. The local system £ is obtained by restriction the local system £ to a
Weinstein neighborhood of a Lagrangian embedding A x ST — Q. O

By appealing to [Zhal6], [Zho22a] concludes:

Claim 1.8 ([Zho22al). If A is an aspherical Legendrian in the unit cotangent
bundle of a compact orientable rationally inessential manifold M, then A
has a Reeb chord for every choice of contact form. O

Summary of proof. Using Proposition [I.7] and Claim one obtains:
unit vanishes in SHS' (T*(A x §Y),Q, &),

where £/ is obtained by transgressing some class in H?(A x S',7/27). This
is impossible if A x S is aspherical, as we now explain.

Abbreviate N = A x S!. The first step is to appeal to [Abol5] to conclude
there is a commutative diagram:

Hy(N,0® Q) —— H,(AN,Q,0® £ ® £)

H*(T*N,Q) —2%5 5 SH(T*N,Q, £).

The local system £ is also obtained by transgressing a class in H?(N, Z/27),
while o is the orientation local system for the base manifold. The top arrow
¢ is an isomorphism onto the contractible summand, since N is aspherical.
It follows that the PSS map is also an isomorphism onto the contractible
summand.

This implies that the equivariant PSS map:
H*(T*N,Q) ® Qu~'] — SH® (T*N,Q, &)
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cannot Kkill the unit, by a spectral sequence argument applied to the u-
adic filtration inherent to S'-equivariant homology; see [Zhal6l [Zho22bl,
Li24]. We recall the argument for the reader’s convenience. The contractible
summand of SHS' (T*N,Q, £') is the homology of a complex:

(Co®Cy) ®Qu™]
with deformed differential:
dgt = d + ul +u?5y +ud3 + . ..

where §; can be considered as “higher order” BV operators. One sets up the
chain complex so that:

(Co, dp) is a subcomplex whose homology computes H*(T*N, Q),
H(Cy @ Cy,dp) is the contractible summand of SH(T*N,Q, £'),
the inclusion of Cy into Cy & C induces the map PSS on homology,
all higher order terms A, ds, 93, ... vanish on Cy ® Q[u™!].

Suppose we have a solution of:
dg1 (uikck + -+ uflﬁ + C()) =1e(Cy.

If £ > 0 then do(x = 0. Since Cy — Cp @ C; is an isomorphism on dj
homology, we can assume that (x = n + doug for ni € Cop. Then, adding
0 = dg1(dg1(u™"uy)) to both sides yields:
dgr (u m + 0 (Gt + Ap) + -+ w7+ Sk k) + Co 4 Srpr) = 1
Now, since all the higher terms in dg1 vanish on n, € Cj, we can simply
remove it from the equation and conclude:

dgr (™ (Gomr + D) + -+ w7 (G + Sk1pm) + Co + Srpm) = 1.

By repeating this argument we conclude:

do(Co + Oppue + Op—1ptfy_q +...) =1,

contradicting the fact that 1 is not an exact cycle with respect to dg. U

1.5.2. Orientation tricks. Let us note one curiously general example:

Claim 1.9. Let M be a compact manifold such that wa(M) evaluates non-
trivially on some element in wa(M). For example, M = N x CP?" for any
positive integer n and any compact smooth manifold N. Then every spin
Legendrian in ST*M, admits a Reeb chord for all contact forms.

Proof. By [AFO17] (building on [Seil0] in the case M = CP?), it holds
that SH(T*M,Q) = 0 and so the same argument used in Claim can be
applied. O

Remark 1.10. [t seems to be a somewhat interesting question how the “spin”
assumption in Claim can be lifted (without imposing further conditions
on the embedding of A into ST*M ). One can obtain more consequences
from [AFOIT] if one specifies how the inclusion A — ST*M acts on H>.
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1.5.3. Aspherical ambient spaces. Let us comment that Theorem [I0] applies
to ST*T™, because T" is a Cartesian product of n copies of S'. This is
notable because T™ is aspherical and hence the symplectic cohomology does
not admit any type of higher dilation classes, or any trickery with orien-
tations as in Claim In this respect, i.e., applicability to aspherical
manifolds, our result is closer to the work of [Iril4] which uses the prod-
uct structure to bound the Hofer Zehnder capacity of cotangent bundles of
manifolds admitting circle actions with non-contractible orbit class.

1.5.4. Fillable Legendrians. One can also restrict the class of Legendrians
in another ways: by requiring that they admit Lagrangian fillings; see, e.g.,
[Rit13]. If the fillings are assumed to be exact, then one can use wrapped
Floer cohomology; see, e.g., [AS10]. The Arnol’d chord conjecture is estab-
lished for conormal Legendrians via a comparison with the Morse homology
of path spaces, see [BCS25] which builds on work of [AS06, [APS0§].

1.5.5. Strong Arnol’d chord conjecture. An interesting research direction is
the “strong” version of the conjecture, as studied in [Kan26l [KZ24, [Can26],
which asks whether there is always a chord with distinct endpoints. It seems
difficult to establish the strong Arnol’d conjecture from our methods, since
the upper bound we obtain on the length of the Reeb chord is always at least
the systole of A|pq (so we cannot a priori guarantee chords shorter than all
orbits, which is the surefire way to conclude the strong Arnol’d conjecture).

1.5.6. Time-dependent Reeb flows. The method is robust, in that it implies
Ry, (A)N Ry, (A) # 0 for certain numbers 0 < t; < to, when ¢ — Ry is a (uni-
formly fast) time-dependent Reeb flow; see Definition and Theorem @
Such a statement is reminiscient of ones appearing in [CS15]. We note that
other methods of producing Reeb chords (such as bubbling analysis in SF'T
[Abb14]) do not seem to yield such statements for time-dependent flows.

On this topic, a natural question is whether the reintersections can be shown
to happen when t; = 0:

Question 1. Let Y be a compact contact manifold, and let As CY, s € [0,00)
be a uniformly fast Legendrian isotopy (in the sense of Definition . Is
it necessarily the case that Ay N Ag # O holds for some value s > 07

Remark 1.11. [t seems likely that wrapped Floer theory establishes a positive
answer to Question in the case when (Y, Ag) admits an exact Lagrangian
filling (W, L) and the positive wrapped Floer cohomology HW (L), in the
sense of, e.g., [BCS25] and the references therein, is non-zero.

