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Abstract /Résumé

This dissertation is devoted to proving virtual dimension formulas for the moduli
spaces of holomorphic curves which appear in relative Symplectic Field Theory. The
crucial ingredients are a generalization of the large antilinear deformation argument
in [Tau96] and [Gerl8| to the case when the domain of the curve has boundary
and punctures, and an exponential convergence result generalizing the 3-dimensional
results proved in [Abb99].

Cette dissertation est consacrée a la démonstration de formules de dimension virtuelle
pour les espaces des modules de courbes holomorphes qui apparaissent dans la Théorie
des Champs Symplectiques Relative. Les ingrédients cruciauz sont une généralisation
de Uargument de grande déformation antilinéaire présent dans [Tau96] et [Gerl§|
au cas ou le domaine de la courbe a une frontiere et des points de ponctuation, ainsi
qu’un résultat de convergence exponentielle généralisant les résultats tridimensionnels
démontrés dans [Abb99].
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Chapter 1
Introduction

Let (Y2 £ a) be a contact manifold with a contact form «. Symplectic Field

Theory can be thought of as a Floer-type theory for the contact action functional:

A(y) = / Y,
R/Z

defined on the infinite dimensional space of loops C*(R/Z,Y"). Relative Symplectic
Field Theory is the analog where we introduce a Legendrian submanifold A" C Y

and consider the analogous action:

A(c) = /01 ca,

on the domain C*°([0, 1], Y, A), i.e., smooth paths joining A to itself. The data (Y&, a)
specifies a vector field R called the Reeb vector field, and it is easy to see that critical
points of A are unparametrized flow lines for R.E| These split into two classes: orbits

and chords.

As explained in §1.3] there is a family of complex structures on R x Y adapted to the
contact form a which have the property that holomorphic curves defined on punctured
Riemann surfaces are asymptotic to Reeb chords and orbits at their boundary and
interior punctures, respectively. In this sense, the counts of holomorphic curves can

be interpreted as some sort of Morse/Floer homology for the above action functional.

For such a choice of complex structure J, and a punctured Riemann surface (X, j)
we can form the moduli space of holomorphic maps M = M(%, 7, J). Near a given
u € M(X,j,J), we construct a Sobolev manifold WP where § > 0 is a sufficiently
small exponential weight, and a (smooth) non-linear operator d; defined on W!»?
so that M is identified with the inverse image 9;'(0). The associated linearized
operator D, is a Cauchy-Riemann operator with non-degenerate asymptotics. The
operator D, is a Fredholm operator, as explained in §6, When D, is surjective, then
M is a manifold whose dimension equals the Fredholm index D,,. In general, we say

that the Fredholm index of D, is the virtual, or expected, dimension of M. The main

n other words, if ¢ (t) = f(t)R(t) for f(t) € R, then ¢ will be a critical point for A.
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result of this thesis is providing the general formula for the virtual dimension d(u):

™|+ M, - [u] + Z pez(Ag) — Z Hez(Ag).

¢el'y ¢er—

dlu) =(n+1)X(X) —nl|ol-| —n

We briefly summarize the terms.

(i) X(X) is the Euler characteristic of the unpunctured surface,

(i) Or'_, I are the negative boundary punctures and all interior punctures, re-

spectively,

(iii) My = s 1(0) is the relative Maslov Class associated to a section s of detc(&)®?
(see §1.3.3| for the requirements on s), and

(iv) pcz(Ag) is the Conley-Zehnder index of the non-degenerate asymptotic opera-

tor associated to the puncture ¢. The section s specifies a unique way to extract this
index, as explained in §1.3.3|
Both the homological intersection M, - [u] and the Conley-Zehnder indices jicz(AZ)

depends on the auxiliary section s in a non-trivial fashion, however, the combination

appearing in the formula of d(u) is independent of s.

This thesis also contains a novel proof of the index formula for Cauchy-Riemann oper-
ators with non-degenerate asymptotic ends, based on the large antilinear deformation
ideas of [Tau96|, [Gerl8|, [Wen20]. A consequence of this argument is the invari-
ance of a novel relative Fuler characteristic for surfaces with boundary punctures

(whose invariance is not a priori obvious).

The final main result of this thesis is a proof of an exponential decay result for
holomorphic curves asymptotic to Reeb chords, which was previously only proven in
the case dimY = 3, due to [Abb99], although experts certainly knew the result was

true in all dimensions.

1.1. Motivation

The Reeb vector field appears throughout symplectic geometry:
(i) If Y is the unit tangent bundle of a Riemannian manifold (M, g), then the

geodesic flow on Y is the Reeb flow for a certain contact form; see [1.1.1]

(ii) If Y is a convex hypersurface in R?", then for appropriate contact forms on Y,
the Reeb vector field directs the characteristic foliation of YE|

2We recall that the characteristic foliation F is defined by the property that, for any Hamiltonian
H so that Y is level set H = ¢, Xy points along F.
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The overarching goal of relative SF'T is to define homological invariants generated
by the unparametrized Reeb orbits and chords of A, and thereby prove rigidity type

theorems. For instance, two open problems are:

Weinstein conjecture. For every (Y, ¢, o) with Y compact, the Reeb vector field R

has a closed orbit.

Arnol’d chord conjecture. For every (Y, ¢, a, A) with Y compact, there is a Reeb
chord of A.

These conjectures have been verified in various special cases. For instance, in [HT11]
and [HT10], the authors solve the chord conjecture when dim(Y') = 3, generalizing
earlier work [Abb99]. In [MohO01], the author establishes the chord conjecture when-
ever (Y,&) is the boundary of a subcritical Stein manifold. One can think of these

conjectures as contact versions of the famous symplectic Arnol’d conjectures.

Relative SF'T is an umbrella term for any construction which associates algebraic
objects (e.g., vector spaces, free algebras, etc) generated by Reeb chords and orbits,
equipped with differentials defined by counting solutions to a certain holomorphic
curve PDE with appropriate asymptotic conditions. The goal is to prove that the
homology of the resulting object is stable under isotopy of the data needed to define
the PDE, and is thus an invariant of the isotopy class of (Y, A, §).

Such invariants have been rigourously defined in various special cases. For instance,
the Chekanov-Eliashberg DGA, defined in [Che97], [EGHO0, §2.8], which associates
a differential graded algebra to each Legendrian knot in R?, freely generated by the
Reeb chords of the knot, and whose differential counts holomorphic disks with bound-
ary on the knot. The study of the Chekanov-Eliashberg DGA, and its generalizations,
have been a fruitful area of research. See for instance, [Sab02], [Etn04], [EHK16],

and the references therein.

FIGURE 1. A Legendrian knot in R3.



4 1. INTRODUCTION

1.1.1. Legendrians, geodesic flow, and optics. Let Y?"*! be the unit tangent bundle
of a Riemannian manifold (M™*! g), and pick a contact form « so that a,, = g(v, —).
More precisely, in any local orthonormal frame X, there is # : Y — S™ so that
v=~0(v) - X(pr(v)). Then we set a =), 6;(v)pr*g(X;, —).

It is an exercise in manipulating tensors to show that the Reeb flow for « is equal to
the geodesic flow on Y. Moreover, it is clear, by construction, that each fiber A, is a
Legendrian. Thus we conclude that the Reeb chords from A, to A, are in bijection

with the geodesics joining p to q.
In general, if A(t) := ¢:(A,) denotes the time ¢ Reeb flow, then we can think of (the

projection of) A(t) as the evolving wave-front arising from a beacon of light emitted
at p when t = 0. The theoretical basis used here is Fermat’s principle which states

that light travels along geodesics.

Basic theorems in contact geometry imply that A(t) always remains Legendrian. In-
specting the contact form «, this means that the tangent space to pr o A(t) at x
is orthogonal to all the unit vectors in A(t) N pr~*(z). In other words, the velocity
component of the wave-front is always normal to the position component of the wave-
front. This latter property is equivalent to Huygens’ principle in optics. Thus we see

the equivalence of Fermat’s and Huygens’ principles.

1.2. Asymptotic Operators as Hessians

Asymptotic operators are linear first-order ODE operators of the form:
A=—Jo,— S(t),

where S(t) symmetric 2n x 2n, and J = diag([{ '].....[{ & ]). A priori, A is
defined on C'(R,R?"). We typically restrict the domain to either C*(R/Z,R*") or
C°°([0,1], R?" R™), and we call these two cases orbits and chords (of R® C R*"). In

these cases, A is self-adjoint when using the obvious L? inner product.

Such operators have an immediate connection to symplectic geometry: the corre-
sponding linear ODE, 9;n = JS(t)n, has fundamental solution valued in the symplec-
tic group Sp(2n) := {P: PTJP = J} C GLy,(R).

Asymptotic operators typically appear as the analogs of the Hessian when one tries
to do Morse theory for symplectic action functionals. Asymptotic operators are said
to be non-degenerate whenever ker A = (0. This non-degeneracy is the analog of
the Morse condition. Because they are self-adjoint elliptic operators, we can find
orthonormal eigenbases consisting of eigenfuctions, i.e., u satisfying Au = Au, where

the set of eigenvalues is discrete. Unlike classical Morse theory, A will always have
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infinitely many positive and negative eigenvalues, and hence we cannot define the
Morse index, because there is an infinite dimensional negative eigenspace.
One can associate an index to each non-degenerate asymptotic operator A called the

Conley-Zehnder index, which has similar properties to index of a symmetric matrix

in finite dimensions.

1.3. Geometric Preliminaries
We give a brief review of the geometric structures relevant to relative SFT.

1.3.1. Contact manifolds, complex structures, and the symplectization. Briefly, the

geometric set-up is the following. Let (Y, o, &, Je, A) be the data of:
(i) a 2n + 1 dimensional smooth manifold Y,

(ii) a 1-form « satisfying a Ada™ > 0, i.e., a contact form, which induces a contact

distribution £ := ker «v; thus (Y, €) is a contact manifold,

(iii) a complex structure Je on £ compatible with de, in the sense that do(—, Je—)

is an inner product on &,

(iv) an n-dimensional compact submanifold A C Y so that TA C |, i.e., a Legen-

drian submanifold.

This data induces a canonical Riemannian metric on Y given by ¢ := a ® a +
dO[(—7 ‘]f_)
Associated to this, we define the symplectization of Y to be the data (R x Y, w, J),

where

(v) w=d(e’pr*ar), where 0 : R XY — R and pr: R x Y — Y are the coordinate

projections, and

(vi) J is the unique almost complex structure satisfying J0, = R, J|¢ = J¢, where
R is the Reeb vector field defined above.

Each choice of J¢ leads to an w-compatible almost complex structure; such almost

complex structures are called admissible.

1.3.2. Asymptotic conditions for holomorphic curves in the symplectization. It can
be shown that holomorphic curveﬁ u in the symplectization with boundary on R x A
have the property that, near any puncture, there is a Reeb chord or orbit ¢ and unique
numbers 7 > 0 and oy so thatf]

3We require the curves to have finite energy. The precise notion of energy we mean is called the

Hofer energy of a holomorphic curve, introduced in [Hof93]. See §9|for the precise definition.
4There are also removable singularities, namely those with dist(u(s,t),p) = o(1) as |s| = oc.
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(i) cou(s,t) —Ts— o9 =0(1) as |s| — oo,

(ii) dist(prou(s,t),c(t)) = o(1) as |s| — oc.
Note that if we switch coordinates s — —s, then T" will need to change sign in order
to keep satisfying (i), and hence the requirement that 7" > 0 actually specifies a sign
for each puncture, i.e., a canonical way of deciding whether s is valued in [0, 00) or

(—00,0]. Negative punctures are asymptotic to ¢ = —oo, while positive punctures
are asymptotic to o = 400. The quantity 7" is the action of the chord or orbit.

c
> R
M’ee
increasing o
0
N~ e ——
c

FIGURE 2. A punctured holomorphic disk (outlined in black) is as-
ymptotic to a trivial cylinder over Reeb orbit ¢ (shown in blue). There
are two possibilities, either the o coordinate converges to +o0o (shown
on the left) or the o coordinate converges to —oo.

1.3.3. The canonical bundle, squared. The canonical bundle is the complex determi-
nant line bundle K = det¢(€). When dim(Y') = 3, we simply have K = £. Observe
that along A there is an injective map detg(T'A) — K, and hence defines a real-line
subbundle of K. The orientability of this line bundle is equivalent to the orientability
of A.

Introduce K? = K ® K, and for p € A let [, be the positive ray in Kg spanned by:
(eg AN~ Nep)®@(eg A+ Ney)

where eq,..., e, is any basis of T'A,,. Similarly, let —[, denote the negative ray.

Definition 1.1. We say that a section s € K? is admissible or compatible with
(Y, a, J, &, \) provided that:

(i) s € —I holds along A,
(ii) s is non-vanishing along each Reeb chord of A,

(iii) s = ¢® ¢ along each Reeb orbit, where ¢ # 0. If such ¢ exists, then it is unique

up to homotopy.

(iv) The zero set s71(0) is cut transversally.
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This section s induces canonical homotopy classes of asymptotic operators at each
Reeb chord and orbit, i.e., assigns canonical Conley-Zehnder indices to each chord
and orbit. In other words, we should think of s as a coherent way to pick Conley-

Zehnder indices for each orbit or chord.

Roughly speaking, the asymptotic operator is given by linearizing the non-linear Reeb
flow equation at the chord or orbit. To linearize, we require a coordinate system.
Thus, let ®;, t € R/Z or t € [0,1] be admissible coordinates around the orbit or
chord, as defined in §3.1] Introduce ¢ := det(d®;(0))1, ¢ € K.

For each orbit, use ¢ to select the homotopy class of coordinate charts can be ho-

motoped so as to satisfy g(p,¢) > 0, where g is the induced Riemannian metric on
det(c(f).

For each chord, we use s to select two homotopy classes of coordinate charts, namely
those which can be homotoped so as to satisfy g(p®2 s) > 0. These charts differ by
how they orient T'Aq. It is proved in that the asymptotic operators arising from
the two homotopy classes of charts in the chord case have the same Conley-Zehnder

index.

The relationship between coordinates and s is explained in greater detail in §3.2]

1.3.4. The relative Maslov class. The zero set M, := s '(0) represents the Maslov
class for the Legendrian A. The transversality hypothesis implies that this zero set

is a compact cooriented codimension 2 submanifold of Y.

We should think of M, as representing a class in the relative cohomology group
H?(Y, A). However, there are additional homotopical restrictions placed on s by virtue
of conditions and above. These additional constraints can be interpreted as a
lift of [M,] € H*(Y,A) to H*(Y, AUR), where R is the set of Reeb orbits and chords.

1.3.5. Relative Maslov numbers of maps. Suppose that ¥ is a potentially non-compact
oriented surface and u : ¥ — Y has topological boundary contained in A U R, in the
sense that for all z, — oo, the limit points of u(z,) are contained in A UR. Here R
is a collection of Reeb chords and orbits. Then we can define the Maslov number of

u as the homological intersection number with Mj, as follows.

Definition 1.2. The homological intersection number M;-[u] is defined by perturbing
u on a compact neighborhood of u~!(M,) so as to make u and M, transverse, and
then counting the signed count of intersection points (using the orientation of ¥ and

the coorientation of M;).
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This number is invariant under homotopies of s which remain admissible, since the

inverse image u~!(M,) will remain in some compact set during such homotopies.

This number is also invariant under homotopies of u, provided that the homotopies
u(m, z) satisfy the property that the limit points of u(m,, z,) lie in A U R whenever

zp, — oo (with no restriction on 7,). Here 7 should be thought of varying in [0, 1].

1.4. The dimension formula for relative SFT

With these preliminaries out of the way, we can state a main result of this thesis.

Theorem 1.3. Let M be the moduli space of all parametrized holomorphic curves
nearby u with the same underlying punctured domain 3. Then the virtual (or ezx-

pected) dimension of M is given by:

dim(M) = (n+ DX(Z) = n [00_| = n [T + M - [u] + Y pez(AL) = Y pea(A2).
¢cery ¢elr_

where X () is the Euler characteristic of the unpunctured domain (i.e., the compact-
ified domain), and n is the dimension of A. Here OI'_ are the negative boundary

punctures, while I'™ are the interior punctures.
Proof. This is proved in §5.4.2, U

Remark 1.4. By virtual dimension, we mean the Fredholm index of the linearized
operator associated to u, as defined in §4.2| If one wishes to compute the dimension
of curves with constrained asymptotic markers (as is the case in the definition of
contact homology), one should subtract an additional ‘Fint|. As explained in ,
our formula matches the one in [BMO04, Proposition 4] which is stated for curves

without boundary.

As a corollary, we obtain the following dimension formula in the special case when Y’
is the 1-jet space of an n-dimensional manifold, and A is a collection of 1-jet sections
Ap,Ap,, ... (see . For appropriate choices, Reeb chords Ay, — Ay, between 1-jet
sections are in bijection with positive critical points of the function difference f; — f;.
We require all the critical points ¢ appearing as asymptotics to be Morse, and hence

it makes sense to speak of the Morse index of ¢, denoted finor(¢). We then have:

Theorem 1.5. The dimension of the space of parametrized maps near u with the

same underlying domain is:

dim(M) = (n + DX(E) =T+ D pvior(Q) = D inier(Q)-

cely ¢el'_
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Proof. In §3.6.1] we explain how to pick the section s. For this choice we have

MCZ(AEQ) = IMMor(C) -,
as proved in §3.6.2.1. Moreover, the choice of s is globally non-zero, hence M, = () and

so there is no Maslov class term. We then substitute into the formula from Theorem

L3l O

Some more dimension formulas involving this 1-jet example, including ones which
allow variations of the domain, are explained in §4.3.1}

1.5. Outline of thesis and survey of literature

Special cases of the formula in Theorem have appeared throughout the literature.
In particular, the original SFT paper [EGHO0Q] has a dimension formula in the case
when 0¥ = (). The paper [CEJ10] contains a dimension formula which applies in
our geometric context, although it is stated in different terms (i.e., they do not define
the class M; or the Conley-Zehnder index for Reeb chords, which are the crucial
terms in our formula). The equivalence of the formula in [CEJ10] and ours follows
a posteriori, as they both compute the same quantity, although an a prior: proof of

their equivalence would certainly involve many of the results proved in this thesis.

As explained in the Conley-Zehnder index is defined as the Fredholm index of a
certain operator, similarly to [Abo14, §1] or [Par19l §2]. In §2.4) we show that this
definition as a Fredholm index is equivalent to a definition as a spectral flow, agreeing
with the definition given in [Wen20|. The Conley-Zehnder of a chord also can be
expressed as the signed intersection number of a certain path of Lagrangians with the
singular codimension 1 cycle in the Lagrangian Grassmannian introduced in [Arn67].
See [BEE12, Remark 2.1] for an approach to assigning integers to Reeb chords which

uses this intersection theoretic interpretation of the Conley-Zehnder index for chords.

The main focus of concerns the linearization the Reeb ODE at a chord; the
linearization process leads asymptotic operator in the sense described above. See
[Wen20] for a discussion of the linearization in the case Reeb orbits. A similar
coordinate system approach in the case of linearizing the Hamiltonian ODE at an
intersection point of between two Lagrangians is presented in [RS01] (in the case
when the Hamiltonian is 0). In , we explain the analogous picture for Reeb

orbits.

In the case when Y is the 1-jet space of a smooth manifold, the linearization can be
computed explicitly. This is the topic of §3.6] See [EES02], [EHK16], [EKhOT],
[BEE12], and [EL17] for research involving Legendrians in 1-jet spaces.
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In §4, we explain how to linearize the holomorphic curve PDE in the symplectization,
and then apply the index formula from §6| to prove the dimension formula (Theorem
[1.3). This section was inspired by [Wenl0], [Wen20], [MS12], [BC07], who im-
plement similar linearization procedures. A crucial aspect is the exponential decay
result in
The Conley-Zehnder indices and Maslov classes of Legendrian knots in R? are studied
in §5] We present an algorithm for computing them via certain crossing-moves. One
application of our framework is that we obtain canonical Conley-Zehnder indices for
knots with rotation number zero which agree with those in [Etn04, §4.1] and [EES02,
§2.3].
In §6| the main focus is the analysis of asymptotically non-degenerate Cauchy-Riemann
operators on punctured Riemann surfaces with boundary. Briefly, asymptotically non-
degenerate Cauchy-Riemann operators are those which are asymptotic to operators
of the form

Os+ JO, + S(t) = 05 — A,
in strip-like and cylindrical ends around the punctures, where the asymptotic op-
erator A is non-degenerate. The main result is a proof of the Fredholm property
for this class of operators, following the strategy introduced by [Sal97] §2.3] for the
case of closed orbits. In §7] we determine how the Fredholm index depends on the
asymptotic operators via a kernel-gluing argument, analogous to the one given in
[Sch95| §3]. This leads to a natural definition of the Conley-Zehnder indices as the
Fredholm indices of certain operators, as mentioned above. In §8, we generalize the
“large-antilinear deformation” argument introduced by [Tau96), [Ger18|, [Wen20],
to compute an explicit formula for the Fredholm index for any asymptotically non-

degenerate Cauchy-Riemann operator.

In the final two chapters, §9|and we generalize the exponential convergence result
for Reeb chords in [Abb99] to all dimensions, following similar strategies to those
in [RS01]. The results in §9I learned from [Abb14]. The relevance of exponential
estimates for holomorphic curves with non-degenerate asymptotic conditions is well-
studied in SFT, see [Hof93], [HWZ96|, [HWZ02], [BEHT03]. In this thesis, the
exponential convergence result is inextricable linked with the desired dimension for-
mulas (i.e., one cannot prove a virtual dimension formula without a priori exponential
decay results). The phenomenon relating exponential decay and the Fredholm index
of the linearized operator is explained in §4.2.2]



Chapter 2
Conley-Zehnder indices associated to an asymptotic operator

As explained in the definition of the Conley-Zehnder index associated to an non-
degenerate asymptotic operator A = —J0, — S(t) is as the Fredholm index of any
operator D = 0, — A, acting on:

W'P(R x S;R*™ R™) — LP(R x S;R*™),

where S = [0,1] or S = R/Z, and A, = —Jd; — S(s,t) satisfies S(s,t){ = O¢ = £
for s < 0 and A, = A for s > 1. It is proved in §6| that any operator of this form is
Fredholm. We denote the Conley-Zehnder index by pcz(A) = Index(D).

Os+Jo,+C 0s — As

FiGUureE 1. The Conley-Zehnder index is the Fredholm index of any
Cauchy-Riemann operator on the infinite strip or cylinder which inter-
polates between the two asymptotic conditions. The matrix C repre-
sents complex conjugation.

Remark 2.1. Suppose that A is degenerate. It can be shown that any operator
0s — A, of the above form (i.e., A; = A for s > 1) is not Fredholm.
The first goal in this chapter is to compute the Conley-Zehnder indices for all split

and autonomous asymptotic operators, as explained in §2.3]

2.1. Non-degeneracy as an integral condition

Write A = —Jd; — S(t), and observe that A is non-degenerate if and only if the

boundary value problem:

2 [x(t)] — JS(t) [m(ﬂ] with {Chord case: 4(0) =u(1) =0,
y(t) orbit case: x(0) = x(1) and y(0) = y(1),

11
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has no non-zero solutions. We see that the non-degeneracy condition amounts to
requiring:

{chord case: R"NF(1)(R") =0,
(2.1)

orbit case: F(1) does not have 1 as an eigenvalue,

where R" C C” is the real subspace and F(t) is the fundamental solution of the
ODE, i.e., solves F(0) = 1 and F'(t) = JS(¢)F(¢) (so that any solution is of the form
a(t) = F(t)z(0)).

Clearly F(1) depends continuously on the path S(t), and if —J0; — S-(¢) is a family of
non-degenerate operators, then F(1)R™ will remain transverse to R" (chord case), or
will never have 1 as an eigenvalue (orbit case). This will be relevant in when we
give an intersection theoretic definition of the Conley-Zehnder index, using Arnol’d’s

singular cycle in the Lagrangian Grassmannian.

2.1.1. The fundamental solution is valued in the symplectic group. We observe that:

%F(t)TJF(t) — F()TS()TITIE () + F()T JIS()F(t) = 0,

precisely since S(t)T = S(t). Thus F(t) is valued in the symplectic group.

2.1.2. Relationship between non-degeneracy for orbits and chords. In general, let P
be a symplectic matrix, and consider the graph of P, denoted L(P), as a linear
subspace in R*", equipped with the symplectic form prjw —priw where pr,, pr, are the
coordinate projections onto R?" x R?". This graph is always a Lagrangian. Moreover,
this graph is transverse to the diagonal Lagrangian if and only if P does not have
1 as an eigenvalue. Thus, if F(¢) is the fundamental solution of an orbit asymptotic
operator A, then A is non-degenerate if and only of L(F(1)) is transverse to the

diagonal.

2.2. Input from the index formula

To compute the Conley-Zehnder indices, we require the following inputs from This
statement of the index formula allows one to fairly easily determine how a change of
trivialization affects the Conley-Zehnder index.

Theorem 2.2. Let E — R x [0,1] be a rank n unitary bundle with totally real
subbundle ' — R x {0, 1} defined along the boundary. Suppose:

o X" ..., X and X;,..., X, form two sets of unitary frames which restrict to

frames of F' along the boundary, and
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e D:C>®(E,F)— C*®(FE) is a differential operator so that
D(uX") = (Ou— Afu)X™,
D(uX") = (0su — Aju) X,

where AT — AT as s = o0, and A; — A~ as s — oo, for (non-degenerate) asymp-
totic operators A*. Here AT = —J9, — S4(s,1).

Then D : WYP(E, F) — LP(E) is Fredholm, and
Index(D) = pnas(E, F, X5) + pcz (A1) — pez (A7),

where pin.s(E, F, X*) is the signed count of zeroes of a transverse section of detc(E)%?
which agrees with (X A---AXF)®2 as s — 400 and which restricts to the canonical
section of detg (F)®? along the boundary. This is called the Maslov number associated
to the data (E, F, X*).

Proof. This is a direct consequence of the general index formula given in §6] 0

Theorem 2.3. Let A, = —J0, — & = —J0, — C&, where C is the matrix of complex
conjugation. Then pcyz(Awer) = 0.

Proof. This follows from the fact that the operator D = 0y — A,¢; is an isomorphism,
see [6.20, hence Index(D) = 0. However, by definition, the index of this operator
computes fioz(Ayer)- O

Remark 2.4. The WP topology is defined via the trivializations induced by X=.
More precisely, a section ¢ is in WP if € = u* X+ and vt is in WP for s > —1 and u~
is in WP on s < 1. In the sense of, the pair (X, X ™) defines an asymptotically
Hermitian structure.

Remark 2.5. If F is any real vector bundle, det(F') ~ F*P is a real line bundle, and
hence det(F)®? has a canonical orientation. If F also has a metric (e.g., one inherited
from the unitary metric on F), then det(F)®? has a canonical section (namely, the

section (X A --- A X,,)®? where X,..., X, is an orthonormal frame).

One immediate corollary of the definition is:

Corollary 2.6. If A,, r € [0,1] is a continuous path in the space of non-degenerate
asymptotic operators, then ucz(Ao) = pez(Ar).

Proof. The Fredholm index is unchanged under continuous paths in the space of
Fredholm operators. So long as the asymptotics remain non-degenerate, the operators
remain Fredholm. Since pcz(A) is defined as the Fredholm index of an operator
D = 0, — A, which has Ay, = A, for s - —oo and A, = A as s — oo. We
can therefore define a path of Fredholm operators D, = 05 — A;, by requiring that
A, = A, for s sufficiently positive and A, = A, for s sufficiently negative. Then
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we compute

tez(Ag) = Index(Dy) = Index(D1) = pcz(Ay).
as desired. 0

2.3. Computing the Conley-Zehnder indices for autonomous split opera-
tors

In this section we derive various facts about the Conley Zehnder indices for chords,
culminating in a formula for the index whenever the asymptotic operator is au-
tonomous and split. Recall that split operators are those which preserve the decompo-
sition (C",R") ~ (C,R) & - -- & (C,R), which amounts to the matrix S(¢) = S having

2 x 2 blocks along the diagonal with respect to the coordinates x1,y1,...,%n, Yn.

We focus entirely on the chord case. We will return to the orbit case in §2.6]

2.3.1. Chambers in the space of 2 X 2 symmetric matrices. In the case when A acts on
sections of the trivial complex line bundle, we can write S = [¢ %] for real parameters

a, b, c. Consider the space of 2 x 2 matrices as identified with R? via the coordinates
(a,b,c).

2.3.1.1. Characterization of non-degeneracy in the case n = 1. We have the following

characterization of non-degeneracy:

Lemma 2.7. The operator A = —J3J, — S is non-degenerate if and only if
(i) a 0,
(i) det(S) = ac — b* & (xZ)*~{0}.

Proof. First observe that, for A(z(t) +iy(t)) = 0 if and only if

¥ = —br — cy and iy = ax + by,

since [ H][¢2] = [0 °]. Thus, if a = 0, then there exist non-zero solutions y = 0,

z(t) = e, and these satisfy the boundary condition y(0) = y(1) = 0. Thus the

condition a # 0 is necessary for non-degeneracy.

Now, take second derivatives of the equation involving 3’ to obtain the following

boundary value problem:
(2.2) y" + (ac — b*)y = 0 and y(0) = y(1) =0

It is well-known that this has non-zero solutions if and only if ac — b* € (7Z)*~ {0},
in which case:
y(t) = w 'y (0) sin(wt) for w? = ac — b*.
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This can be proved by setting z = w™'¢/(t), and then observing that (z,y) solves the

ODE ¢ = wz, 2/ = —wy, whose solution is:

[z(t)] _ lcos(wt) —sin(wt)] [2(0)

sin(wt)  cos(wt) y(0)
This only leads to a non-zero y(t) when z(0) # 0 and w € 7Z~ {0}.

In particular, if ac — b* € (7Z)*~ {0}, then we can find non-zero solutions by first
solving ¢ + w?y = 0 and then solving the ODE for z(¢t). Thus (ii) is necessary for

non-degeneracy.

On the other hand, if ac —b* is not in (7Z)*~ {0}, we know that y must be identically
zero. If a # 0 then y' = az implies that z is also identically zero. Thus (i) and (ii)

are sufficient to establish non-degeneracy. This completes the proof. 0J

2.3.1.2. Definition of the chambers. For each k > 1, define the “chamber”
Ut = {(a,b,¢) : K’n* < ac—b* < (k+1)*r* and £a >0},
and, for k£ = 0, define
Ups = {(a,b,c) : —oo < ac—b* < 7* and £a >0}.

By §2.3.1.1] these open sets cover the space of matrices S which lead to non-degenerate

asymptotic operators.

FIGURE 2. The chambers (shown is the plane b = 0). The shaded
region contains those matrices with oz = 0. The red dots are matrices
of the form knl, for k € Z (these correspond to degenerate asymptotic
operators).

Lemma 2.8. Fach chamber Uy, . is path-connected.
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Proof. First let us treat the case k > 0. It is clear that Uy 4+ N {b = 0} is connected,
as it consists of one branch of the region C) < ac < Cs trapped between two hyper-
bolas (with C; < Cy both positive). Thus it suffices to explain how to connect each
(a,b,c) € Uy to a point of the form (a’,0,¢’) while remaining in U, 4.

Let K = a(0)c(0) — b(0)?, which is a positive constant, and let b(t) = (1 — ¢)b(0).

Evolve a, ¢ in time according to the formula:

aft) = YEFUO® ) and ety = VOO .

c
a(0)e(0) a(0)c(0)
This is well-defined since a(0)c(0) is necessarily positive. Then we see that the quan-

tity a(t)c(t) — b(t)*> = K remains constant, and hence the path remains in Uy 4, as
desired.

The case when k = 0 is easier. Observe that b(t) = €'b(0), a(t) = a(0),c(t) = ¢(0)
defines a path which remains in Uy 1. In other words, we can make the b coordinate
arbitrarily large, and thereby make ac — b? arbitrarily negative. Then, once b is

sufficiently large, we can move a to either +1 or —1 and ¢ to —a. Then we can send

b back to 0. Thus any point in Uy can be joined to [§ %], and any point in Uy _
can be joined to [ ' ).
This completes the proof. O

It is clear that any path S(r) which remains in a given chamber will satisfy
pez(—J0y — S(r)) = const.

Since we know that p(—J9, — C) = 0 where C' is the matrix of complex conjugation,
we conclude that pcz(—J0 —S) =0 for any S € Up 4.

Corollary 2.9. Every 2 x 2 symmetric matrix S, with A = —J9, — S non-degenerate,
can be joined to a matrix Sy = (7k-+1)I, k € Z, without leaving the chamber it started
in. In other words, if S has a > 0 (resp., a < 0) and det(S) € (72k?, 72(k+ 1)), then

S lies in the same chamber as S, (resp., S_g). O

2.3.1.3. Computing the Conley-Zehnder indices for the representatives. Since the Conley-
Zehnder index is constant on each chamber, it suffices to compute pcy for each cham-
ber representative Sy = (wk + 1)I. To compute this, we will use Theorem to

determine how the index changes with the trivialization.

Let Xy be the standard Hermitian frame for (C,R) — (R x [0,1],R x {0,1}) (i.e.,
Xo=1). Fix A = —i0,— S(t), and consider D = 0;— A, i.e., D(uXy) = (Osu— Au)Xy.
By Theorem 2.2, we know that Index(D) = 0. We will now recompute this index

using a different set of asymptotic trivializations.
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Let X~ = Xy and Xt = €™ X,. We compute:
D(uX™) = D(uXo) = (Dsu + idu + S(t)u) X~
D(uX") = D(ue™Xy) = (su + i0u + e ™ S(t)e™u — mu) X .
Thus we have A~ = —id,u — S(t) = A and AT = —id; — e ™ S(t)e™ + m. The index
formula then gives:
Index(D) = pingas(XH, X7) + pcz(AT) — poz(A7) = 0.