1.5.7. Cotangent bundles of manifolds with negative sectional curvature. The
restrictions from this paper are related to interactions between product
structures, BV operators, and the PSS morphisms. When 2 C T*M, and
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M has negative sectional curvature, there are seemingly not enough rela-
tions between the top degree PSS classes and the other classes to apply our
methods. It is natural to wonder if there a symplectic cohomology based
upper bound on the length of Reeb chords of Legendrian knots in 92 for
domains 0 C T*¥,, where X, is a surface of genus g > 1. Note that,
since ST}, is a contact 3-manifold, the existence of Reeb chords is known
[HT11, [HT13]. One can also compare with the problem on the finiteness of
the Hofer-Zehnder capacity of compact subsets in 7%%,, [Bim24, ABB™26].
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2. Proofs

The contents of this section are:

. on the existence of embeddings of stabilized codisk bundles;
e §2.2/on the Kiinneth morphism;

° on the string topology of products of spheres;

° on rationality constant of Lagrangians in T*T™.

Due to the more-or-less standard nature of the Viterbo restriction map, see
[Vit99, McL09, [AS10L, Rit13], and the fact the truncated version already
appears in [Zho22a], we refer the reader to the appendix of the preprint
version of this paper [BC26l §A] for the proofs of Theorems [7| and

2.1. From Legendrians to embeddings of stabilized codisk bundles. The goal
of this section is to prove Theorem [l The first part of the construction
involves a coisotropic embedding:

Lemma 2.1. Let Q, o, Ay, a be as in the statement of Theorem[tl There exists
an embedding ¢ : A x D(a) — Q, taking values in the interior, such that:

(1) ©*"A = ADp(a)
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where Ap(q) is (the pullback of) a Liouville form on D(a) (defining its stan-
dard symplectic structure). In particular, ¢ is a coisotropic embedding.

Proof. First let ¢ : A x [0,1] — 09 be some parametrization of the Leg-
endrian isotopy A, so that (A x {t}) = A;. Then, by the hypotheses of
Theorem [6] it holds that ¢ is an embedding and:

'\ = hdt
where h : A x [0,1] — (a,00) is a smooth function. By compactness of
A x [0, 1], we may suppose that h > a’ > a for some ad’.

Now consider the modification by a domain dependent Liouville flow:

w(l" t) = Zlog(a’/h(m,t))(so(xv t))

This is still an embedding (since ¢ remains an embedding even after quo-
tienting by the Liouville flow), and it takes values in the interior of Q2. An
easy computation yields: :

P*\ = d dt.
The next step is to extend the embedding as:

d(x,5,t) = Zgp(x,t) where ¢ : A x (—o0,0] x [0,1] = Q.

Another standard computation yields:

"\ =dedt.
Now we observe that the area of (—oo,0] x [0, 1] with respect to the area
form a’e®dt is a’, and so, since a’ > a, we can find a smooth area preserving
embedding w : D(a) — (—00, 0] x [0, 1] such that w*(a’e*dt) = Ap(q), where
AD(a) 18 some Liouville form on D(a) for its standard symplectic structure.

Finally we define ¢ : A x D(a) — € by the formula:
p(x,2) = ¢z, w(2)).

This map ¢ satisfies the first part of the lemma. It remains to explain
why ¢ is a coisotropic embedding. It is clear that dp(TA) lies in the w-
orthogonal complement of p(T'A x D(a)), because of the pullback formula
. By dimensional reasons, it follows that do(T'A) must equal the entire
w-orthogonal complement. Thus the embedding is coisotropic. ([

The next step is to appeal to the following general fact:

Lemma 2.2. Let N be a compact smooth manifold with boundary, and suppose
there are two coisotropic embeddings:

Jji1: N = (My,wy) and jo : N — (Ma,ws)
such that jjw = jjw. Then a neighborhood of j1(N) C M is symplectomor-

phic to a neighborhood of jo(N) C Ma, and the symplectomorphism can be
chosen to send ji(x) to jo(x) for x € N.

Proof. See [Got82] and [MS17, Exercise 3.4.18]. O
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We apply this fact with:
N=AxD(a) Mi=TAxC My=Q.
In particular, we conclude from Lemma [2.2] a symplectic embedding:
®:DT*A x D(a) = Q

which agrees with the map ¢ from Lemma on A x D(a). Asitisa
symplectic embedding, it follows that:

P\ = pdq + )‘D(a) + ,8

where 3 is a closed 1-form (here pdq is the standard Liouville form on T*A).
Since ® agrees with ¢ on the zero section, and D.T*A x D(a) deformation
retracts onto A x D(a) we conclude that all periods of 8 vanish, and hence
 is an exact 1-form. This completes the proof of Theorem [6] O

2.2. Kiinneth morphism. A Liouville manifold (W,w, Z) involves the data of
a Liouville vector field Z such that Lzw = w. Let us denote by Z the time-
s flow. Hamiltonian Floer theory of (W,w, Z) is well-established provided
one uses Hamiltonian systems and w-tame almost complex structures that
are invariant under Zs, s > 0, outside of a compact set; see, e.g., [BC24].
It is in this context that one defines the persistence module SH.(Q2) used
throughout this paper.

The product W x C is another Liouville manifold with diagonal Liouville
vector field:

Zwxc = Zw + Zc
where Z¢ is the radial Liouville vector field on C, with its standard sym-
plectic form.

The naive idea of the Kiinneth morphism is that, if H; generates a non-
degenerate Hamiltonian system on W (with positive slope b as in the state-
ment of Theorem , then:

H; + 77 |2)* where 7 = b/a

generates a non-degenerate Hamiltonian system on W x C, and the vector
space underlying the Floer complex CF(Hy + 7 |z|?) is identified with the
Floer complexes CF(H;) computed in WW. If one picks a split almost complex
structure Jy xc = Jw @ Jc, then the differential respects this identification,
and one obtains an isomorphism of complexes:

(2) CF(H; + 77 |2%, Jwxc) = CF(Hy, Jw).
Since 7 € (0,1), this chain level identification also respects the unit element
(this is no longer true when 7 ¢ (0, 1)).