Therefore, in order to compute the index difference, it suffices to compute the Maslov
number associated to the change in trivialization. Let f : R — [0, 1] be a cut-off
function which equals 0 for s < 0 and equals 1 for s > 1 and satisfies 3'(s) > 0 for

€ (0,1). Set o = (1 — B(s)) + B(s)e*™™. 1t is clear that o agrees with X~ @ X~ for
s <0, agrees with Xt ® X for s > 1, and always equals 1 along the boundary (the
canonical section of R® R — R x {0,1}). Moreover, it is clear that o(s,t) = 0 if and

only if ™ = —1 and 3(s) = 1/2, in which case we have:
do = B'(s)(e*™ — 1)ds + 27ifB(s)e’™dt = do = —243'(s)ds — 7widt,

hence the single zero is transverse (since we assume ('(s) > 0 whenever 3(s) € (0, 1)).
Moreover, the linearization is orientation preserving. It follows that the signed count
of zeros of ¢ is +1, and hence, by definition, pn.s(X+, X~) = 4+1. Thus we conclude
that:

pez(AT) — pez(A7) = —1.

Now, let us apply this with A~ = —i0; — 1, which has pcz = 0, to obtain:
ucz(—iat -1+ 7T) =—1.

Repeating the argument, we conclude that pcz(—i0; — 1 + km) = —k. Recalling that
Sy = (km + 1)I, we conclude that pucz(—i0; — S_y) = —k for k > 0. In a similar
fashion, we conclude that pcz(—i0; — 1 — km) = k, and thereby obtain:

(23) Mcz(—iﬁt — Sk) = k?,

for all k € Z. See Figure [3|
Example 2.10. Consider an operator D = 05 + i0; — dp(s) where p(s) — £1 as

s — F00, acting on sections of the trivial line bundle over a strip. Here 0 < § < .
Then:

Index(D) = pez(—i0; + ) — pez(—idy — §) = —1.
Such an operator appears, for instance, when one considers d, + i0; acting on expo-

nentially weighted Sobolev spaces.
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FIGURE 3. The chambers in the space of 2 x 2 matrices [¢ %] (shown
is the plane b = 0) and the Conley-Zehnder indices of the associated
asymptotic operators. The red dots are matrices of the form kxnl, for
k € Z. Recall that the chambers are partioned by equations of the form
ac = b?> + m?k?2, and so as b departs from 0 the chambers expand away
from 0.

2.3.2. Formula for the Conley-Zehnder index of an autonomous split operator. Sup-
pose that A = —J0; — S is an autonomous split non-degenerate asymptotic operator.
Let S = diag(S,, ..., S,) be the block decomposition, and let S; = [% ¥ ].

b; ¢;
Theorem 2.11. The Conley-Zehnder index of A is given by
> per(=Jo = Si),
i=1

where pucz(—J0; — S;) is equal to:
(i) +k if a; > 0 and det(S;) € (72k%, 72(k + 1)%),
(i) —k — 1 if a; < 0 and det(S;) € (72K, 72(k + 1)?),
(iii) 0 if a; > 0 and det(S;) < 72,
(iv) —1if a; < 0 and det(S;) < 72
Proof. The formulas for pucz(—Jd; — S;) when S; is a 2 x 2 block follow from the

results of §2.3.1.142.3.1.3|
The fact that A = —J0;, — S and A,y = —J9; — C are both split implies that we can
find a split D = 0, — A, which interpolates from A, to A. It is well-known that the

Fredholm index of a split operator is the sum of the Fredholm indices. Since

pez(A) = Index(D),

the desired result follows. O

Example 2.12. Suppose that S = diag([% §],...,[% §]), where all a; are non-zero.

Show that pucz(—J0; —S) is equal to minus the number of a; which are negative. This
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kind of asymptotic operators appear when one linearizes the Reeb chord equation in

1-jet space, see §3.6.2.1
2.4. Conley Zehnder indices as a spectral flow

In this section we show that pcz (A1) — pez(Ao) is a spectral flow, following [Wen20,
§3.3|, [Flo89al pp. 595], and [RS95]. The arguments in this section work equally well

for orbits and for chords. The main result is:

Theorem 2.13. If ucz(A1) = pez(Ao), then Ay is homotopic to Ag within the space

of non-degenerate operators.

Proof. We defer to §6| for any analytical concerns about Cauchy-Riemann operators

on infinite strips and cylinders.

The index formula proves that pcz(A;) — pez(Ao) equals the Fredholm index of an
operator of the form 0; — A, where A, = Ag for s very negative and Ay, = A; for
s very positive. We are free to make A, = —J9;, — S(s,t) with S(s,t) symmetric,
i.e., A; always remains self-adjoint. By the arguments in [Wen20, Appendix C], a
generic choice A, will have the property that:

(i) There exists a smooth function A : ZxR — R and a smoothly varying eigenbasis
K (s, 1) so that Aspr(s,t) = Ak, s)pr(s,t) =: A(s)pr(s, ).

(ii) All eigenvalues are simple; i.e., the function Z x {s} — R is injective for all s.

(iii) The function A is transverse to 0.

Let us define the spectral flow sf to be (minus) the number of preimages in A71(0)

counted with sign. The goal is to prove that sf = pcz(A41) — pez(Ao).
By the stabilized kernel gluing operation proved in §7]we know that picz (A1) —pez(Ao)

behaves additively under a certain concatenation/gluing operation. Via an appropri-
ate sequence of deformations of our operator, breaking it into a sequence of glued
strips, we see that it suffices to prove sf = ucz (A1) — pez(Ap) in the case when A~1(0)
consists of a single point, i.e., one of the eigenvalues crosses 0. Without loss of gener-
ality, let us suppose it is the £ = 0 eigenvalue. Via another kernel gluing argument,

if necessary, we may localize at the crossing and suppose that:
Ao(s) € (—€,€) and A\g(s) & [—¢,¢] for all k # 0 and s € R.

Now observe that pucyz(A; £ €) = pez (Ao £ €). This is because during the path from
Ay to A; no eigenvalue ever hits the lines A = +e, and hence the path remains in the
space of non-degenerate asymptotic operators. The Fredholm index of D = 0,— A, +¢€

is 0, as it is homotopic to the translation invariant operator d; — A; ¢ (or s — Agte).
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Now, if Ag(—00) < 0 < Ag(+00), then A; + € is homotopic to A;. Thus

(2.4) pez(Ar) — pez(Ao) = poz(Ao + €) — pez(Ao).
On the other hand, if A\g(—00) > 0 > Ag(+00), then
(2.5) pez(Ar) — pez(Ao) = pez(Ao — €) — poz(Ao).

We will now show that (2.4) equals —1 and ([2.5)) equals +1. This will conclude the
proof that Fredholm index, namely pucz(A1) — poz(Ao), is the sum of the negative

crossings minus the sum of the positive crossings, which is, by definition, sf.

The benefit of the reduction to the comparison of Ay + ¢ and Aq is that the eigen-
functions remain constant during the linear homotopy As = Ao+ [(s)e, where 5(s) is

a cut-off function which increases from 0 to 1. Thus, let ¢(¢) be such an eigenbasis.

A general solution to d,u — Asu = 0 can be written as

u(s,t) =Y uk(s)ex(t),

kez
where uy(s) are smooth solutions which decay exponentially in the ends, as can be
proven by applying Lemma [6.19] applied in the ends where A, is constant. This
implies:
ou—Au=0 = Z(u;(s) — Ai(8)ug(s))pr(t).
keZ

This means that u)(s) — M\g(s)ux(s) = 0. Let Ag(s) be an anti-derivative for \(s),
and thererby conclude that the derivative of fi(s) = e *#()u;(s) vanishes, hence
fr(s) is constant. Clearly if k& # 0, |Ax(s)| is uniformly bounded below by €. hence
e~M() has 0 as a limit point. In particular, if f, # 0, then u(s) is unbounded.
Hence f; = 0 and thus ux(s) = 0. Thus the only possible solution is of the form
u(s,t) = uo(s)po(t), where ug(s) = ce®). In order for this to be bounded we must
have A\g(—00) > 0 > A\g(+00), and in this case we have a 1-dimensional contribution
to ker(0s — Ag). This proves that gives +1.

Let us now analyze the cokernel; i.e., let v = Y v (s)¢x(t) be orthogonal to the image

of 0, — As. Then integration by parts gives:

- / (Oui(3) + M (5)0e(5) Jup(s)dls = 0,

and hence e*+()y,(s) = const. The same argument shows that v(s) must be 0 for
k # 0, and vo(s) = ce ) py(t) is only a solution when A\g(—00) < 0 < Ag(+00).
This proves that (2.4]) gives —1.



2.5. INTERSECTION THEORETIC DEFINITION OF THE CONLEY-ZEHNDEX INDEX FOR CHORI2$

Our goal is now to show that sf = 0 implies Ag is homotopic to A; through the space

of non-degenerate operators. We follow the argument from [Wen20, Theorem 3.53].

As we did above, break the cylinder into consecutive regions where each region has
a single “up” crossing or “down” crossing. The signed count of crossings is zero.
This means there must be an up crossing followed by a down crossing, or vice-versa.
Consecutive pair of crossings with the opposite signs can be cancelled by a straight-
forward operation described below. We will clearly be able to iteratively cancel all
the crossings, until there are none left. Then the resulting A, will be a path from

A, A1 through the space of non-degenerate asymptotic operators.

To complete the proof, we explain the cancellation step. Suppose A has one down
crossing followed by one up crossing. Thus \;'((—o0,0]) is a compact interval [a, b].
Pick a positive function h supported in (a—¢,b+¢€) so that h+Xg > 0and h+A_; <0
hold at all points. This can be achieved since A_; < )¢ holds at all points on
l[a—€,b+¢€]. Then As+ h is a path from Ay to A; which remains non-degenerate, as
desired. O

A nice corollary of Theorem is that we obtain an intersection theoretic definition

of the Conley-Zehnder index for chords.

2.5. Intersection theoretic definition of the Conley-Zehndex index for chords

Let F(t) be the fundamental solution of 2/(t) = JS(t)z(t), so that z(t) = F(¢)z(0)
solves the ODE with initial condition z(0).

Consider L(t) = F(t)R™ as a path of Lagrangians in R**. This is possible since F(t)
is valued in the symplectic group. Consider the special path defined as:

L*(t) = diag(e'*™Y, ..., e U=D)R",

This starts at the rotated Lagrangian diag(e’, ..., e")R" (rotated by 1 radian in each

R? factor), and rotates clockwise back to R™ in time 1.

Let L(t) be the (continuous) concatenation of L*(t) with L(t). The non-degeneracy
assumption implies that L(1), L(0) are both transverse to R”.

Introduce the set M of Lagrangians L which are not transverse to R™ (in the La-
grangian Grassmannian £ = U(n)/O(n), see §3.1.4). This set M = M'UM?U... is
stratified in a natural way by letting M* be the space where dim L N R" = k. This
set M is well studied in symplectic topology, and we have the following two facts:

(i) M* has codimension k(k +1)/2,

imt ™) [ coorients M!,

(ii) the velocity vector field of the circles ¢ — diag(e'™, ... e
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See [Arn67, Lemma 3.2.1, 3.5.1]. In particular, M! is codimension 1 and M? is
codimension 3. Moreover, M! can be cooriented in a natural way. Standard results
in transversality theory imply that the homological intersection number between E(t)
and M is invariant under arbitrary homotopies of which keep L(1) disjoint from M.
Let us denote this quantity M(A).

Theorem 2.14. M(A) = pcz(A).

Proof. Let L;(t) = F;(tf)R™ be the path of Lagrangians associated to asymptotic
operators A;. By the integral condition for non-degeneracy in if Ay is homotopic
to Ay through the space of non-degenerate asymptotic operators, then Eo(t) will
be homotopic to Li(t) with endpoints remaining disjoint from M. Thus M(A,) =
M (A;). Theorem [2.13|implies that pucz(Ao) = pez(A1) is a sufficient condition for the
existence of a homotopy. Thus, it suffices to prove the theorem for the representative

with pcz(A) = k, namely the one with:
S = diag(1 + km,1,...,1).

We have L(t) = diag(e )i ¢it ). Thus L(t) is the path which starts at L*(0),
rotates back by ef, and then rotates forwards by e?, and then continues rotating the
first coordinate only for an extra km radians. Clearly, this path is homotopic with

fixed endpoints to the path
L'(t) = diag(ee"™ ¢, ..., " )R™.
This has k intersections with the top strata of M.

To analyze the signs of the intersection, observe that the velocity vectors of all the

curves:
(2.6) diag(elt=told eilt=to)dn) 174

are transverse to M! provided A\; > 0 (assuming L'(ty) € M).

Since L'(t) = diag(e*™¢=t) 1,... 1)L'(ty), we can smoothly homotope the velocity
at t =t through vectors transverse to M* until it matches the vector field from .
This completes the proof. O

See [RS93| for another approach to defining the Conley-Zehnder indices via intersec-

tion theory.

2.6. Conley Zehnder indices for orbits

In this section we compute the Conley-Zehnder indices for split and autonomous

asymptotic operators on R/Z. It suffices to consider the line bundle case.
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Interestingly, in this case, only operators with pcz € {0}U(142Z) can be represented
by autonomous asymptotic operators. The Conley-Zehnder indices for such operators

are shown in Figure [4]

FIGURE 4. Chambers in the space of 2 x 2 symmetric matrices [¢ ].
On the left is the plane b = 0, while on the right is when b # 0. The
chamber walls are cut out by the equation ac—b? € (277Z)?, and the red
dots correspond to matrices in 277Z. Operators with even and non-zero

Conley-Zehnder index cannot be represented in this figure.

Our arguments do provide a full family of representatives. Indeed, we have:

Proposition 2.15. For all § # 0, the operator:

(2.7) Ay = —J0, — Tk — de RO

has Conley-Zehnder index equal to k, where C'is the 2 x 2 matrix of complex conju-
gation.

Proof. The proof is completed at the end of §2.6.0.3| 0J

Remark 2.16. For k odd, this operator can be deformed to an autonomous operator
simply by letting 6 — 0. When k = 0, the operator is already autonomous. However,
when k is even and non-zero, this operator cannot be deformed to an autonomous
one without becoming degenerate.

Remark 2.17. If we are working with n > 1, then, since (1 + 2Z) + (1 + 2Z) = Z,

we can represent all the Conley-Zehnder indices by autonomous split operators.

2.6.0.1. Solving the autonomous ODE. The argument is similar to the one given in
§2.3.1.1} if 2(¢) + 1y(t) is 1-periodic and solves the autonomous ODE,

[m’(t)] _ [a b] [x(t)] Y0 =bet) = ey(t)
y(t) boc| |y®) y'(t) = azx(t) + by(t),
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then we can differentiate both sides of the above equation to conclude that
" 2 " 2
2"(t) +wz(t) = 0 and y"(t) + wy(t) = 0,
where w? = ac — b%. There are no non-zero solutions when ac — b? < 0.

This can be solved explicitly and we conclude that x(t),y(t) are first order trigono-
metric polynomials with frequency w. The requirement that x and y be 1-periodic
implies that w € 27Z (or x =y = 0).

Thus we conclude:

Proposition 2.18. The asymptotic operator A = —J9, —[¢ %] on R/Z is degenerate
if and only if ac — b € (27Z)%. O

This implies that the chambers are as shown in Figure[d It remains only to determine

the Conley-Zehnder index of each chamber.

2.6.0.2. The dependence of the Conley-Zehnder index on the trivialization. Following
the same argument as in §2.3.1.3) we deduce the following:

Proposition 2.19. For any non-degenerate asymptotic operator A = —Jou— S(t)u
on C = R/Z, we have pcz(e*™Ae™?™) — paz(A) = 2.
Proof. The argument is the same as §2.3.1.3. The crucial aspect being that for
the non-standard asymptotic trivializations X~ = X, and X = e 2™ X, we have
D = 0, — A given by:

D(uX_) = (Osu+ JOou+ S(t)u) X~

D(uX,) = (Osu + JOu + ™ S(t)e 2™y 4 2mu) X T
Since Index(D) =0
that:

(as it is translation invariant), we conclude from the index formula

—MMas(X+, X7)= Mcz(e%itAe_Qm) — picz(A).
The Maslov number is easy to compute as the number of zeros of the section
(s, t) = (1= B(s)) + Bs)e™ ™.
There are two zeros, when t = 0.25, ¢t = 0.75, and ((sg) = 1/2, and they contribute

with negative signs. This can be seen by computing linearization at the zeros:
—2'(s)ds — 4mie ™ B(s)dt = —2/'(s¢)ds + 2midt,

which is clearly orientation reversing. This completes the proof. 0
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Since A = —J9; — 0C lies in the same chamber as A = —J9, — C', for all § # 0, we
conclude by repeated application of Proposition that

Ags = —J O, — 86> Ce 2™t _ ok

has Conley-Zehnder index equal to 2k. Moreover, Ay s is always non-degenerate for
d # 0 (since Agy is).
Remark 2.20. For odd k, consider

Aps =—JO, — se™kit o=kt _ nfe.

We may interpret this as an operator on C*°(R/2Z) in an obvious fashion. This

operator is conjugate to an operator on C*°(R/Z) by the formula
2A(u(0.5t))(2t) = —JOu — (26e*™Ce ™ 1 21k)u.

In particular, the extension of Ays to C*°(R/2Z) is non-degenerate for all §, and

hence the original operator Ay s is also non-degenerate for all § # 0.

2.6.0.3. Determining the Conley-Zehnder index when S = w. Proposition [2.18|implies
that A = —J0;, — 7 is non-degenerate. The goal of this section is to compute this
operator, as it is inaccessible, starting from A, via the reparametrization trick from
§2.6.0.2 The strategy is to use the spectral flow interpretation of the change in
Conley-Zehnder index along a path of asymptotics operators. The proof that the
spectral flow computes the Conley-Zehnder index is exactly the same as the case
for chords explained in . Indeed, the main reference for that section, [Wen20],

defines the Conley-Zehnder index for orbits as a spectral flow.

Consider the path given by:

0O m—71

AT:—Jat— [ﬂ— 0 ]

This becomes singular when 7 = 7, and then enters the chamber containing —J0; —C,

which has pcz = 1, by definition. The eigenvalue equation Aru = Au reduces to
w'(t) = —(m + A= 7)y(t) and o/ (t) = (7 + Mz(t),

which is singular when A = 7 — 7 (and when A = —7), and all the other eigenvalues
remain far from 0 for 7 € [0,7 + €). See the left part of Figure df Moreover, the
1-dimensional eigenspace when A\ = m — 7 is simply y(¢) = const, z(t) = 0. Since this
is a single up-crossing, i.e., the eigenvalue went from negative to positive as 7 crossed

the a-axis, we conclude from the spectral flow is decreased by 1 at the end of the
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path. Thus we conclude that
poz(—Joy — ) = +1.
Then by applying the change of trivialization trick in [2.6.0.2] we conclude that
pcz(—J0 — km) = k.

for all odd k. This completes the proof of Proposition [2.15] and Figure

2.7. Conley-Zehnder indices relevant for exponential weights

Recall that when we place exponential weights on a positive puncture, the asymptotic
operator changes to A— 9, while at negative punctures the asymptotic weight changes
to A+ 6. We are particularly interesting in the case when A = —J0, for n = 1, as
this case is needed in . Let d = pcz(A + 9). By inspecting the chambers in
Figures [3] and [] we conclude:

(1) negative boundary punctures have d = 0,
(ii) positive boundary punctures have d = —1,
(iii) negative interior punctures have d = +1,
(iv) positive interior punctures have d = —1,

The reader is referred to [BMO4, pp. 129] for a similar discussion.



Chapter 3
Asymptotic operators of Reeb chords and orbits

let A C (Y,&, e, J) be Legendrian, and let ¢ be a non-degenerate Reeb chord or orbit.
The linearization of the Reeb flow ODE at ¢ gives an asymptotic operator. How-
ever, we need coordinates to linearize. The choice of coordinates leads to interesting
homotopical problem. In this chapter, we describe the relationship between choices
of coordinates, the resulting asymptotic operators, and admissible sections s of the

square K®? of the canonical bundle.

3.1. Admissible coordinates

Let ®, : B(1)>® — Y?""! be coordinates so that:

(i) t — ®4(0) is some (positive) parametrization of c,

(i) the time derivative @} is transverse to the space derivative d®y,

(iii) d®,(0) : R*™ — £ is a unitary or symplectic isomorphism, and

(iv) @o(R™) = Ay and ®;(R™) = A; (for chords), or

(v) &y = &1, (for orbits).
Comparing ¢ = d®;(0)"'d®Y(0) yields Sp(2n) or U(n)-valued transition functions
which take boundary values in GL,(R) N Sp(2n) or O(n).
Remark 3.1. By declaring two charts to be equivalent if they agree except with
different radii 0; < do, admissible charts should be considered as germs, although we
will typically suppress this aspect in our explanations and notation. In this germ

sense, we define a homotopy of admissible coordinate charts to be a homotopy ®] of
smooth maps B(d) — R?*" which satisfy (i)-(v) for each 7, for some § small enough.
Remark 3.2. For p € B(1), the time derivative is ®}(p) = %Ezo@tﬂ(p). The space
derivative satisfies d®;(p)v = &|—o®;(p + ev). The condition that ®,(0) = c(t)
constrains ®;(0) to lie in the positive half-line determined by R(®;(0)). If we use a
constant speed parametrization, then ®,(0) = T'R($;(0)) where T is the action of c.

3.1.1. Symplectic versus unitary. The inclusion of the space of unitary coordinates
with constant speed parametrizations into the space of symplectic coordinates is a

weak homotopy equivalence. Indeed:

27
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Claim 3.3. Let ®], m € D, be a parametrized family of symplectic coordinates, so
that ®] are constant speed unitary coordinates for 7 € dD. Then ®] can be deformed

relative D so as to make it unitary and have constant speed everywhere.
Proof. The argument establishing this splits into two parts.

Let ¢(m) :=t — ®7(0). Every c¢(m) is some parametrization of the same chord or
orbit ¢. By a smooth deformation replacing @7 by @7, for appropriate p, we may
suppose that all ¢(m) have constant speed. If ®T already had constant speed on
the boundary, then we can do this deformation leaving ®] unchanged for 7 € 0D.
Thus the inclusion of symplectic coordinates with constant speed into the space of

symplectic coordinates is a weak homotopy equivalence.

Next we analyze the unitary versus symplectic aspect of the claim. There certainly
exists some unitary frame for ¢ along ¢, and we will use this as a reference. Then
d®7(0) is represented by a symplectic matrix for each 7. It is well-known that Sp(2n)
deformation retracts onto U(n), and hence there exists a smooth family of symplectic
matrices ¢7(s) so that ¢f(0) = 1 and d®7(0)pF(1) is unitary. If d®7(0) is already
unitary for given ¢, 7, then the construction we have in mind has ] (s) = 1 for all s.
We interpret o7 as a family of (linear) maps B(1) — R*".

Then, in the sense of germs, @7 o ¢ (s) is a homotopy of constant speed symplectic

coordinates which is unitary when s = 1. This proves the claim. U

3.1.2. The space derivative classifies coordinates. Fix an auxiliary unitary frame along
c as a reference, and suppose that ¢ spans T'A along the boundary.

Claim 3.4. The projection map ®; — (®.(0),dP;(0)) which sends each coordinate
system onto the induced path/loop in ¢ x Sp(2n) (taking boundary values in GL,,(R)N
Sp(2n)) is a weak-homotopy equivalencel]

The argument establishing this is certainly well-known to experts.

Proof. Suppose that @ is a family of coordinate systems, defined for 7 € 9D, and
suppose that (fr(t), Fx(t)) formally extends (®7(0),d®7(0)) to D. The goal is to
show that we can extend ®] so that the induced data (®7(0),d®T(0)) is homotopic
to (fx(t), Fr(t)) relative 0D.

Using f, F', we can define a coordinate system by the formula:
Ui (x) = Expy, ) (Fr(t) - x - X)),

!Note that GL,(R) N Sp(2n) deformation retracts onto GL,(R) N U(n) = O(n) when we use the
retraction induced by polar decomposition.
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where X was the chosen frame (and A is totally geodesic). Then UT and ®] agree to
first order for 7 € OD. In particular, there exist h, k = O(z?) so that:

U (e + k) = ®f(x).

We can extend h, k from 0D(1) to all of D(1) using a cut-off function of a collar
coordinate (keeping them O(z?) for each 7,¢). Thus we can extend ®7(x) to all of
D. This extension even has the property that ®(0),d®(0) = f, F. O

3.1.3. Path component classification of coordinates around an orbit. Let v be an em-
bedded orbit, and let X be an auxiliary unitary frame for v*¢. Consider the map
which assigns to each orbit coordinate system (centered on any cover of ) the loops
®,(0) € v and det d®;(0) € S*. Consider this map as valued in the space of pairs
(f(t),d(t)) where f(t) has positive covering degree. Then the map is a bijection on
7. Thus the path components of the space of coordinates with fixed geometric orbit

~ are in bijection with N x Z. The map to Z is non-canonical.

3.1.4. Path component classification of coordinates around a chord. We define the
Lagrangian Grassmannian £ by the fiber sequence O(n) — U(n) — £. The following

well-known argument classifies based loops in £.
Proposition 3.5. m (L, R") ~ 7o([0,1]; U(n), O(n)) ~ Z via det?.

Proof. Apply the five-lemma to the following diagram, where the rows are exact:

m0(n) —— mU(n) — (L) —— m(0(n)) —— mo(U(n))

J | | | |

MG ——— mU(n) 2% 1(SY) ——— 710(G) ——— mU(n),

This completes the proof. See [Arn67]. O
Theorem 3.6. Let ¢ be a Reeb chord from Ay, pg to Ay, p;. The map which assigns
each coordinate system the data of:

(i) the c-valued map f(t) = ®,(0), joining py to p; (with positive action),

(ii) the Z/2-valued sign induced by whether d®,(0) : R" — T'A, preserves orienta-
tion,

(iii) the S'-valued loop det® d®,(0) (since dete maps O(n) into +1),
is an isomorphism on m. Observe that the data of (i) is trivial if ¢ does not lie on a

Reeb orbit. Otherwise the path component data in (i) is determined by the action,
and can be identified with N.
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Proof. The previous analysis shows that f(t),d®;(0) captures the full homotopy
groups of the space, where d®;(0) is thought of as a U(n)-valued function taking
boundary values in O(n). The above long-exact sequence argument shows that if
deg det® d®,(0) = 0, then d®,(0) can be homotoped to a constant map in O(n). The
Z,/2 valued sign distinguishes the two components of O(n). The details are left to the

reader. O

3.2. Choosing coordinates and the square of the canonical bundle

Recall the definition of the canonical bundle K = det¢(&, J) from §1.3.3, The iso-
morphism class of detc(€) is independent of J, but in the following it will be useful
to consider K as a fixed unitary line bundle over Y (rather than as an isomorphism

class).

Since A is a Legendrian there is a canonical map detg TA — detc(£)|a, namely, the
map induced by inclusion. To see why, observe that dafyga = 0 implies that JA
is orthogonal to A using the metric g. This implies that any basis of A induces a

complex basis for &.

The real-line bundle detg T'A may or may not be orientable. However, we can always
define the oriented ray [ € K2 as [ = (e; A -+ A e,)®? where ey, ..., e, is any basis.

Let —I denote the negative ray (—oo,0].

Let &, be admissible coordinates centered at an orbit or chord c¢. Write p(t) =
detc d®;(0)1, where 1 = ey A- - - Ae, is the standard basis of detc(C™). This definition

makes sense even if ®, is only symplectic, as we can write:
@ =dP(0)ey A--- AdDy(0)ey,

and the symplectic condition will guarantee this is nowhere zero.

3.2.1. The chord case. Clearly, in the chord case, p(t)®? € [ for t = 0,1. If 5 is
another section of K? which is non-vanishing along ¢, and satisfies s ¢ —I on the
boundary, then we can compare ©? and s and get an integer valued winding number,
analogous to the relative winding numbers requiring that ©? and s both lie in [ along
the boundary, see

Then we simply require that the relative winding number between ¢? and s is zero.

This determines the homotopy class of detc d®;(0)2.

By Theorem 3.6 we conclude
that s specifies two homotopy classes of coordinates, differening by how d®;(0) orients
T'Ay. In particular, we can represent both homotopy classes by ®; and ®, o p where
p = diag(—1,1,...,1). In we show that the asymptotic operators computed in

either homotopy class have the same Conley-Zehnder index.
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3.2.1.1. Digression on a winding number. The homotopy classes of non-vanishing
sections t satisfying t ¢ —[ at both endpoints is non-canonically identified with Z via
a relative winding number. The action of Z on this space via t — e?™*t acts freely

and transitively on the set of homotopy classes.

A geometric explanation is as follows: if t;,t, are two sections, first deform t;,t,
(remaining disjoint from —I) so that t;,t, take boundary values in the right half
plane (as determined by [). Then define § = t;/ty, and observe that € is non-zero
takes boundary values away from (—oo,0]. By perturbing 6 slightly, we can define
an integer winding number by counting the number of preimages of (—o0,0]. It
is straightforward to see that (a) this does not depend on the choices mode (since
C ~ (—00,0] is contractible), and (b) this winding number classifies the homotopy

classes of sections t, as desired.

3.2.2. The orbit case. In this case, a section s of K? determines at most a unique
homotopy class of coordinates ®,, via the requirement that s is homotopic to 2. If
we require that § = ¢ ® ¢ where ¢ is a non-vanishing section of K along ¢, then the

homotopy class of coordinates induced by s is non-empty (otherwise it is empty).

3.3. The asymptotic operator as a linearization

The asymptotic operator is defined by linearizing the Reeb flow equation at a solution

c. To do so, fix an admissible symplectic coordinate chart ®.

Let ®*TY denote the bundle over S x B(1) whose fiber at (¢,p) is TV, (). Let II be
the section of Hom(®*TY,R*") — S x B(1) defined by:

I (p) - dP;(p) = id and I, (p)(R(P¢(p))) = 0.

It is clear by property that any path between the same Legendrians which is
sufficiently C! close to ¢ will be of the form ¢ + ®,(n(t)) after reparametrization,
where 7(0),7(1) € R™. Similarly, by [(v)| any loop sufficiently C* close to ¢ will be of
the form t — ®;(n(t)). The degree of C closeness necessary is that the path should

be positively transverse to the contact distribution.

This follows the Reeb flow if and only if II;(n(t)) %@t(n(t)) = 0 for all ¢, which expands
to:

(3.1)  (n(®)(dLi(n(t))n' () + Li(n(t))) = 0 = o'(t) + Fi(n(t)) - n(t) = 0,

where Fi(z) - x = II;(x)®}(x) for all € B(1); this factorization is possible since the

right hand side vanishes when x = 0.
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Definition 3.7. The linearized Reeb flow operator associated to the admissible co-

ordinate system ®, is defined to be:

(3.2) JA(n) = n'(t) + Fi(0) - n(t).

The operator A is called the asymptotic operator associated to ®;. Clearly (3.2) is
the linearization of (3.1]). It is clear that smooth homotopies of admissible coordinate

systems yield smooth homotopies of asymptotic operators.

Lemma 3.8. We have F;(0) = —JS(t) for a family of symmetric matrices S(t), where

J is the standard complex structure on R**. As a consequence, A = —Jd; — S(t).
Proof. It is clear that in the standard basis for TB(1) = R*" we have

0 0 ,
(33) Ft(O) (Ht($1,,$2n)¢t(x1,,l'2n>)

ox; - ox;
This derivative is a bit hard to compute, since II; and ®} are not sections of trivial
bundles, but rather sections of Hom(®*TY,R?**) and ®*TY, respectively. Thus we
will introduce an auxiliary connection, denoted by V, on ®*TY. This connection will

be pulled back from a special connection on 7Y, which we now describe.

Let V be a symmetric connection on TY which satisfies Vrda = 0 and VR = 0.
Such a connection exists as it can be constructed in local coordinates which are well-
adapted to the Reeb flow, and then glued together using a partition of unity. More
precisely, if V¥, k' =1,2,..., N, are connections on open sets Uy, . .., Uy which cover

Y, then, for a partition of unity pi, ..., py subordinate to the cover, the formula

V(X) =) VH(pX)

defines a connection on all of TY. Moreover, if each V¥ satisfies VFR = 0, Vida = 0
and V&Y — V& X = [X,Y] (for vector fields supported in Uy), then so will V. The

verification of these assertions is left to the reader.

Let V denote the pull back connection on ®*7TY, which we extend to connections on
Hom(®*TY, R?") by requiring that d(A-v) = VA-v + A - Vo for all sections v.
Taking the derivative of at x = 0 yields:

0
Ox;
Recalling that the connection was symmetric and @) is the time-derivative of the

smooth map (t,z) — ®.(x), we conclude that V,,®,(0) = Vt[dCI)t(O)]a%i. For the

(3.4) ()@} (x)) = Ve, 11(0) - @4(0) + I (0) - [V, B (0).

other term, observe that:

ILi(x) - R(P(z)) =0 = V,,IL(z) - R(Pi(z)) =0,
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where we have used the fact that VR = 0. We know that ®,(0) is proportional to
R(®4(0)), thus (3.4) simplifies to

0 ) B 5
oz (I (z) P} (x)) = 11, (0)[V:dP.(0)] .

It follows that F3(0) = I1;(0)V,d®.(0). We will now show that this is —JS(t) for a

symmetric matrix S(t).