The problem in using this observation in symplectic cohomology theory is
that H; +m ]2]2 and Jyw + Jc are not Z-invariant outside of a compact set,
and so our preferred framework (as used in [BC24], BC25] and throughout



14 FILIP BROCIC AND DYLAN CANT

the rest of this paper) cannot be applied. Existing literature [Oan08| McL09]
successfully establishes a “Kiinneth isomorphism” between the colimits:

SH(W x C) ~ SH(W)  SH(C).

Such a statement is not ideal for our purposes since SH(C) = 0; we instead
require a “filtered” Kiinneth map £ as in Theorem [§

2.2.1. Choice of almost complex structure. As in Theorem [8] fix:

e a Liouville domain (), with radial coordinate rq,

e an w-tame almost complex structure J; on the completion W, which
is invariant under Zs, s > 0, outside of @ = {r < 1},

e the standard complex structure Jo on C,

e the radial coordinate ry = a~ 17 |z|* for the Liouville domain D(a).

The complex structure:
Z: ) =dz; hdZ,
on W can be considered as “neck stretched,” loosely speaking.

Let £(r) be a smooth approximation of max {log(r),0}, such that:

e /(r) =log(r) when r > 1,

o ((r) <0 forr <1,

e ((r) is constant on the interval r € [0, 1].
See §2.2.2] for an explicit choice of such £.
Define an almost complex structure on T'(W x C):
(3) J = Zié( (Jl) @ Jo.

Then we have:

r2)

Lemma 2.3. The almost complex structure J is Liouville equivariant outside
of the rectangle {r1 < 1} N{re <1}. That is to say, if (w1, wa2) lies outside
of this rectangle, and s > 0, it holds that (Z3J) (w; ws) = J(w:,ws)- Moreover,
J is genwinely split:

Ty we) = (ZiZ(O)Jl)’LUl ® (J2)w,
on the strip {ro < 1/2}.

Proof. Let r; = r;(w;). If rq is larger than 1, we compute:
(Z5T) (wr,w2) = (Z5_1og(esry) 1) w1 D J2,u0
= (ZZ log(rz)Jl)wl D J2,u55
= (ZZ40r) 1) wr @ J2wp = () (w1 ,u9)-



LENGTHS OF REEB CHORDS AND VITERBO RESTRICTION 15

On the other hand if r; is larger than 1 while ro is smaller than 1, we
compute:
(Z5T) (wrw2) = (Z5_gesry) 1) wr D J2,ws
— Jl,wl b JQ,wg
= (Zif(rg)‘]l)ﬂn ©® J2,w2a
where we use the fact that J; is equivariant outside of {r; > 1}, and:

o s —{(e’ry) > 0, in the second equality,
e —/(rg) > 0, in the third inequality.

Finally, if 7o is less than 1/2, the splitting of J holds from the requirement
that ¢(rg) = £(0) is constant in this region. O

2.2.2. Hamiltonian systems for the Kiinneth morphism. We continue with
the set-up of The construction of the Kiinneth map is defined in a
similar way to the “naive” Kiinneth map described in see equation ([2)).
As in the statement of Theorem |8 we will find a domain K C @ x D(a) and
directly identify a chain complex computing SH(K) with a chain complex
computing SH(Q); this identification produces the desired map K.

The primary goals of are to construct this map and prove it respects
PSS(1); a secondary goal is to make the map R canonical. For the sake of
canonicity, we introduce some functions via explicit formulas:

Definition 2.4. Define a function B : R — [0,1] by the formula:

0 for s <0
B(s):=qm™t[; e Ve Y24 for s € [0,1]
1 fors>1

where m = fol e Vot e~V 45, This function is a standard smooth cut-
off function which increases monotonically from 0 to 1 on the interval [0, 1].
Also deﬁne:

= [y B@2s—1) ds+1—f0 —1)ds,

so that f is convex, non-decreasing, constant on [0, 5], and satisfies f(r) =
for r > 1. Finally define:

o {(r) = log(f(r)),
which makes the choice of £(r) in canonical.

The map R is defined via the following family of Hamiltonian systems.

Definition 2.5. Let C*°(Q x R/Z) be the topological space of compactly sup-
ported, time-dependent, smooth functions P; on Q, and let U be an open
neighborhood of 0 in C*>(Q x R/Z).
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Let us say that a time-dependent Hamiltonian function Hy on W x C is
admissible for the Kinneth map for @Q x D(a) and slope b < a, relative U
and a number § > 0, provided that:

(4) Hy = be" )5 £ (571 02r)) 4 bry + B(2 — 2r9) P,
where P, € U and:

(K1) all orbits of Hy lie in the submanifold {ro =0} = W x {0}, and,
(K2) the moduli space of Floer cylinders for (Hy,J) is cut transversally,
where J s given by .

We denote by Oy(3,U) the set of such systems Hy satisfying [(K1) and [(K2)
with P, € U.

Definition 2.6. In the context of Definition[2.5, define:
Ks = {5ef<r2>f(5*1e*f<f2>n) Yy < 1} c Q x D(a).

Then Kgs is a smooth Liouville domairﬁ defining the Liouville structure on
W x C such that H; = rg; holds outside of a compact set (here ri; is the
radial coordinate for the domain Kgs) when Hy is defined by .

Remark 2.7. To simplify the exposition, we will not discuss changes of almost
complex structure and will always use J given by for a fixed Ji. This
slight lack of canonicity is easily remedied by including J1 as an auziliary
choice, and this strateqy works without any problems (except for making the
notation more cumbersome). We adopt a middle ground and try to make
the construction canonical with regard to the “significant” choice of P;.

Lemma 2.8. For any slope b < a and any open set W and sufficiently small
number 0 as in Definition the set Op(d, U) is non-empty.