Let w denote the symplectic form on R?**. Recall that d®;(0) : (R* w) — (£, da)
was a symplectic linear transformation, and hence I1;(0) : (¢,da) — (R*",w) is also

symplectic (as it is the inverse to d®;(0)). Thus for v,w € R*" we have
w(v, I1;(0)VdP,(0)w) = da(dP;(0)v, Vi ddP,(0)w),

where we use that da(X7,d®;(0)I1(0)X5) = da(X;, X3) since it holds for X, € £ and
for Xs € RR. Then, using that Vgda = 0, and ® maps 0; proportionally to R along
x = 0, we conclude:

da(d®y(0)v, VdP,(0)w) = —da(VdP(0)v, dP;(0)w) = —w(I1;(0)VdD,(0)v, w).

Thus w(v, Fi(0)w) = —w(F;(0)v,w). Recalling that w(v,w) = v’ Jw, we conclude
that
VI JF,(0)w = —v F(0)' Jw = JF,(0) + F,(0)'J =0,

which implies that JF;(0) is symmetric, as desired. O

3.3.0.1. Geometric criteria for non-degeneracy. Another important property is that
non-degeneracy of the asymptotic operator is equivalent to non-degeneracy of the
Reeb orbit or chord.

Lemma 3.9. Suppose that ¢ is a non-degenerate Reeb orbit or Reeb chord from Ag
to Ay, in the sense that

(i-C) dQDI(TAo) ) TAl = §C(1)7
(i-0) dpl : & — & does not have 1 as an eigenvalue,

where ¢ denotes the Reeb flow and 7' is the action of ¢. Then the asymptotic operator
defined in (3.2) is non-degenerate.

Proof. We continue with the notation introduced in the proof of the previous lemma.
Suppose that n(t) lies in the kernel of A. Then

i (t) = =I1(0) Vid® (0)(t).
Let p(t) = d®.(0)n(t), considered as a section of ¢*(. We compute
Veu(t) = d®,(0)r'(t) + Vid®y(0)n(t) = 0.



34 3. ASYMPTOTIC OPERATORS OF REEB CHORDS AND ORBITS

Let ¢7 denote the Reeb flow by time 7. For any v € &), the vector field dy™(v)
defined along ¢(.S) satisfies Vrdg™(v) = 0. This is easy to prove; first extend v to a
vector field V' on some transverse slice ¥ passing tangent to £ at ¢(0), and then extend
V' to a neighborhood of ¢(0) by requiring that [V, R] = 0. Then we can extend V' to
a neighborhood of a distant point ¢ (¢(0)) by requiring that dp" oV o ™ = V. It is
clear that [V, R] = 0 still holds on this neighborhood. By symmetry of the connection
and the fact that VR = 0 we have:

ViV =VyR+[R,V]=0.

In particular we conclude that Vgde™(v) = 0 holds along the Reeb flow line starting
at ¢(0). Thus, if x(t) is any section defined along a Reeb flow line satisfying Vg = 0,
we must have u(p7(¢(0))) = de™(1(0)).
Thus 1(0) and (1) are related by de’. However,

(i) in the chord case, p(0) lies in the tangent space to Ay while p(1) lies in the
tangent space to Ay, and

(i) in the orbit case, u(0) is an eigenvector of dp? with eigenvalue 1.

Thus, in either case, non-degeneracy implies non-degeneracy of the asymptotic op-
erator. The converse implication is proved in a similar fashion. This completes the

proof. [l

We will require one further fact about the time derivative @} for a later computation.

Lemma 3.10. The derivative of x — a(®}(z)) vanishes at z = 0.

Proof. We use the same connection to take the derivative; we have

0
axi
It is clear that (V. a, R(®:(z))) = 0, since VR = 0, hence (V,,«, ®;(0)) = 0. Thus

it remains to show the second term vanishes at x = 0. We use symmetry of the

(a(®(x))) = (Va,0, Pi(2)) + (o, Vo, i),

connection to obtain:
V.. @ (2) = V,dDy(2)0,,.
Thus

(0, Ve @(2) = 0,0 (2)) — (V0,0 (2)3).

The first term vanishes at z = 0. The second term also vanishes at x = 0 since 0, is

mapped to a multiple of R when z = 0. This completes the proof. 0
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3.4. Conley-Zehnder index associated to a Reeb orbit or chord

Let ¢ be a non-degenerate Reeb orbit or chord of A, and let s be an admissible section
of K2.

The Conley-Zehnder index associated to this data is defined to be the Conley-Zehnder
index of the asymptotic operator A, using any symplectic coordinate system ®; in
the homotopy class(es) determined by s, as explained in [3.2]

3.4.1. Independence on the choice of orientation. In the chord case, there are two
homotopy classes of coordinates determined by s, and they differ by whether or not
ddy(0) : R™ — Ag preserves or reverses orientation. However, if p € O(n) reverses

orientation, then ®,(pz) has non-linear operator equal to:
7(8) + T (on(£) @) (pn(1)) = 0.
When we linearize this at n = 0, we obtain the asymptotic operator:
A, =—JO+p 'S(t)p.

If S(t) is split with respect to C @ --- @ C, then it is easy to see that A, = A for
suitable choice of p, e.g., diag(—1,1,...,1). In general, since the Conley-Zehnder
index is defined as the Fredholm index of an operator of the form D = 0, — A, on the
strip, where Ay = A, for s < 0 and Ay, = A for s > 1, and A, is split, we conclude
that the Conley-Zehnder index of A, equals the Conley-Zehnder index of A, even for
non-split A (we can just globally conjugate D by diag(—1,1,...,1) which does not
change the Fredholm index).

Thus we conclude that the Conley-Zehnder index does not depend on the orientation

assigned to Ag.

3.5. Independence of the Conley-Zehnder index on the complex structure

Recall that the Conley-Zehnder index relied on a choice of section s of dete (&, J)®2.
This bundle a priori depends on the choice of complex structure J. However, the
space of almost complex structures compatible with da is contractible. Along any
path J; of da-compatible almost complex structures, the bundles detc (&, J,)®? form
a complex line bundle over [0, 1] x Y. Parallel transport allows us to map any section
s of the first bundle to a section of the second bundle.

Now suppose that s is defined for det¢(§, Jy) and s ¢ —I holds along the Lagrangian.
We apply parallel transport to obtain a new section s’ for detc(&, J;)®? which is still

disjoint from —I along A (since parallel transport is linear). In this fashion, we obtain
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an identification between the homotopy classes of sections s’ which work for (Ji, A)

and the homotopy classes of s which work for (Jy, Ay).

This identification respects the homotopy class of admissible coordinate systems, i.e.,

a coordinate chart is s-admissible if and only if it is s-admissible.

3.6. Short Reeb chords in 1-jet spaces

In this section we describe how to construct admissible coordinate charts around Reeb
chords in 1-jet spaces, write down the linearized operators in these charts, and then

compute their Conley-Zehnder indices using the results of Chapter [2]

Let Y = J'(A) be the 1-jet space of an n-dimensional smooth manifold A. Recall
that every function f : A — R determines a 1-jet extension to a section Ay of ¥ — A.
We will typically identify A (the base of the fibration Y — A) with the canonical

section Ay.

Recall that Y has a contact form o = dz — Acan so that AjAc., = df, and Ajz = f E|
Clearly in this contact structure any Legendrian section of Y — A must be the 1-jet

of some function.

The Reeb chords joining Ay to Ay, are in bijection with the critical points of f; — foy
with positive critical values. The action (length) of each chord is equal to the critical

value. Let us call such critical points positive critical points.

For any Reeb chord ¢ joining two germs of Legendrians Ay, Ay which have non-singular
projection onto A, there are unique germs fy, fi of smooth functions defined near
pr(p) € A so that Ag = Ay and Ay = Ay, and p is a positive critical point of
fi — fo- We do not consider Legendrians which have singular projection onto A at

the endpoints of Reeb chords in this section.

Lemma 3.11. The Reeb chord Ay, — Ay, associated to a positive critical point p is

non-degenerate if and only if f; — fy is Morse at p.

Proof. In canonical coordinates near p, i.e., z,x,y so that « = dz — ydx, with x
valued in D(1) C R™, y valued in R", and z(p) = 0, we have

TA y:df07
L 2= fo+T.

The Reeb chord will be non-degenerate if and only if the intersection at 7 = f1 — fj

is transverse. By linearizing in the z and 7 directions, it is easy to see that we can

2Here the notation A}i means that we pull back from the total space of the fibration Y — A back to
the base via the section Ay.
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span any vector satisfying
z = arbitrary and y = Vdfy - h and x = h.
Similarly when we linearize Ay, with respect to x we can solve any vector of the form
z=df-kand y=Vdf, -k and v = k.

The Reeb chord will be non-degenerate, by definition, if and only if we can solve for

every y, x as function of h, k:
y=Vdfy-h+Vdf,-kand x = h+ k.

This is solvable if and only if y — Vdfy -z = (Vdfi — Vdfy) - k is solvable, which is
precisely the Morse condition on f; — fy. This completes the proof. OJ

3.6.1. Choosing s in 1-jet space. Pick a Riemannian metric ¢ on A. This induces a
Levi-Civita connection on 7*A, which induces a splitting TT*A = TA & T*A. There

is a projection short exact sequence:
0—>RI, >TY -TABT*A — 0,

which identifies ¢ with TA & T*A. Extend J to all of £ by requiring that the pro-
jection & — TA @ T*A is holomorphic for the complex structure whose restriction
to TA acts by the isomorphism g, : TA — T*A. It follows from work in [CC22]
that —dAcan(—, J—) is the diagonal Riemannian metric on T'A @ T*A, and hence the
projection £ — T'A @ T*A is unitary when the former is given the metric da(—, J—).

The complex linear identification & ~ T'A @ T*A yields a real line subbundle
detr(TA)®? C detc(€)®?

which has a canonical unit length section s(g).

Lemma 3.12. If Ay is a 1-jet section, then ¢(l;,s) > 0 where ¢ is the unitary metric
induced by da(—, J—), and [; is the canonical unit length section in detg(A;)®2.

Proof. With respect to the splitting the tangent space to Ay is spanned by
e; +Vdf e, e TABTA
where eq, ..., e, form a local g-orthonomal frame. Then
[f=[(e; +Vdf-e)) A+ A(en + Vdf - e,)]%,

and s = [e; A -+ - A e,]®?. Recalling the conventions for the metric on the top wedge

product we have that

g(s,1;) = det®g(e;, e; + VAf - e;) = det’g(e;, e;) = 1,
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where we have used the orthogonality of TA and T*A in the penultimate step. In

general, we need to rescale I down to make it have unit length, as
g(lp, 1) = det®(g(ei, e;) + g(VAf - e;, Vdf - e;)) > 1.
However, this scaling will preserve g(s, [) > 0. This completes the proof. O

It follows, in particular, that s & —[;, and hence it is compatible.

3.6.2. Admussible coordinate systems in 1-jet space. Let ¢ be a non-degenerate Reeb
chord joining Ay, to Ay,. Throughout this section, introduce canonical coordinates
z,z,y so that x(c) = 0. Since ¢ is non-degenerate, we may pick our canonical coordi-
nate so that f(z) := fi(z) — fo(z) = a+ 5 > \iz? where each \; is £1.

We propose a symplectic coordinate system via the formula:
folz) +tf(x)
(3.5) Oy(x,y) = x
dfo(z) +tdf(z) +y.

We proceed to check that ®,; satisfies the required properties of admissible coordinates
from §3.1] It is clear that ®,(0) is the time 1 constant speed parametrization of the
Reeb chord correponding to the critical point df(0) = 0. Next, we note that, by
construction ®o(R"” x {0}) = Ay, and &1 (R"” x {0}) = Ay,. This verifies properties

and of the definition.

Next, we compute the time and space derivatives:

f(z) dfo(z) +tdf(z) 0
(3.6) P, = 0 and d®, = 1 0
df(x) Vdfy +tvVdf 1

It is clear that ®}(0) and d®.(0) are transverse whenever f(x) # 0 (in particular,

this holds on a neighborhood around = = 0 since ¢ corresponds to a positive critical
value). Thus property holds.

Next, observe that = +— ®,(z,0) always parameterizes some Legendrian, and hence
the linearization of x — ®;(x,0) is tangent to £. Similarly, y — ®,(0, y) always points
in the directions tangent to 9y, which are tangent to {. Hence d®,(0)(R**) = £g,(0).
Recall that the symplectic form in canonical coordinates is given by > dx; A dy;.

After pulling back by ®; we conclude that:
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where A;; is symmetric, and hence

Thus property holds.

Since d®;(0)(R™) is the tangent space to the Legendrian A ¢, we conclude that the
unit length section of det(£)®? induced by ¢ = det d®,(0)1, satisfies g(s, ¢*) > 0 for
all ¢t € [0,1]. Thus the coordinate system ({3.5)) is an s-admissible chart, and can be

used to compute the linearized operator and Conley Zehnder indices.

3.6.2.1. Computing the linearized operator in this coordinate system. In order to de-
fine the linearized operator, recall that we use the projection II; € Hom(®*TY, R?*")
satisfying II;(x)(R(P¢(z))) = 0 and I1,(0)d®;(0) = id. Using the canonical coordi-
nates z,z,y as a frame for TY, we can write II; as a family of 2 x 3 matrices:

0 1 0
0 —Vdf, —tVdf 1

I (z) =

Recalling the formula for ®(x), we see that the non-linear Reeb flow operator, for
n=x(t) + Jy(t), is

0= 7n/(t) + I (n(t) P (n(t))

< g
~ N
~
N~—

Linearizing this operator at x = 0, y = 0, yields

[x’(t)
y'(t)

and hence, recalling J = [{ '], we have the asymptotic operator:

—Vdf(z) 0
0 0

+

0 0
Vdf(z) 0]

A=-Jo, — = —Jo, — S.

This decomposition is with respect to the splitting x1, ..., 2., Y1, ..., Yn.
Recall that we had f(z) = a+ 3 Y N, so that Vdf(z) = diag(X, ..., A,). Thus,

with respect to the splitting x1, y1, 2, Yo, ..., Tpn, Yn We have

S(t) = diag([ 73" 5], -, [ 5" 5])-

0 0

It follows from Example that

(3.7) poz(A) = —number of positive eigenvalues = Morse index(f) — n.






Chapter 4

Dimensions of moduli spaces

The main goal of this chapter is to prove Theorem [I.3) namely, the formula for
the expected dimension of the space of parametrized holomorphic maps nearby a
given map u. At the end of the section we provide dimension formulas for counting
holomorphic curves with boundary on 1-jet sections in 1-jet space, and explain how
the formulas suggest one can define higher algebraic structures on Morse homology in
the framework of relative SF'T. The relationship between Morse theory and relative
SFT is well-known in the literature; see [Ekh07], [EL17], [BEE12].

4.1. Outline of the strategy

The overarching strategy is to prove that the linearized operator D, naturally has the
structure of an asymptotically non-degenerate Cauchy-Riemann operator, as defined
in §6, and then apply the index formula stated in §6.1 In §4.2] we give a general
explanation of how to linearize the holomorphic curve equation. In order to apply the
index formula, we require u*TW to have an asymptotically Hermitian structure, as
defined in §6.3.2] and this is explained in §4.2.1] There are some idiosyncracies involv-
ing exponential weights when working with holomorphic curves defined on punctured
domains which lead to contributions to the dimension formula; this is discussed in
§4.2.2| In §4.2.3] we describe the relationship between the results from §3[about Reeb
chords and the linearization of the holomorphic curve equation; this section contains

the technical computation of the linearized operator. Finally, in §5.4.2| and §4.3.1| we
complete the proofs of Theorems [1.3] and

4.2. Digression on the linearization of the holomorphic curve equation

In general, let (W?" J) be an almost complex manifold and u : ¥ — W be a J-
holomorphic map. The linearization of u is defined to be the Cauchy-Riemann oper-
ator D, on u*T'W determined by the following local property. To set the stage, let U C
¥ be an open region with holomorphic coordinates s, t, and U, : B(1) — W a family
of open embeddings defined along U, close to w in the sense that u(s,t) = U, (x(s, 1))
can be solved for x(s,t). Then, clearly, d¥,,(z) identifies R*" with TWy_ ). Let

41
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P, () denote the inverse map TWy, () — R*", and define the non-linear operator
associated to u = ¥(x) by:
0 0
Ow(n) = Pos(z +m)|5-Wsal + 1) + J(Vso(z +n)) 50 Vo (2 +m)).

Note that Oy maps sections of R?" to sections R?", and hence can be linearized in an

obvious way. Let Dy denote its linearization. We define:
(4.1) Dy(w) = (ds —idt) ® AV, (z) - Dy - Pss(z)w.

This is a Cauchy-Riemann operator. Remarkably, the section D, (w) of A% @ u*TW
is independent of the choices made, and hence these local coordinate descriptions glue
to define a global Cauchy-Riemann operator on «*T'W. Morally, the reason why this
construction is independent of the choices is the same reason why the linearization of
a section of a vector bundle is well-defined at the zeros of the section. We prove this
invariance in §4.4]

Remark 4.1. The independence of the linearized operator on the choice of ¥, gives
us a lot of flexibility in how we choose to linearize the holomorphic curve equation.

Two standard choices are:

(i) Wsy : B(1) — W is the Riemannian exponential map = +— Exp, (> 2:Xi)
where X; is some travelling frame. This has the property that W, ,(0) = u(s,t), which
is sometimes useful.

(ii) s, @ B(1) — W satisfies Wy, = VU for a fixed embedding. This is a popular
choice. Oftentimes one requires that dW,; is complex linear at the origin.

Remark 4.2. The admissible coordinates ®, from induce a family of ¥, ; which

can be used to linearize finite energy holomorphic curves near Reeb chords. Let
U, (0,7, 2) = flow of ®,(z) by (0 +T's)d, + TR for time 1,

where T' is the action of the Reeb chord. The family W, defines a family of open
embeddings of a 2n+ 2 dimensional balls of the form R x (—¢, €) x B(1). Note that we
can always extend ®;(z) for t < 0 and ¢t > 1 by extending the time derivative ®}(z)

(which is a priori defined on a submanifold with boundary in Y').

Suppose that u(s,t) is defined on a strip [a, b] x [0, 1] and ¢ — prowu(s,t) is sufficiently
close to the Reeb chord ®;(0) in C*. Then we can solve:

u(s,t) = Wei(o(s,t),7(s,t), z(s,1)).

Moreover, as proved in §I0} 7, z both converge to zero, and o converges to a constant

0o. The same sort of coordinate system also works for Reeb orbits. Indeed, the
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only meaningful difference is that 7 need not converge to 0, but could converge to a

non-zero constant 7.

Remark 4.3. For holomorphic curves which are not near Reeb chords/orbits, a useful
coordinate system is obtained by flowing by the Reeb vector field R, as follows. Let

© parametrize a disk transverse to R in Y, and define
U (o, 7,2) = flow of ¢(z) by 0:& + 7R for time 1.
We restrict the range of 7 around 7 = 0 so that the flow is an embedding. Coordinates

of this type obviously cover Y.

Lemma 4.4. Let W = R x Y be the symplectization of a contact manifold with
an admissible complex structure (in the SFT sense). Suppose that u : ¥ — W is
a holomorphic curve. Let 1I¢ : w*"TW — u*§. Then D¢ = II:D,

Riemann operator.

ur¢ 18 a Cauchy-

Proof. This is trivial. Let f be a real-valued function, and let 1 be a section of u*¢.
Then:

Dy(fn) =df ®n+dfoj® Jn+ fDu(n).

Now project both sides onto &, via Il¢, whereby we obtain

De(fn) =df @n—+dfoj® Jen+ fDe(n),
as desired. O

4.2.1. Asymptotic trivializations of u*TW . To apply the index formula in 6.1}, we re-
quire that the bundle under consideration has an asymptotically Hermitian structure.

Briefly, such a structure is:

(i) a collection of strip/cylindrical ends biholomorphic to [0,00) x S, S = [0,1] or

R/Z, whose complement is a compact set, and

(ii) a unitary frame Xi,..., X, on the restriction of u*T'W to each end, spanning

u*T'A along the boundary.

Under a truncation operation, we can think of such frames as being germs of frames
at infinity. We say two frames be commensurate if they differ by a smooth transition
function 6 : [0,00) x S — U(n) (taking boundary values in O(n)) which satisfies
}659’ = o(1) for all k£ > 1. There are obvious modifications for negative punctures. A
particular frame is called an asymptotic trivialization, and we define an asymptotically

Hermitian structure to be a commensurability class of asymptotic trivializations.

One can consider homotopy classes of commensurate asymptotic trivializations at a

fixed puncture, and by results in §3| we see that:
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(chord) the set of path components forms a Z x Z/2-torsor, classified by the (rel-
ative) winding number of (X; A -+ A X,,)®? and the orientation X; A --+ A X, on
TAy.

(orbit) At an interior puncture the set of path components forms a Z-torsor, clas-
sified simply by the relative winding number of X; A --- A X, see[3.1.3|

By appealing to convergence results in §10] we will show that every holomorphic

curve u asymptotic to a Reeb chord/orbit has a canonical asymptotically Hermitian
structure on v*TW,u*T'A. Moreover, if one chooses a homotopy class of admissi-
ble symplectic coordinates for the limit Reeb chord/orbit, then uw*TW,u*TA has a

canonical homotopy class of asymptotic trivializations.

The construction is fairly straightforward, and we describe it in the case of Reeb
chords, leaving the analogous orbit case to the reader. Pick a constant speed unitary
coordinate chart ® around c in the desired homotopy class, and use Remark to

obtain the coordinate system VU, (o, 7,z) = F¥;(z) around R x ¢ inside R x Y.

By Theorem [10.1} u(s,t) can be written as W ,(o, 7, ) where 7 and o — 0y and their

derivatives decay exponentially with rate d(c¢). Then

1 (1 - I)dFd®,(z)

AW, ,(z) =
=10 dRdd,(a)

COR™ - Cpu*e ~u'TW

converges exponentially to a unitary isomorphism (namely diag(1,d®,(0))). There is
a unique commensurability class, resp., homotopy class, of asymptotic trivializations
which is commensurate, resp., homotopic, to the frame induced by the above isomor-
phism. More precisely, if Xi,..., X, is a unitary frame of (v*¢,w*TA) and ey, ..., e,

is the standard R"™ frame, and
[HedFd®y(z)e; — Xill or(q) = o(e7%l) as |s| — oo,

then we say that X; is asymptotically ®-standard. The canonical commensurability

class, resp., homotopy class, is represented by the frame X1, ..., X,,.
Proposition 4.5. Asymptotically ®-standard frames always exist.

Proof. This is slightly non-trivial, since IIcdFd®;(x)e; may not be a unitary frame.
By construction, we know that II.dFd®,(x)e; lies in «w*T'A when t = 0,1, so that
is good. By applying the Gram-Schmidt process to lI;dFd®,(z)e; we can make it
orthogonal for the Hermitian metric. Moreover, this process does not leave u*TA
along the boundary. The resulting frame is called X; (and X, JeX;, ... forms a basis

at each point). Simple estimates of the change induced by Gram-Schmidt process
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imply that the resulting frame is asymptotically standard, and the details are left as

exercise for the reader. See the proof of Lemma [4.7] for further discussion. O

4.2.2. Digression on exponential weights. See [Wenl0l §2], [BMO04l, Proposition 4],
for discussion in the case of interior punctures. See [BCO7, §4.4], [CEJ10] for similar

arguments.

Naively, the moduli space of holomorphic maps defined on ¥ valued some almost
complex manifold W (with boundary conditions on a totally real submanifold), is
analyzed by considering the moduli space as embedded in some Sobolev manifold of
all maps W1P(X,W). One can do this in the case W = R x Y, with totally real
submanifold R x A for A a Legendrian.

There are other Sobolev manifolds we could consider. For instance, Theorem [10.1
implies that exponentially weighted Sobolev spaces W1? will also contain any rele-
vant holomorphic curves, provided § is sufficiently small (i.e., smaller than any d(c)

appearing in the curve under Consideration)ﬂ

This exponential decay result is fortuitous, because if we linearize the holomorphic
curve equation in the unweighted space W1* we obtain a non-Fredholm linearization.

We digress for a moment to explain this phenomenon.

As stated in Equation (4.3]) below, the linearization is a Cauchy-Riemann operator
on u*T'W, and the linearization is asymptotically diagonal for the splitting w*T'W =
C @ u*¢, where the C factor is spanned by 0, and R. In the strip-like ends, the

linearization on the C-factor takes the form:
D((j(77> = 857] + J@m,

This means that the asymptotics are degenerate. It can be shown that this implies
D is not Fredholm. Roughly, the argument is that we can construct a sequence of
sections 7, taking values the C factor with |7, ||y, = 1, but with D(n,) tending to 0
in 7. We should construct 7,, so that it has its LP norm spread out over a large region,
and thus has a small derivative, and so that its support lies in the region |s| > s,
with s, — oo. Lemma [4.7] implies that this construction is possible. If D were
Fredholm, then standard linear compactness results would imply that 7, converges to
a non-zero solution of 9,1 + JOins = 0 lying in WP, Briefly, the argument is that
D+1I1: WY — [PV is a closed linear embedding where II is some map WP — V
onto a finite dimensional vector space. Thus, if n, is bounded, then a subsequence of

the projection IIn, converges. Since the other summand, D : WP — LP. is a closed

1']fechnically we lied in this sentence, as the different curves can have different constants og, 79, but
let us ignore this issue for the moment.
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map and D(n,) converges to 0, we conclude that a subsequence of 7, converges in
Neo € WP (by applying the closed linear embedding property). However, there are no
non-zero solutions of 91 + JOi1ee = 0 in WHP(R x [0, 1]; C,R). This contradiction
proves that D cannot be Fredholm.

However, if we instead use the W17 space, the linearization (via conjugation with the
Banach isomorphism 7 — 6*5577), is described by the map n € WP s eésD((fstn)7

which is easy to compute as:
Dé(n) = 8577 + Jaﬂ? + 5(57 t)77 - 577

This was assuming we were working at a positive puncture. If we were instead working

at a negative puncture, then we would have:
D&(n) = 8877 + Jaﬁ? + S<57 t)’? + 577

These are Fredholm operators.

One can define a global linear isomorphism which conjugates (D, W9 LP°) to
(Ds, WP LP) where Ds has its asymptotics given by the above formulas (one simply

needs to multiply by an appropriate R-valued function).

Assuming ¢ is sufficiently small compared to the spectral properties of A, we conclude
that:

Index(Ds) = Index(Ds|c) + Index(Dy).
The index formula from can be immediately applied to (Ds|c) (i.e., it does not
depend on the topology of £). We compute:

Index(Dslc) = X(8,T1) + Y _ pez(—Jom +0n) = > pez(—J 0, — 1)
I_

Ly
= X(2.T4) — [Ty - [T

where we have used the computation of the Conley-Zehnder indices relevant to expo-
nential weights from We therefore conclude that:

Index(D%) = X(%,T4) — [Ty | —

™| + Index (D),
where D¢ is the restriction of the linearization to u*¢.

Unfortunately, as alluded to above, there is the problem that not all nearby holomor-
phic curves will lie in the WP charts centered on a fixed curve u, because two u1, ug

can have o o u; — 0 o ug converging to a non-zero constant.
Remark 4.6. At an interior puncture, we can also have Tou; — T oug converging to a

non-zero constant, where 7 is an R /Z-valued coordinate parametrizing the asymptotic

Reeb orbit. Typically in SFT one fixes a base-point on the underlying simple Reeb
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orbit and one requires that asymptotic markers converge to this base-point. See
[Wen20], [Par19| for more discussion. This implies that any curve nearby u in the

moduli space will be forced to have 7o u; — 7 0 uy convergent to 0.
To fix the issue with the ¢ and 7 coordinate, we define:

WhPost P

loc

to be the image of (u, p) € W'PS @RI @ (iIR)™™ = u+p € WP where RF and (iR)™™
are finite-dimensional families of sections, so that the section 1 corresponding to { € '
is supported in the strip-like end corresponding to ( and converges exponentially, with
rate at least d, to 1 in the trivial C factor (i.e., d,). For interior punctures, we also
require that the section ¢ corresponding to ¢ converges to ¢ in the trivial C factor

(i.e., R) with rate ¢.

The set WPt is independent of the precise choice of finite-dimensional family, and
the isomorphisms with WP? @RI @ (iR)™™ give a well-defined Banach space topology.

The linearized operator D*st : W1p:dst — [1P9 ig well-defined. Moreover, the Banach
manifold locally modeled on W%t is large enough to contain all the holomorphic

maps > — R X Y under consideration. We have:

(4.2) Index (D) = X(2,T4) 4 |07 _| +

I'™*| + Index(Dg).

This quantity should be thought of as the expected dimension for the space of
parametrized holomorphic maps nearby wu. If one wishes to restrict curve via as-

ymptotic markers, in the SF'T sense, one should subtract

Fmt| from this formula.

4.2.3. The Cauchy-Riemann operator D¢. The index formula for D, depends on cer-
tain topological quantities associated to &, A, and the asymptotic Reeb chords and

orbits.

Suppose that u is a holomorphic map with boundary on R x A for a Legendrian A and
assume w is asymptotic to the set R of Reeb chords of A at its boundary punctures,

and the set O of Reeb orbits at its interior punctures.

Pick an admissible section s of det(£)®? as in §1.3.3] For each chord or orbit, pick
unitary charts ®; compatible with s. Let also assume that the charts traverse each

Reeb chord with constant speed in time 1.

The exponential decay estimate from Theorem implies that every holomorphic
strip with boundary on Ay, A; will eventually enter the domain of the chosen coor-

dinate charts, as explained in Remark [4.2] We will now compute the linearization
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of the holomorphic curve equation in these coordinates. The computation is a bit
technical.

Lemma 4.7. Let ®; be an s-admissible unitary coordinate chart centered at the
non-degenerate Reeb chord (resp., orbit) ¢, so that ®,(0) traverses ¢ with constant
speed in time 1. Suppose that w is a holomorphic strip (resp., cylinder) asymptotic
to ¢, and let Xq,..., X, be an asymptotically ®-standard unitary frame of u*¢{, as
defined in Let X be the standard frame of the C-summand of «*TW, namely
Xo=0,0uand JXg= Rowu. Let A* = —Jy0; — S(t) be the asymptotic operator for
¢, as computed by ® following . Then for nX = ncXo + Y, Ne x Xk, we have:

Tc

Y
Te
where A; are zeroth order terms which converge to 0 as |s| — oco. Here we use the

notation X, = (ds — idt) ® X}, to denote the induced frame for A% @ w*TW.

Proof. We use the coordinate system VU, (o, 7,z) introduced in Remark . If we
let F5(o, 7) be the time 1 flow by (0 +T1's)0, + TR, then U, (0,7, 2) = Fy(o, 7)P4(2).

Throughout the argument, we will often drop subscripts, etc, from the notation (in

05 + 10, Ay

_ / ! !
(4.3) Du(nX) = [XO Xl,...,Xn} A, as_|_j08t—|—5(t) + Ag

order to fit the formulas), i.e., we will write F instead of Fs(o, 7), etc. We make one
immediate reduction; by suitably changing our coordinates by a rotation, we may

suppose that 7 converges to 0 (i.e., we can set 75 = 0).

As explained in Remark , we may suppose that u(s,t) = Uy, (0(s,t),7(s,t),z(s,1)).
Then we compute:

oz do or
05V (o, T, 2) = dFd@t(x)a—S + 0, 0 \Il(g +T)+Ro \Ilg

Next we compute the other term appearing in the non-linear equation:

ox do or
E‘FRO\I’E—aUO\I’(E

Adding these together gives a concise expression for the non-linear operator:

ox Ox do 0T or 0o
U ¥ =dFdd— Fdd— ——— — 4+ — F®)(z) —TR).
sV + J O, dFd 88+Jd d T +ag[88 at]+R[8s+ atH'](d \(z)—TR)
Recall that, in order to linearize the PDE as prescribed by §4.2] we need to apply

Py, = d\If;t1 to both sides and then linearize the resulting operator on C @ R?".

JOVs (o, 1,2) = JAFdD,(x) +T)+ J(dF®)(z) — TR).

It is clear that Py, : w*TW — C & R*" maps 9, to 1, R to 4, and maps u*TW onto
R?*" via II;(z)dF~!, where IT;(2)d®;(x) = id and II;(x)R = 11,0, = 0, as prescribed
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by and §3.1.3] We conclude that, for z = o + T,

Osx -+ Joath‘ 0 JO

] - PJdchb)@ + PJ(dF®,(z) — TR).

P(0,T + JO,T) = o

The first term is linear, indeed, it is the standard Cauchy-Riemann operator on sec-
tions of C @ R**. We will now proceed to estimate the other terms. Let w = (2, ),
and let E(w)=A-w-w+ B-w-dw+ C - dw-dw be an error term, where A, B, C
are smooth tensor valued functions of w and dw. We also suppose that E doesn’t
depend oy or 9. We treat the E(w) notation similarly to the “little o” notation, i.e.,
it acts as a sort of garbage collector term.

Observe that:

0 0 ox
([0 JJ ~ PJAFA®) 5 = B(w),

since the quantity in front of dx/Jt vanishes when = 7 = 0 (since dF acts trivially
and d®,(0) is supposed to be unitary). Moreover, observe that

(PJ — JoP)(dF®)(z) — TR) = E(w),
this is because PJ — JyP vanishes when x = 7 = 0. Thus we conclude that

0sz + 1042

PO+ Jow) = | I
s t

] + JoP(dF®(z) — TR) + E(w).

Now we compute:

—a(P}(x) — TR)

JP(AFQ(@) =TR) = | 1 1 ()@ (2)

As proved in §3.3] JoIL(z)®}(z) = S(t)z + E(w) for the family of symmetric matrices
S(t) appearing in Definition [3.7] Lemma implies that —a(®}(x) — TR) = E(w)

(as it vanishes to second order in x). Thus

0s + 10, 0

P(9,0 + JO,¥) = + E(w).