Proof. For|(K1), we compute the Hamiltonian vector field X, with respect
to the splitting TW & TC:

_ b0 e M) X + B(2 - 2r0) X,
(5) Xn, = (bS —26'(2 — 2r9) ) X,

where:
o S =/0(ry)e!"2)5[f(p) — pf'(p)] + 1 abbreviating p = 6~ te 4r2)p,
In particular, by picking § and P, small enough, we may ensure that:
0<bS—28(2—2r9)P; < a,
since S can be made as close to 1 as desired by making ¢ small (and P,

can also be made vanishingly small). Since the minimal period of X,, is a

4To check K5 C Q x D(a), observe that:
max {ri,r2} < cf(c_lrl) +1ry foralle>0

since f is convex and f(z) = x for z > 1.
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(recall that o = a~'m|z|? is the radial coordinate for D(a)) it follows that
any initial point lying above the region ro # 0 cannot lie on a one-periodic
orbit of Xp,. Thus |(K1)| holds.

Part follows easily from and the formula (j5)) — one can simply use
the generic perturbation term P; to render all orbits non-degenerate and all
Floer cylinders regular (as all Floer cylinders must pass through the region
where P, is active). Here it is important that b ¢ Spec(Q) so that all orbits
actually lie in @ (where P is active). O

2.2.3. Floer cylinders for the Kinneth morphism. In this section we prove
structural results for the Floer complex CF(Hy, J) provided H; € Op(0,U)
and ¢ and the open set U are sufficiently small.

Lemma 2.9. For sufficiently small 6 and W as in Definition all Floer
cylinders for (Hy, J) where Hy € Oy(5,U) lie in the submanifold W x {0}.

Moreover, every Floer differential cylinder for (Hi|w {0y, J|wx{oy) remains
a valid Floer differential cylinder for Hy, J.

Proof. By |(K1), we already know that all orbits of H; € Op(d, U) lie in the
submanifold W x {0}. To prove that the connecting trajectories for (Hy, J)
also lie in this submanifold, we appeal to a compactness argument.

The key is the formula and the fact that £(ry) is constant on the region
ro < 1/2. Indeed, if ro < 1/2, then simplifies to the split system:

(5_16_K(0)T1)Xr1 + Xp,
bX,,

Since J is also split in the region ro < 1/2 (Lemma , we conclude that
any Floer cylinder u contained in the region {rs < 1/2} equals u = (uy, u2)
where ugy is a Floer cylinder for (bX,,, J2). Since b € (0,a), the only Floer
cylinders for (bX,,,.J2) are the constant ones located at the origin. Thus,
any Floer cylinder for (H;, J) not contained in W x {0} must intersect
the region {ry > 1/2}. This conclusion is stable under taking limits: if we
consider a sequence d, — 0 and U,, so that P,; € U, implies P,; — 0,
then any sequence of Floer cylinders u,, = (uj 5, u2 ) intersecting {ro > 1/2}
will have a subsequence so that ug ,, converges (after reparametrization by a
translation) to a Floer cylinder for bX,,. This is because since the coefficient:

(bS —28'(2 — 2r9)P;) from (f)

converges uniformly to b as n — oo. This completes the first part of the
proof.

b/
Xy, = |V

The second part, that Floer differential cylinders for the restricted data
remain valid when considered in the larger space follows from standard ar-
guments for split Hamiltonian systems and split almost complex structures
(noting that Hy,J are both split in a neighborhood of W x {0}). Briefly,
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one shows that the linearized operator at a solution u = (ug,0) also splits
into a diagonal matrix:

_ [Du 0
Du = [ 0 5+27rb/a]

since 0+ 27b/a is an isomorphism, since b € (0, a), acting on the appropriate
Sobolev spaces:

WP(R x R/Z,C) — L*(R x R/Z,C),

the regularity and rigidity of the solution u; is equivalent to the regularity
and rigidity of the solution w. O

Due to Lemma [2.9) we can pick ¢ > 0 and U small enough so that, for each
H; € 04(5,U), there is a tautological isomorphism of complexes:

R, : CF(Hy, J) ~ CF(Hilw {0y, Jlwxqo})-

This map should be thought of as one representation of the Kiinneth map
satisfying Theorem [8} in the next section we explain how to make K “canon-
ical,” i.e., independent of the auxiliary choices used in H;.

2.2.4. Canonicity of the Kiinneth map. Recall from §1 that SH,(Q) is de-
fined to be the (formal) inverse limit of the Floer cohomologies of systems
which agree with brg outside of a compact set. Thus, for § > 0 and U small
enough such that Hy € 0p(d, U) satisfies Lemma we have the following
diagram:

SHy(K5) ——---———5 SH(Q)

g | l

R,
HF(Hy, J) —— HF (Htlw {0y, Jlwxo})

where K5 C @ x D(a) is as in Definition The upper horizontal map
is well-defined, for fixed H, by inverting the right vertical map. However,
it a priori depends on the choice of P; used in the definition of H;. In this
section we show the result is independent of P;.

Lemma 2.10. The upper horizontal map in @ 1s independent of the choice
of Hy € Op(0,U), provided that § and U are sufficiently small.

Proof. 1t suffices to prove that the maps R, commute with the continuation
maps arising from changing P;. This argument follows the same lines as
Lemma [2.9] except Floer cylinders are replaced by continuation cylinders.
The details are left to the reader. O
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2.2.5. Compatibility of the Kiinneth map with the unit element. Fix § and
U small enough that Lemma [2.10] applies; this fixes a domain K5 and a map
Rs : SHy(Ks) — SHp(Q). The goal of this section is proving:

Lemma 2.11. For § small enough, the isomorphism RKs : SHy(Ks) — SH(Q)
preserves the unit elements, i.e., R5(PSS(1)) = PSS(1).

Proof. The proof is similar to the proof of Lemma and one shows
(by a compactness argument) that all of the solutions contributing to PSS(1)
remain entirely in the submanifold W x {0}.

The argument that solutions contributing to PSS(1) for the restricted data
are rigid/regular if and only if they are rigid/regular for the unrestricted
data follows a similar argument as the one used in the proof of Lemma [2.9]
However, here it is truly necessary to use that b/a € (0, 1), while the proof
of Lemma technically only requires that b/a ¢ Z. The reason is that the
linearized operator for a PSS solution u : C — W appears in the form:

Dy, 0

Du = 0 0+ pB(—s)2nb/a

in cylindrical coordinates z = e~27(stit): here we agree to use the cut-off
function S from Definition in the definition of the PSS equation, which
involves an interpolation between the zero Hamiltonian and H;. If b/a €
(0,1), then the operator:

(7) 0+ B(—s)2nb/a : WHP(C,C) — LP(C,C)
is an isomorphism, as can be established using a Fourier series argument.
The argument then proceeds as in Lemma [2.9 ([

Proof of Theorem[§ Fix ¢ and U small enough that Lemmas and
apply; this fixes a domain K = K5 and a map R : SHy(K) — SH(Q).
By what we have shown above, this map K satisfies Theorem [8] (|

2.3. Submersions and Legendrian lifts. In this section we prove Theorem
The proof is an application of simple facts about symplectic reductions.
The first step is to recall that a smooth submersion 7 : £ — M, where F
is a compact manifold, is automatically a smooth proper fiber bundle (this
result is often attributed to Ehresmann).
Let m: E — M be a smooth proper fiber bundle. Define:

N ={(p,q) € T*E : p vanishes on ker dr};

then N is a coisotropic submanifold of T*E (see [MS17, §5.4]).
Lemma 2.12. The leaves of the characteristic foliation of N (that is to say,

the integrable submanifolds tangent to the d\-complement to TN ) consist of
the submanifolds:

(8) ?x,y:{(p&)ET*E:p:xociw and 7(q) =y},
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where (z,y) € T*M is in the complement of the zero section.

Proof. It is easy to see that the tangent space of each leaf F, , is contained
in the dA-complement to T'N. Since:

e dimJ, , = dim £ — dim M, and
e dim N =dim F + dim M,

we conclude from dimension reasons that dim J, , equals the dimension of
the characteristic foliation. O

Let SN be the spherizationﬁ of the vector bundle N — E and consider the
following diagram:

SN —S 4 ST*E

(9) lw

ST*M.

It is a standard fact of symplectic reductions that 7=*(A) C SN is a Leg-
endrian in ST*E for every Legendrian A C ST*M.

Lemma 2.13. The map m in @ is proper. In particular, if A is a compact
Legendrian in ST*M, then 7= (A) C N is a compact Legendrian in ST*E.

Proof. The leaves of the characteristic foliation on N are the sets F, , ap-
pearing in ; in particular, if K C T*M is a compact set, then (p,, qn) €
77 1(K) is a compact set, because if (z,,y,) € K converge then g, con-
verge, after passing to a subsequence, (since 7w : E — M is proper and y,
converges), and it follows automatically that p, = x,, o dm converges.

If A C ST*M is a compact set, then there is a compact set K C T*M — M
whose projection to the ideal boundary ST*M is A. Then 77 1(K) C N is a
compact set, by the first paragraph of the proof. It is clear that 7~!(K) is
in T*E — E, and it is easy to see that the ideal projection of 7~!(K) equals
7 1(A) C ST*E; thus m~1(A) is compact. O

The final step in the proof of Theorem [10]is to prove:
Lemma 2.14. If A is a uniformly fast Legendrian isotopy in ST*M (see Def-
inition , then 7= 1(As) is a uniformly fast Legendrian isotopy in ST*E.

Proof. Consider the reduction map 7 : N — T*M. We compute:
(10) T\ = pdg;

5The reader is warned that the symbol “S” is used both for spherization (dimension
lowering operation applied to vector bundles) and symplectization (dimension raising op-
eration applied to cooriented contact manifolds). The meaning of the symbol should be
inferred from the context.
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writing A = xdy, this follows from the relationship between (p,q) € N
and its projection 7(p,q) = (x,y) where p = z o dm and y = 7(q). The
result then follows easily: let K, be some lift of A; to the symplectization
T*M — M. Because Ag is uniformly fast, and because of , the velocity
vectors of curves contained in 7! (K) are uniformly positive when inserted
into r~'pdq = r~'7* ), for any radial function r : T*E — E — (0,00). This
implies 771 (Ay) is uniformly fast, as desired. O

Proof of Theorem[10, Under the hypotheses of Theorem [I0, we conclude
from Lemma [2.14] that 77 1(A¢,) must reintersect 7= (A, ), for some 0 <
t1 < to, by Theorem |§|, and thus A;, must reintersect A¢,, as desired. O

Remark 2.15. The same argument proves the following: suppose E is a
compact manifold and ST*E solves the Arnol’d chord conjecture, in the
sense that all compact Legendrians admit a non-constant Reeb chord for
every choice of Reeb flow, and suppose there is a submersion E — M. Then
ST*M also solves the Arnol’d chord conjecture. This is because any Reeb
flow on ST*M 1is generated by a positive 1-homogeneous radial function s
on T* M, which lifts to a positive 1-homogeneous radial function ryr o7 on
N, which can be extended (non-canonically) to a positive 1-homogeneous
radial function rg on T*E. The ideal restriction of the Hamiltonian flow
of Xy, is a Reeb flow which preserves SN and is related to the Reeb flow
corresponding to ry; via the map SN — ST*M.

Remark 2.16. Remark[2.15 can be placed in a more general context. Suppose
Y1 and Ys are two compact cooriented contact manifolds, and suppose there
is a coisotropic submanifold N C SY; which is invariant under the Liouville
flow and which admits a proper Liouville equivariant reduction map:

m: N — SYs,

where the word “reduction” means that the fibers of this map are the leaves
of the characteristic foliation of N, and that 7*dXa = d\1|n, where \; is the
canonical Liouville form on SY;. It follows from Liouville equivariance that
™Ay — A1 = 0. The above argument then goes through and one concludes
that Y7 solving the Arnol’d chord conjecture implies Yo solves the Arnol’d
chord conjecture.