0 88 + Joat + S(t) T
The first term is linear. Thus, when we linearize, we obtain
0s + 10, 0
0 s + JoOy + S(t)

The crucial observation is that D is a first order differential operator whose coeffi-
cients converge to 0 as s — 0o. This is because F(w) is quadratic in w and dw, and
we know w = (z,x) and its derivatives converge to 0 (recall that o does not influence

E, so the potentially non-zero limit ¢ — ¢ can be ignored).



50 4. DIMENSIONS OF MODULI SPACES

The invariant linearized operator associated to u = W(w) is the conjugation of Dy
via P and dV¥:
D, = (ds —idt) @ dV - Dy - P,

Let us focus on the d¥- Dy -P part. The key idea needed to manipulate this formula is
to introduce the asymptotically standard frames on &, as defined at the end of §4.2.1|

Let €1, ..., e, be the standard unitary frame for R*® (whose real span is R"), and let
eo be the standard frame for C (whose real span is R), so that eg, ey, ..., e, forms a
unitary frame for (C & R*", R & R").

Then d¥(w)(eg) = Xo, dV(w)(ieg) = JXo, and, for k > 1,

dU(w)(er) = dFdD,(z)ex.
Now let Xy, ..., X, be the asymptotically standard frame for U*¢ obtained by apply-
ing Gram-Schmidt to I dFd®(z)ey, k =1,...,n.
It is clear that X = II.dFd®;(0)er, = dP;(0)er when = = 7 = 0, because d®;(0)ey, is
unitary (so Gram-Schmidt does nothing), and dF and Il act identically. Thus
(4.4) P(Xy — HedFd®(z)ey) = G(w) - w,

treating G(w) - w as an error term where G(w) is a smooth tensor valued function.

Moreover, observe that

(4.5)  P(IledFd®(x)ey) — P(AFAD,(z)er,) = P(IIedFd®,(x)e;) — e = G(w) - w,
because the terms on the left are equal when 2 = 0, and where we use that PAFd®,(z)
acts identically on the R?" factor.

Let nX = ncXo + Y p_y NesXk, 50 (e, ne) is C @ R*™ valued. We have
D,(nX) =d¥ - Dy(nPXy) = d¥ - Dy(nrex) +d¥ - Dy(n - G(w) - w).

Let L(n) = Dg(n - G(w) - w), and observe that L is a first order operator whose
coefficients decay to 0 as |s| — oo. This is because w and its derivatives decay to

Zero.

Next, observe that:

0, + 0, 0
0 O+ Jod+ S()

Mc
Ne

Dy (nrer) = + Dp(nker).
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Clearly n — Dg(ngex) is another first order operator with the same properties as L,
hence we can combine terms and conclude that:
0s + 10, 0

0 Os + JoO; + S(t)

Nc
Ne

D,(nX)=dv- +dW¥ - L(n).

We are almost done. The above equation implies that:
Dy (nX) = (Osnc + i0mc) Xo + (Osme + JoOime + S(t)ne)r, - AW (ex) +dW - L(n).

The next step is to replace d¥(e;) by the unitary frame X of u*¢. Recall that we
had d¥(ey) = dFd®;(z)ey, and so Xy — dW¥(ey) is of class AV - G(w) - w (by applying
d¥ to the estimates in (4.4)) and (4.5)). Thus we can update L to conclude that:

D, (nX) = (9snc + i0mc) Xo + (Osne + JoOime + S(t)ne)r - Xp +d¥ - L(n).

Since L(n) is a first order operator R*"™? — R?"2 whose smooth coefficients decay

to zero, and dV is approximately unitary, we conclude that:
Dy(nX) = (Osnc + i0mc + Le(n) Xo + (9 + JoOime + S(t)ne + Le (1)) X,

for first order operators L¢, Le whose smooth coefficients decay to zero as s — oo.

Now the crucical observation is that D, (nX) and
D (nX) = (9sne + 10ime) Xo + (9t + JoOume + S ()1 ) 1 X,

are both Cauchy-Riemann operators (i.e., have the same symbol). See for the
proof that D, is a Cauchy-Riemann operator.
Thus their difference, which is simply L(n) = Lc(n)Xo + Le(n)x Xk, must be a zeroth

order operator. Thus we conclude the desired result: for this frame, we have

Os +10; + Ay AN nc
ne |

Dy(nX) = [X' XX]
(nX) 0 " A, Os + JoOy + S(t) + As
For the final step, we will show that Ay = 0, which will complete the proof. To do

where A; are zeroth order terms which converge to 0 as s — 0.

so, consider the coordinate system:
Usi(o,m,2) =For(p(2))

introduced in Remark . Suppose that u = W, (0,7, x), as above. In this simpler

coordinate system, it is easy to compute the non-linear operator as:

Osz + 10z + a(dy(x)) 0
PO+ /oY) = Osx + J'(x,7)0x
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for suitable complex structure J'(x,7) (here z = o + i7 again). This coordinate
system has the property that P and dW act identically on the C summand, and hence
we conclude by linearizing the above formula with respect to z that A; = 0. This

completes the proof. 0

As a corollary of this result, we conclude the Cauchy-Riemann operator D, takes
the form 0, — A° + A, where A® is in the homotopy class of asymptotic operators
computed using the homotopy class of chart determined by s, and A(s,t) — 0 as
|s|] = oco. Applying the index formula §6.1] we obtain:

(4.6) Index(Dg) = nX(X,I's) + Ms - [u] + Z poz(A Z pez(A
¢ely ¢er—

Here we use the fact that the signed count of zeros of s o u is equal to the Maslov
number of the pair (u*¢,u*T'A) with the asymptotic trivializations induced by s.
Clearly the signed count of zeros of s 0w is also the signed count of intersections of u
with M,.

4.3. The dimension of the space of parametrized holomorphic curves

Combining (4.6 with (4.2), we obtain the following dimension formula for the space
of parametrized holomorphic curves nearby u. Namely, if d = Index(D?%%), then

D™ 4 M- Jul + Y poz(A2) = Y noz(A2)

Cery cer_

d=(n+1)X(Z,0y) + [00_| +

This index is independent of the choice of s, although the individual terms involving
s do depend on it. If one wishes to fix asymptotic markers at each interior puncture,

one should subtract the ‘Fim| term.

We can also rewrite X(3,I'y) = X(2) — || — |0I'_|, and one obtains
d=(n+1)X(Z) = n|ol_| —n|T™) + M, - [u] + Y pez(A2) = Y pez(AS
¢ery ¢er-

This completes the proof of Theorem [1.3]

Remark 4.8. The formula from [BMO04], Proposition 4] computes a similar dimen-
sion of the space of (parametrized) curves without boundary, with unconstrained

asymptotic markers. The formula they give is:

d=(n+1X(E) 4 2¢ (u) + Z pez(AZ) —n) = > (nez(AL) +n).

r_

which agrees with ours, since 2¢5(u) = M, - [u] when there is no Legendrian.
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4.3.1. Ezxamples of disks in 1-jet space. In 1-jet space, we take the globally non-
vanishing s described in §3.6.1] Thus the Maslov class is zero. Moreover, every Reeb
chord Ag — A; corresponds to a critical point of the local function difference f; — fo,
and there are no Reeb orbits. Assuming the chord is non-degenerate, the Conley-

Zehnder index of this Reeb chord is minus the number of positive eigenvalues of the
Hessian, i.e., picz = pvior — 1. This was proved in §3.6.2.1]

Let ¥ be a disk with boundary punctures, so X(X) = 1. Appealing to the formula for

the relative Euler characteristic from Lemma we can simplify the general formula

from §5.4.2| to obtain:
Index(D**") = n(1 — |y [) + 1+ Z fintor (€) — Z pvor (€)-
cel'y cel—
Here are a few special cases:
(i) When |I'y | = [I'_| = 1, then the dimension is 1+ piyor(C1) — pimor (¢~ ). This is to
be expected, as there is an R? action on the space of parametrized strips (one R action
is by translation in the codomain and the other R action is by reparametrization in

the domain). Thus, in order to get rigid counts, we should have

d=1+ /’LMOY(C'F) - :uMor(g—) = 2,

which is the usual “index difference 17 condition between the positive and negative

ends.

(ii) When |I'y| =1 and |I'_| = 2, then the dimension is

d=1 + ,UzMor(C-Q—) - MMOI‘(CE) - MMor(CE)'

In this case there is no reparametrization action (as a thrice punctured disk is stable),
but there is still the R action by translation on the codomain. Thus in order to get

rigid counts we should have d = 1.

(iii)) When |I';| = 2 and |'_| = 1, then the dimension is

d=1—n+ /JJMor(CJlr) + HMor(Ci) - MMOlr(C*)'

Once again, the condition to get rigid counts is d = 1 (there is no reparametrization

action).

(iv) For |I'y| + |T'—| > 3, then the space of punctured disks has non-trivial moduli.
There are two approaches one can take to deal with moduli; either fix the domain and
obtain rigid counts for that fixed domain (and perhaps analyze how these counts vary
with the domain), or allow the domain to vary in its moduli space and obtain rigid

counts in the parametric sense. Since the moduli space of punctured disks varies in a
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II'y| + |I'-| — 3 dimensional moduli space, the expected dimension of the parametric

moduli space is:
d=n(l—Tyf)+ [P+ [Ty =2+ Z finor(C) — Z fintor (€)-
¢el'4 ¢elr'—

To extract rigid counts we require d = 1, again because of the translation action on

the domain. For instance, when I'y =1 and I'_ = k, we have

d=k—1+ ,LLMor<C+) - Z/LMor(Cii)'

The rigidity condition is then

2—k= ,uMor<C+) - Z NMor(Cii)'
Remark 4.9. The rigid counts when pino:(¢7) = > pimor(¢;) = 2 — k, when counting

disks with 1 positive puncture, is an indication that we can put a differential of the
form d =d; +dy + ... on a free tensor algebra generated by critical points of Morse
functions, with grading shifted down by 1 (i.e., |¢| = por(c) — 1). Some care needs
to be taken when picking exactly which Morse functions should appear. See [EL17]

for results in this vein.

4.4. Invariance of the linearized operator

In this section we prove that the linearized operator associated to a holomorphic curve
u: X — (W, J) is independent of the choices.

Recall the approach introduced in §4.2} over an open set U C X with holomorphic
coordinates s+it, we pick a family of open embeddings ¥, ; : B(1) — W, close enough
to u that the equation u(s,t) = W,:(x(s,t)) can be solved for x : U — B(1). Also
recall that dVU,,(z) denotes the space-derivative, i.e., the derivative of h — U, ,(z+h),
and Pg;(x) is the inverse to dW, ().

We define the non-linear operator associated to ¥ and u via the formula:

(4T) Guln) = Pusla +n) oWl + 1) + S (Wl +0) gl + )]

This is an operator mapping sections of R*" to sections of R?*", and, crucially, Oy (0) =

0, hence 9y be linearized by the formula Dy (n) = lim._o e 10y (€n).

Recall that we define the linearized operator associated to u by the formula:
(4.8) Dy (w) = (ds — idt) ® [dVUs(x) - Dy(Psi(x)w)].

Our goal in this appendix is to explain why (4.8) is independent of the choice of W

and coordinate s + it.
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First let us remove the dependence on V. Let \Ifgt and ‘Ili,,t be two coordinate systems.
Let u = Ul(z!) = ¥O(2Y). For n! sufficiently small, there is a unique n° = F,;(n') so
that:

(4.9) V(@ (s 1) +0' (s, 1) = UG, (2°(s, 1) +1(5,1)).
Indeed, we have:
(4.10) Foa(n') = (00) (W (a'(s,1) + ') — 2°(s, ).
It is apparent from and that
AWy (2° + ") (1°) = AWy (" +1")ur (n").
In particular, we have
Poi(a! +0")dWe, (2" + Fou(n'))dwo (Foa(n')) = dur (n').

The strategy now is to linearize both sides at n' = 0. The linearization is rela-
tively easy to compute because Ogo(0) = O0y1(0) = 0. Because of this, taking the

linearization yields:

F. ! 1(ent
P (21)d?, (20) lim 2 Estl )y Qulen) gy oy
’ ’ e—0 € e—0 €
By the chain-rule we have
1 1
ti Qs en)) g Bty a0,

e—0 € e—0 €
It is clear from the formula (4.10)) that the space derivative dF;,; can be computed as

AF,(0) = P?,(a0)aw? (o).
We obtain:
Pl (z)dW, (2°) Dyo (P, (2)dW, (2" )n') = Dyr(n').

Given a section w of w*TW, set n' = P.,(z')w in the above equation (and rearrange

slightly) to conclude:

AWy, (%) Dyo (P, (2")w) = AW, (') Dya (P (2 w)
Comparing with (4.8)), we see that we have proved the desired invariance of D,, on
the choice of .

Next we remove the dependence on the holomorphic coordinate s + ¢t. We may as

well assume that we use W which is independent of the point on U.
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Observe that for any smooth map ¢ : U — W we have
. dp dp .
ds —idt — 4+ J=)=de+J-dp-7J.
(ds —idt) @ (- + Jor) =dp+ J-dp-j
Appling this with ¢(s,t) = ¥(z(s,t) +n(s,t)), and comparing with (4.8)), we have

(ds —idt) ® Oy (n) = P(z +n)[de + J - de - j].

The right hand side is independent of the coordinates used! Linearizing this at n = 0
proves that the combination (ds — idt) ® Dy (n) is also independent of s+ it. Setting
n = P(z)w and composing with d¥(z) yields the desired result.

To complete the section, we record the fact that D, is actually a Cauchy-Riemann
operator on (u*TW, J(u)).
Proposition 4.10. Let f : ¥ — R be a smooth function. Then

i.e., D, is a Cauchy-Riemann operator (u*TW, J(u)) — A% @ u*TW.

Proof. Left as exercise for the reader. O

4.4.1. The linearized operator for non-holomorphic maps. Suppose that u : ¥ — W is
a non-holomorphic map. It is easy to see that the linearized operator is depends of the
choice of ¥ and coordinate s + it in a non-trivial way. One can define non-canonical
ways to extract a linearized operator (e.g., by using Riemannian exponential maps).

In this section we explain how the quantity:

d(u) = (n+ DX(Z) = n[0T_| = n |T™| + M, - [u] + Y pez(A2) = Y pez(A2),
Cery ¢er-
is independent of s, assuming that u is holomorphic in a neighborhood of its punctures.
We also assume that u has finite Hofer energy. These assumptions imply that u has

well-defined asymptotics chords and orbits (which appear in d(u)).

By linearizing the holomorphic curve equation near the punctures, we obtain a Cauchy-
Riemann operator D defined only on a neighborhood of the punctures. Perform the
same modifications described above to obtain the operator D% with non-degenerate
asymptotics. Extend D% to all of ¥ arbitrarily. This is always possible as the space
of Cauchy-Riemann operators is affine. Then the Fredholm index of D% is d(u).

The construction of D> is indepedent of s, and this proves the desired invariance.



Chapter 5
Legendrian Knots in R?

Using the framework established in the previous sections, we define the Maslov class
and Conley-Zehnder indices for a Legendrian knot in R3. For connected Legendrians
with rotation number zero, we define canonical integer gradings for Reeb chords agrees
with the one [Etn04] §4.1]. We give a simple algorithm for computing the gradings

in terms of chord crossing rules for when the Maslov class crosses a Reeb chord.

F1GURE 1. One of the Chekanov-Eliashberg knots. The Maslov class is
a collection of linking circles. The Conley-Zehnder indices are computed
using the s which arises from surgery at the vertical tangencies (as
explained in this chapter).

5.1. Review of Legendrian knots

Let L be a Legendrian knot in R?® with the standard contact structure dz — ydz.
Via a Legendrian isotopy, let us suppose that y > 0, and z|;, is a Morse function.
Since y > 0, the critical points of z are the vertical tangencies Lagrangian projection
(x,y,z) = (x,y) of the knot.

Recall that we define the Maslov class of the Legendrian knot to be the zero locus of
any section s of detc(£)®? which points in the direction of TL ® T'L along L. More

57
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precisely, we should require that s never lies in the negative ray —TL®? ~ (—o0, 0],

using the canonical orientation of T'L®2.

In this non-compact case, we should impose an asymptotic condition on s: we require
that s = 9, ®0, at infinity, using the identification of £ with R? via the x, y projection.
It is straightforward to see that the relative winding number between 0, and T'L is
equal to zero if and only if we can choose s to be globally non-zero. Such Legendrians

are said to have zero rotation number.

As we will explain momentarily, for certain choice of s (obtained from 0, ® 0, by a
linear surgery near the vertical tangencies), the Maslov class will be represented by a
collection of linking circles around the knot, one located near each vertical tangency.
We also recall s determines Conley-Zehnder indices for each Reeb chord, assuming

that s # 0 on the Reeb chords.

5.1.1. Morse type crossings. A crossing of the Lagrangian projection is of Morse type
if the upper and lower strands are 1-jets and the local function difference between
the upper and lower strand is f(z) = a + Az? + 23¢g(x) where A # 0, and a > 0 is
the action. Here we use a translated coordinate system where the crossing occurs at

x = 0.