2.4. String topology and products of spheres. In this section we prove The-
orem | concerning classes in H.(AM) for M = S™ x --- x S™. First, we
construct classes A and B for the case of M = S™. The key part of this
step is the notion of completing manifolds as in [Oanlbl §6] which relates
classes in the spherical tangent bundle ST S™ with classes in AS™. This step
is done in §2.4.1] In §2.4.2| we construct a special class in H,,(ST'S™) using
the notion of a generalized section. Afterwards in we use the case of
one sphere to construct the classes in M = S™ x --- x S™,

Throughout this section we use the bordism class approach to the homology
of the loop space, as in [BC25].
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2.4.1. Completing manifolds. Let STS™ denote the spherical tangent bun-
dle. Each point v determines its orthogonal equator, which is the unique
equator passing through the basepoint of v and which is orthogonal to v at
that basepoint. Consider the sphere bundle of pairs:

E ={(z,v) € S" x STS™ : x lies in the orthogonal equator of v}.

Define the map F': E — AS™ which sends (z,v) € F to the circle obtained
by intersecting S™ with the affine plane passing through x and v (this means
the affine plane intersects the basepoint of v and is tangent to v). This
circle is parametrized by R/Z with constant speed in the unique way that
the tangent vector at 0 points in the direction of v.

This procedure yields the completing manifolds operation:
~v: Ho(STS") = Hyqpn—1(AS™)

as follows: given a class f : X — ST'S™, the class v f is the composition of
the two upper horizontal morphisms in the following diagram:

f*E E y AS™

.

x — s7sn.

2.4.2. Generalized section. In this section we construct a special class:
s:RP" — STS"

to which we will apply the completing manifolds construction of to
obtain a class in Hg,—1(AS™). The construction of s is as a generalized
section, i.e., that mo s : RP™ — S™ has degree 1. Even though STS" — S"
does not admit a section for even values of n, it does admit a generalized
section: after a blow up of the base space, transforming S™ to RP"™, it admits
a section. We describe this with greater detail.

The first step is to recall the unoriented blow-down map b : RP™ — S™.

Lemma 2.17. Let N € S™ denote the north pole, and let stereo : S"\N — R"
be the stereographic projection. There is a unique smooth map b : RP™ — S™
such that:

R®" — RP"

lstereo*l lb
ST\ N — S"
where the upper horizontal map is the parametrization:
(T1yeeoymp) = [Limy oo ay)

associated to the zeroth affine coordinate chart on RP™.
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Proof. Uniqueness is obvious since the domain of the zeroth affine chart is
dense. Moreover, the map obviously must extend by collapsing the hyper-
plane divisor at infinity corresponding to zg = 0 to the north pole N.

It remains only to check this map is actually smooth. First recall that the

inverse of the stereographic projection map is given by:

(@3 + -+ 22 —1,221,...,21,)
a4k +1

To prove this extends smoothly from the zeroth affine coordinate chart to

all of RP™, we check how the formula transforms when we move to the

kth affine chart parametrized by [yo : -+ : yp—1 : 1 @ Yps1 ¢ -+ : ynl; the

transition function is x; = y; /v, with the convention that y, = 1. In these

new coordinates, is given by:

(11) stereo (1, ..., x,) =

(Y3 + -+ yn — U5, 20190, - - -, 2Ynt0)
votui et un
which evidently extends smoothly to the entire affine chart (it was initially

only defined when yg # 0, as that is where the kth affine chart intersects
the zeroth affine chart). Since k was arbitrary, we conclude the result. O

(12)

)

Lemma 2.18. There exists a smooth map s : RP™ — ST S™ such that:

////f>STS”

RPn —% 5 gn,
In the zeroth affine chart, s can be chosen to agree with the push-forward of
a constant vector field on R™ via the inverse of the stereographic projection.

Proof. The derivative of stereo~!(x) with respect to the 1 variable extends
to the following vector field on S™:

V(g)=(a1(1—q),1—qo — ¢, —q1q2 - - -, —q1qn)-
We will prove that the ray spanned by V o b extends smoothly to a map s.
In the affine chart with k£ > 0, one computes:

(2y190, 8 — Vi + Y3 + ... 20102, - 2U1Un)

Vob=
(%&(%+%+m+%ﬁ

Thus we can set:

s([yo: -+ ynl) = Ry (20190, 45 — 47 + 95 + -+ 20192, -+, 2019
This ray is well-defined; indeed, if the generator vanishes, then:
(13) V=gt = 0 #0,
and the other entries 2y y; = 0 yield yo = y2 = -+ = yn, = 0 which

contradicts . This completes the proof. O
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2.4.3. Manipulation of classes in the free loop space of a sphere. Apply the
completing manifolds operation from to the map s : RP® — STS™
constructed in to produce the class B = vs € Hy,—1(AS™). Similarly,
let P € H,,—1(AS™) be the class obtained from the point class in ST'S", and
let pt denote the point class in Hy(AS™) consisting of a single constant loop.
Our first lemma in this section is:

Lemma 2.19. It holds that B x pt = P, where x denotes the Chas-Sullivan
product.

Proof. If we pick the representative of pt which is a constant loop not based
at the north pole N, this follows easily from the definition of the Chas-
Sullivan product in terms of transverse intersections; see [BC25, §2.1].

Briefly, B * pt considers those loops in B whose base points are pt; since:

e the base points of B cover the blow-down map b,
e pt is a regular value of b, and,
e there is a unique point in b= (pt),

we conclude that B * pt has the same domain as P, namely E|,;; see §2.4.1
The only difference is that loops in P are parametrized with unit speed while
loops in B * pt are parametrized differently; nonetheless, the two classes are
equal in H,_1(AS™). O

Remark 2.20. In the case n = 1, there are two connected components of
STS™, and so P is not a well-defined class, but rather there are two classes
depending on the orientation (and B x pt will equal one of these, depending
on how the section s is chosen).

Following the terminology in [BC25| §2.2] introduce the action class:
A(z;t) = (cos(2mt)xg — sin(2wt)xy, sin(27t)xg + cos(2mt)xy, xa, . . ., xy),
associated to the rotation circle action so that A € H,(AS™), and similarly

let A=Y(z;t) = A(z; —t). We have:
Lemma 2.21. We have Ax A~ = [S"]. In the case n > 1, we have A~! = A.

Proof. The first part is a direct consequence of [BC25, §2.2.1]. The second
part follows from the fact that 71 (SO(n + 1)) = Z/2Z for n > 1. O

Lemma 2.22. It holds that AP = A~' in H,(AS™); in the case n = 1
we require that P is obtained by picking a point in the positively oriented
component of STS'.

Proof. In [BC25] §2.2.2] we construct an explicit class D € H,,_1(AS™) using
an open book decomposition of S™ and show that AD = A~!. In this proof
we will show that the class P is homotopic to the class D, and so the desired
result will follow.
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Fix v € STS™ and let E, be the equator orthogonal to v, as in Let
us think of v € ST'Sy as a pair (¢, Ryw) where Ryw is the ray through the
origin spanned by a unit vector w and ¢ is a basepoint on S™.

For any two distinct points in z,y € FE, there is a unique two-dimensional
subspace II which contains w and the vector x — y. Let us denote by:
T(a,y) = (e +T)NS" = (y+ 1) N S"
parametrized as a circle R/Z — S™ via the formula:
t — in(t —

(@ +y) +eos(t)e—y)  sin(t)|r—yl

2 2
with constant speed 27! |z — y|. By the completing manifolds construction,
the class P is represented by the map:
(14) P:zeE,—TI(qx).

For concreteness, let us fix w = dy, ¢ = (0,1,0,...,0), so B, = {0} x S"~L.
Define:

t—

00,21,...,2,) =21 p(zo,...,xn) = (0, —x1,22,...,2p)
The class D considered in [BC25, §2.2.2] is (a smoothing of) the map:
I(p(z),z) if £(zx) <0,

1 :
(15) b wEEvH{x if £(z) > 0.

This map is not smooth at the interface ¢(x) = 0 but it is continuous, and
therefore represents a well-defined bordism class. The class parametrizes all
loops passing through one page of an open book decomposition; we require
the piecewise smooth formula to switch between the circle action on one
page and the constant loops on the opposite page.

Claim 2.23. The classes P and D given in and are homotopic as
maps B, — AS™.

Proof of claim. We construct a continuous homotopy G : E, x [0,1] — AS™
interpolating between D and P at the two extremities (one obtains a smooth
homotopy between P and a smoothing of D by standard smooth approxi-
mation results). We define:

L(pr(z),x) if l(x) <,

(16) G:(x,r) € Eye[0,1] — {x if 0(x) > r,

where p, : E,N{{ <r} — E,N{¢ > r} is any continuous map which satisfies
pr(z) =z if (x) =r and po(z) = p(x) and pi(x) = ¢ for all x. We fix:

pr(0,21,...,2n) = (0, Br(21), (1) 22, . . ., (1) 200

where: 41
x
Br(z) = 744_1(7’—1)—1-1
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and «, is determined by the condition that |p,(0,z1,...,2,)] = 1. Then
G is the desired homotopy with G(x,0) = D(x) and G(z,1) = P(z); see

Figure O
Since we have shown that AD = A~! in [BC25, Lemma 17], it follows from
the claim that AP = A~!, as desired. O
Pr (x)
Br(x)
(P
x

FIGURE 1. An illustration of the loop G(x,r) with z; < r.

This concludes the first part of Theorem {4} since A * A(B x pt) = [S"] by
combining Lemmas [2.19] 2.21], and [2.22]

2.4.4. The product of spheres. For the second part on the product of spheres,
we require the following notion:

Definition 2.24. Let Fy : X{" x R/Z — My and F> : X3* x R/Z — My
represent classes in Hy, (AM1) and Hy,(AMs) respectively. Then we define:

Fi1 x Fy: (X1 x Xo) x R/Z — M; x My
by the formula:
(F1 x Fy)(w1, w2:t) = (Fa(z13t), Fo(was 1)),
so that Fy X Fy € Hy,yny(A(M1 x My)).
Lemma 2.25. Given classes Fy, Fy as in Definition then:

o A(F} X Fy) = Fy x AFy provided that Fy(xz,t) = Fi(x,0), i.e., Fy is
a class of constant loops.

Given also F|, F} as in Definition then:
o (Fy x Fy) (F{ x F}) = (Fy % F{) x (Fy % F}).

Proof. This follows easily from the definition of the BV operator and the
Chas-Sullivan product; see [BC25, §2.1]. O

Completion of proof of Theorem[] Set:

o A;:=5M" x - x Ay, X+ x S™ and
° Bi::SnIX"‘XBniX"'XSnk,
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The classes A,,, € Hy,(AS™), and B,,, € Hap,—1(S™) are from the construc-
tion in and S™ is, by abuse of notation, the class of constant loops
corresponding to the sphere S™i.

It follows from Lemma, and the results of §2.4.3| that:
o C; =[S" x S™ x .- x 8™ X pt X pt X -],

where C; is defined in terms of the Ay,...,A; and Bj,...,B; as in the
statement of Theorem [4] O

2.5. Rationality constants of Lagrangians in cotangent bundles of tori. In
this section we prove Theorem Fix a fiberwise starshaped subdomain
Q C T*L, consider a compact Lagrangian submanifold L in the interior of
Q. The goal is to prove that either L is exact, or p(L) is bounded above by
a constant which depends only on 2.

2.5.1. Non-ezact Weinstein neighbourhood. The first step is to use the Wein-
stein neighborhood theorem to conclude a symplectic embedding ¢ : K — Q
of a disk cotangent bundle K = DT™* L which extends the embedding L — €.
It follows that the period group of the closed one-form:

L*)\Q - A K
is valued in p(L)Z. This holds because K deformation retracts onto L and

so the periods of t*\q — Ak are the same as the periods of \q|r.

2.5.2. Classes in the free-loop space of cotangent bundle of a torus. The next
step introduces certain classes in SH(T*T"™); these classes were alluded to
in Remark [1.21

Lemma 2.26. There exist classes A?E € SH(T*T™), i=1,...,n such that
Al « A7 = PSS(1)

and such that A;t lies in the free homotopy class of t — *te;.

Proof. This is well-known, and follows from the arguments of §2.4.3| regard-
ing action classes, the arguments in §2.4.4]regarding cartesian products, and
the Viterbo isomorphism (using the framework of [BC25]). O

Therefore, having fixed Q@ C T*T™", we can pick the slope ¢ > 0 large enough
that A * A, = PSS(1) holds in SH.(f2) for each i = 1,...,n.

2.5.3. Truncated Viterbo restriction. Combining the set-up of §2.5.1] and
§2.5.2] we can apply Theorem (11| to conclude:

Corollary 12. If the Lagrangian L C §, as in §2.5.1, has p(L) > 2¢, where
c is as in then there are classes B = R(AF) so that:

e B« B = PSS(1)
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. BijE € SH(T*L, /ﬁt), where /{;t s the collection of free homotopy
classes of loops vy lying in the kernel of 1*Aq — Ax and satisfying that
() lies in the free homotopy class of t — =*te;.

2.5.4. From symplectic cohomology back to string topology. In this subsec-
tion, we import one of the main results from [AS06, [Abol5] that there is
a BV algebra map from SH(T*L) to HM,(AL). We emphasize here that
HM ,(AL) uses a Morse model rather than the bordism classes model used
in 21

Theorem 13. There is a graded BV-algebra HM .(AL) over H*(T*L) with:

the BV operator has degree +1,

the product has degree —n,

the algebra map sends H*(T*L) to HM ,,_«(AL).

there is a direct sum decomposition into summands HM .(AM, k')
corresponding to free homotopy classes k' of loops in M.

The group HM 4(AL, k') is isomorphic to the degree d summand Hg(A L)
of the singular homology of the component A L of free loop space AL.

There is a map of BV algebras:
U:SH(T*L) — HM (AL),

defined by counting half-infinite Floer cylinders with boundary conditions on
the zero section; the map ¥ respects the BV operator, the product, and the
algebra structure over H*(T*L); the operation also respects free homotopy
classes, in that SH(T*L, k) is mapped into HM (AL, 7(k)) where 7 is the
obvious projection.

Proof. The construction of this map is the main topic of [Abol5]. We com-
ment that the algebra map H*(T*L) — HM,_.(AL) is given by a Thom
isomorphism style map (take a class in H*(T*L), intersect it with the zero
section, and take the corresponding cycle of constant loops). ([

Referring to the notation and conclusions of Corollary we conclude:

Corollary 14. Assume the context of Corollary[1Z; there are non-zero classes
C; € Hi(Ay,L) so that:

hd deg(cl) >n,

e x; is the collection of free homotopy classes of loops v lying in the
kernel of 1*\q — Ak and satisfying that () lies in the free homotopy
class of t — *te;, for some choice of £ sign.

Proof. Let C = W(B:) where W is as in Theorem Since C; xC; equals
the unit element of degree n, we conclude that one of CZ* or C;” must have
degree at least n. Let us suppose the sign is € € {4+, —}. Let k; be the
image of the corresponding «§ under 7 : T*L — L, and set C; equal to the
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image of Cf under the identification between HM (AL, x;) and H, (A, L).
It follows from the construction that Cj, k; satisfy the statement. O

2.5.5. Two facts about aspherical manifolds. We recall two facts about the
string topology aspherical manifolds taken directly from [Lat15l §5].

Lemma 2.27 ([Latld, Lemma 5.1]). Let L be a connected manifold, and let
Z be the centralizer of an element [y] € m1(L, pt), and let w: L' — L be the
covering space associated to the subgroup Z, and let ' be a lift of v. Then
the induced projection m : Ay L' — Ay L is a homeomorphism. O

Lemma 2.28 ([LatI5l Lemma 5.2]). Let L be a connected aspherical manifold,
and let L', ' be as in Lemmal[2.28. Then the evaluation at the basepoint map
Ay L' — L' is a homotopy equivalence. O

We apply these lemmas in our sitation. Let Cj, x; be as in Corollary
Pick elements ; € k; based at a chosen basepoint pt € L so that we may
consider [v;] € m1(L, pt).

Lemma 2.29. In the above context, and assuming that the Lagrangian L is
aspherical, then there are powers p; > 1 such that [v;]P* pairwise commute
fori=1,...,n.

Proof. The proof has two steps; first we show the centralizer Z; of [v;] is a
finite index subgroup. From Lemma the projection A%L’ — Ay, Lisa
homeomorphism, where II : L' — L is a covering associated to Z. Because
the non-zero class C; has degree at least n, and C; lifts to a class in A%(L’ ,

Lemma implies L' has a non-vanishing homology in some degree at least
n. Since L' is a closed n manifold, this implies that L’ is compact, and so
the covering L' — L is finite. Consequently, Z; is a finite-index subgroup.

The second step is to show there is p; such that [v;]P* € ZyN---N Z,. Set
q; = [m1(L) : Z;]; then for each element g € 71(L, pt) we have that g% € Z;.
Setting p; = Hj# g; completes the proof. O

Lemma 2.30. Assume the context of Lemma (which assumes there is
an aspherical Lagrangian L C Q, as in §2.5.1], with p(L) > 2¢, where ¢ is as

in . The subgroup:
G — {hl]pllﬂ S Ly s Z}

is a finite index subgroup of w1 (L) which is isomorphic to Z™, and which lies
in the kernel of the 1-form *Aq where v : L — Q is the inclusion.

Proof. To prove that G is isomorphic to Z", it suffices to show that:
PR e =1 = k= =k, = 0.

This holds since ~; € k; and ¢(k;) is in the free homotopy class of +e;, so:
L[] [P
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lies in a non-trivial free homotopy class.

To prove that G is finite index, we argue as follows: since L is aspherical, so
is any covering space L' — L. Let L’ be the covering space associated with
the subgroup G. Since G = Z" we have that L’ is an Eilenberg-MacLane
space K(Z",1), which further implies that L’ is homotopy equivalent to T™.
From this, we conclude that L’ is a closed manifold and hence the covering
L' — L is finite.

The last part of the statement follows from the fact that each k; lies in the
kernel of t*\q, as established in Corollary O

2.5.6. Proof of Theorem [5 By Lemma [2.30} if ¢ : L — Q is a Lagrangian
embedding with p(L) > 2¢ where ¢ is as in then the kernel of t*\q
contains a finite index subgroup GG. The kernel of a non-zero homomorphism
to R has an infinite index. This implies t*Aq = 0, as desired. O
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