5.1.1.1. Quadratic local models. By deforming the local generating functions on a
compact subset of the endpoints of the Reeb chord, we may assume that the lower
function has a constant (positive) derivative yp, i.e., equals ¢y + yox, and the upper

function equals ¢y + a + yox + Ax?, on small enough open sets.

To do this, one observes that the lower function needs to be strictly increasing (since
the Legendrian is in the region y > 0), and hence we can deform it relative its end-
points to make it have constant positive derivative. We simultaneously perform this
compactly supported deformation to the upper function. Thus, the x coordinate of
the Reeb chord between the lower and upper strands is fixed during the deformation.
By picking the open set on which we do the deformation sufficiently small, we can
ensure the y coordinate varies an arbitrarily small amount. Thus the deformation

introduces no new Reeb chords.
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Yo ---—\— —

A<0 A>0

F1GURE 2. Local models for a crossing in the x, y plane. The number A
represents the second derivative of the local function difference, and is
also the slope of the upper strand. We draw the orientation induced by
the identification with 1-jets. We do not require this orientation extends
to all of L (indeed, none of our constructions require an orientation of
the knot).

5.1.2. Conley-Zehnder indices. Let ¢ denote a Morse type crossing. Recall from [3.2.1]
that a section s which is non-vanishing and satisfies § ¢ —TL®? at both endpoints
determines a Conley-Zehnder index. If s is homotopic to 0, ® d, along ¢ relative the

endpoints[] we have the following formula:
—1itA>0
0if A <0
This follows immediately from The formula tells us how to compute the

Conley-Zehnder indices when we use s = 5o = d, ® 0,. However, in general, such s

peoz(c, s) = {

will not be compatible with the global structure of L.

If s is compatible with L and is non-vanishing on the Reeb chords, then s induces a
relative Maslov class M = s1(0) which is disjoint from L and all the Reeb chords.
If we perturb s in such a way that M, crosses a Reeb chord, then the Conley-Zehnder
index of that Reeb chord, as determined by s, will change.

5.2. Canonical Conley-Zehnder indices for Maslov zero knots

Suppose that there exists s, compatible with L, which is globally nonzero. As ex-
plained above, the existence of such an s is equivalent to the rotation number of L

being zero.

We can assign canonical Conley-Zehnder indices to each contractible Reeb chord, via
the following non-constructive geometric argument. First recall that a Reeb chord is
contractible if it is as a smooth path with boundary on L. Clearly every Reeb chord

on a connected Legendrian knot (in R3) is contractible.

To define the canonical Conley-Zehnder index, pick sy, s, which are globally non-zero

and compatible with L, and agree with 992 at infinity. We will show that s, s;

'Here relative means s ¢ —TL®? holds at the endpoints during the homotopy.
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assign the same Conley-Zehnder indices to each contractible Reeb chord (and hence

we obtain canonical indices).

In [0, 1] xR3, the relative Euler class of s, §; is a compact surface ¥ without boundary.
Here the relative Euler class X is the zero set of a generic extension s interpolating

between sy and s, which remains compatible along L.

Let ¢ be a Reeb chord. By a generic perturbation, we may suppose that
d=XnN([0,1] x ¢)

is a finite collection of transverse points all contained in the interior. Let ¢; be a
contraction of ¢, i.e., ¢g = c and ¢; is a constant on L. Then [0, 1] X ¢; can be thought
of as a smooth family of maps. Since [0,1] X ¢; has zero homological intersection
number with X, we conclude that d = 0 homologically, i.e., the signs of the points in
d add up to 0.

By standard cancellation results, we can perturb the section s near [0, 1] X ¢, relative
its boundary, so as to make it non-vanishing. In this fashion, we may suppose that
s is non-vanishing along each Reeb chord during the homotopy from sy to s;. In
particular, by continuity of the Conley-Zehnder index, we conclude that s, and s,

assign the same Conley-Zehnder indices.

5.3. Maslov class and vertical tangencies

Suppose that L is a Legendrian knot with Morse type crossings.

Let & ~ pr*R?, equipped with the unitary structure so that dpr is a unitary isomor-
phism. Here pr is the Lagrangian projection. Let s = 0, ® 0, be considered as a

section of %2,

Recall that s is compatible with a Legendrian knot if §o € —T L®? holds everywhere.
Standard properties of Hermitian metrics implies that this is equivalent to g(0,, T'L) #
0 holding everywhere. Thus, we see that the failure of compatibility with s is located
precisely at the vertical tangencies of L. We will now explain how to do a local surgery

to sp near the vertical tangencies, returning a new section s which is compatible with
L.

We will analyze this problem by picking local unitary frames for £ near a vertical
tangency so that T'L is identified with R. In this local chart, the vertical tangencies

satisfy g(v, 1) = 0, where v is the representation of 9, in the local unitary frame. See

§5.3.2| for more details.
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5.3.1. A linear surgery argument. In general, suppose that v : R® — C* satisfies

f(z,y,2) = gv(z,y,2),1),

has a transverse zero set which intersects (0,0,0) and is transverse to d,. In other
words, the map v crosses the iR axis at (0,0,0). Compact perturbations of v through
the space of C* valued functions will never be able to kill the zero locus of f, and
f(0,4,0) will always have a zero for some value of y. Indeed, this follows from the

intermediate value theorem, since f changes sign.

However, when one passes to the tensor product, i.e., considering s = v ® v rather
than v, then we can perturb s on arbitrarily small compact subsets of (0,0, 0) so that
s & (—00,0]. This will come at the expense of a non-empty zero set M = s1(0)
which links {0} x R x {0}.

First we set-up a local model. Using that iR is the orthogonal complement to 1, we
may suppose that

v(z,y,2) = e
for (z,y,2) € [—4§,0]>. This is possible by a simple deformation, and replacing v by

—v if necessary. We will now define a replacement v.

Let us focus on the + case. The definition of the replacement ©(0, y, 0) is summarized
in Figure | There ay + b is the unique linear function on [—d, 4] which equals —§
when y = —0 and equals —7 4§ when y = §. (note that ie” =" = —ie® is the negative
of the endpoint of v). It is clear that ay + b is strictly bounded in (—7/2,0) on its

domain, and hence ie?®*?) is never orthogonal to 1.

v

F1GURE 3. v versus v. Note that v is never orthogonal to 1, and crosses
1 positively.

By construction, s = v ® v and §; = v ® v have the same restrictions to the planes
y € {—4,0}, and s is never in (—oo,0]. This means that s; is compatible along the
Y-axis.

Introduce the surgered section:

s = (1— Bz + 2%))s0 + B(2? + 2%)s1,
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where [ equals 1 on [0, 79, and equals 0 on [rq, 00), with 0 < 19 < 171 < . We suppose
that f’ is strictly negative on (rg,71). Then s agrees with sy on the boundary of the
box [—4,4]*. Since {0} x R x {0} is contained in the region where 3 = 1, we know
that s is never in (—o0, 0] along the y-axis, as desired. However, s will have a zero

set contained in the region 2% + 2% € (rq,71).

ZTfy
\

/ . °
N

FIGURE 4. The zero set of s is a cooriented linking circle. The left
is the projection to the x,y plane. The signs are determined by the
natural coorientation of the zero set, discussed below.

To see why the zero set is a circle, we simply compute:
- (1 . ﬁ)em‘y + BeQi(ay-i—b) — _e—2iy5 _ (1 . B) + /BSQi(Cy+b).

Here cy + b is the unique linear function which equals 0 when y = —¢ and —7 when
y = +6. In particular, after a linear reparametrization of the y coordinate to take
time [0, 1], we have that:

_G—Qiys — (1 . 6) + 66—27rit.

This has a zero if and only if ¢t = 0.5 and $ = 0.5. By our assumption on 3, the set

B =0.5is a circle 22 4+ 2% = r in the plane centered at y = 0, for some r € (rg,71).

5.3.1.1. Coorientation of the zero set. As s is a section of a complex line bundle,
its zero set inherits a natural coorientation. This coorientation can be computed by

linearizing s’ = —e~?%s when t = 0.5 and 8 = 0.5, whereby we obtain
ds' = —2p'dr + 2miBdt = adr + ibdy where a,b > 0.

This implies that (0,,0,) forms an oriented basis for the normal plane to the zero

locus. Here 0, points radially away from the y-axis.

In the —, when v crosses iR negatively, we have s’ = (1 — ) + 3¢*™ and the
linearization becomes ds’ = adr — ibdy where a,b > 0. In particular, (—0,,d,) forms

an oriented basis.

5.3.2. The Maslov class via surgery near the vertical tangencies. In the standard
coordinate system, there are two possibilities for a vertical tangency, either ” > 0 or
" < 0.
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+0**70— —o———a—i—

" <0 " >0

FiGure 5. Two kinds of vertical tangencies. We draw the link as a
dashed line. The signs determine the natural coorientation of the link.

Let p be the location of the vertical tangency. We apply the argument in the previous
section. By picking a travelling oriented orthonormal frame for ¢ nearby p, we may
suppose that 1 spans T'L and agrees with d, at p. The vector field v which is 0, in

the old frame is now non-constant in this frame.

However, we know that g(v,1) either decreases from positive to negative (z” < 0)
or increases from negative to positive (z” > 0). In both cases, v crosses —i (since
JO, = 0, holds in the standard coordinate system, so 0, = —JJ,).

The surgery argument implies that we can deform s = v ® v in an arbitrarily small
neighborhood of p so that it satisfies s ¢ (—o00,0] on L (near p). This comes at the
expense of adding a single link to the Maslov class M;. The resulting section s is now

compatible at p.

In the 2" < 0 case, (—0,,0,) forms an oriented basis for the normal bundle to the
linking circle. On the other hand, in the z” > 0 case, (9,, ,) forms an oriented basis.

This explains the signs appearing in Figure

The choice of s on the left of Figure[6]is equal to 9,®0, outside of a small neighborhood
of the vertical tangencies, and hence it is easy to compute the Conley-Zehnder indices
(they are either —1 or 0). On the left we have replaced s by a globally non-vanishing
one by cancelling the links in the Maslov class; during this process, the Conley-
Zehnder index will change to —2. This is the canonical Conley-Zehnder index. To
deduce the canonical Conley-Zehnder index, we use the chord crossing moves from

§5.4) and the following cancellation result.
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FIGURE 6. The Maslov class M, = s *(0) is a collection of linking
circles with coorientations. As above, the black dots signify positive
signs.

5.3.3. Cancellation of oppositely oriented links. In this section, we describe another
linear surgery argument, which allows us to “cancel” nearby components of the Maslov
class, provided their orientations are opposite. Let us suppose that L is locally aligned

with the z-axis in a neighborhood of two oppositely oriented Maslov links.

Fi1GURE 7. Cancellation of adjacent Maslov class links.

Via a smooth isotopy remaining disjoint from L and the Reeb chords, we can move

the nearby links into standard position, which we suppose is:

M_ = {x: —6, 9% + 2* :62} and M, = {x =6,y + 22 = 52}.
This isotopy can be achieved through Maslov classes, i.e., zero sets of s.
Consider the sphere S = {z? + y* + 2% = 4§?}. Clearly this sphere contains M_, M,
and S N L consists of the points (£24,0,0). Without loss of generality, let us rescale
the figure so § = 1. Let t = 5.
We use the identification of det(¢) with C sending 0, ® 0, onto 1. We can require that
s = 1 along the z-axis, which can be achieved by an obvious deformation (recalling
that s is not allowed to point in the —1 direction).
Let H be the upper half-plane {(z,y,0) : y > 0}, and note that the union of the links
M. have zero homological intersection with H. Consider a generic ray R = [0, 00),
0 ¢ 2nZ. Then s '(R) is a cobordism from s71(0) (the two links) and t~!(R). Tt

follows that t~!(R) has zero homological intersection with the arc H NS, which joins

(—2,0,0) to (2,0,0). A standard cancellation of zeros argument implies that t can
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be homotoped through non-vanishing sections so that the image of t is disjoint from
R. Clearly C~ R deformation retracts on {1}, and hence t can be homotoped to the

constant 1 through non-vanishing sections which stay 1 on (£2,0,0).

Let Sy, S, S3 be three concentric spheres with S = S3. Let B; be the corresponding
balls, and suppose that M. € B;. Between S; and Sy, do a homotopy from s|g, to
the constant 1 (this exists by the same argument we gave for t). Then, between S,
and S = S3, do a homotopy from 1 to t = s|g,. This agrees with s on the boundary
of the shell region, and hence we can simply replace s on the shell-region by the new
section without affecting the zero set. Thus we may suppose that s equals 1 on Sj.
Now 1 and s agree on the boundary 0By = Sy. We simply replace s|p, with 1, which

cancels the zero set, as desired.

This may seem like a discontinuous process, but it is not. Indeed, each time we
do a “replacement” we should imagine performing a straight-line homotopy. During
this process, a zero set may form (and then cancel), but, crucially, these changes
in the zero set are constrained to the region we do the replacement. Moreover, by

construction, these straight-line homotopies will remain valid Maslov classes for L.

5.4. Chord crossing moves for the Maslov class

' k B k+1 ¢
é é
k B k41

F1GURE 8. Chord crossing moves for the linking Maslov class, and the
resulting change in the Conley-Zehnder index.

In this section we determine how the Conley-Zehnder index of a chord ¢, as determined
by s, changes during homotopies where s is allowed to vanish on ¢. We will encode

the results as crossing moves in the Lagrangian projection, as shown in Figure [§]

There are two types of crossings we need to consider; depending on whether the link
travels along the upper or lower strands. We also recall that the Conley-Zehnder index
only depends on the germs of the Legendrians at the endpoints, and is unchanged as
long the projections to R? remain transverse and s remains non-zero along the chord.

This gives us a lot of flexibility for proving the validity of the crossing moves.
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5.4.1. Signs of punctures. Every half-infinite holomorphic strip asymptotic to a Reeb

chord has a well-defined sign. This is summarized in the following figure.
t t
o
Q t
: L,
s
Y,
t

t

FIGURE 9. The t-direction always points from the lower strand to the
upper strand. If the s direction points towards the puncture, the punc-
ture is positive. If the s direction points away from the puncture, the
puncture is negative.

5.4.2. The dimension formula for holomorphic curves. Let ucy(c,s) be the Conley-
Zehnder index assigned to ¢ by a compatible s. If u is a holomorphic curve in the sym-
plectization (of Y3), then the virtual dimension of the space of nearby parametrized
maps is given by:
d(u) = 2X(3) = [T-| = |Tine| + M - [u] + 2op, pez(cs) — 3op_ pez(c,s),

using Theorem [1.3| with n = 1. Indeed, for any smooth v on a boundary punctured
surface which is holomorphic near the punctures (and has finite energy), the quantity
d(u) can be defined as the Fredholm index of a certain family of linearized operators

associated to u, i.e., we do not require u to be holomorphic everywhere in order to
conclude that d(u) is independent of s. See §4.4.1|

5.4.3. Lifting holomorphic curves to the symplectization. Let (o, z,x,y) be the stan-
dard coordinates on the symplectization of the 1-jet space of R. In these coordinates,
a complex structure J is admissible if and only if it is o-invariant and satisfies the
equation:

do o J = —dz 4 ydz.

This implies that £ = ker(dz — ydx) N ker do is a complex subspace.

The space of admissible almost complex structures for R? is therefore parametrized

by z-dependent complex structures on R?, using the identification ¢ ~ pr*R2.

Henceforth, let us suppose that we take the standard complex structure on R?, inde-
pendent of z. In these coordinates, a holomorphic curve u is holomorphic if and only
if x + 4y is holomorphic and:

0z Oo ox Jo 0Oz ox

o s Yot ot Tas  Vas
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For our purposes, it suffices to know how to holomorphically lift ends near the Reeb
chords, where we may suppose that lower and upper strands Legendrians are described
by v = yo and y = yog + cx. It follows that the z-coordinates of the upper and lower
strands are described by:

1
z=yor and z =T + yox + 50%.

Let Z =z — (1 — t)yox — (T + yox + 3¢%x), let ¢ = 0 — sT, and observe that these

modified coordinates need to satisfy the equations:

(6 +1i2) = E(x,y) - Vz.
Let us suppose that u is defined on a half infinite strip, and y = yo + cz, y = yo holds

along the top and bottom boundaries, respectively.

The next step is to appeal to a local solvability result to ensure there exists a solution
where z = 0 on the boundary (this corresponds to (o, z, z, y) taking boundary values
on L). The usual 0 operator is a bit non-optimal on infinite strips, as it as degenerate
asymptotics. If we suppose that =,y are in W9 for all k and for some rate §, then

we can write

4] dls| 5

o' =e’®lg and 2 = ¥z,

and observe that

(0% 6) (0" +i2') = E(z,y) - (2¥IVz).
Since d £ § is an isomorphism acting on W?(R x [0, 1], C,R), as proven in Theorem
6.20, We can solve this equation for ¢’ + iz’ on the sub-end [1, 00) x [0, 1] (by using a
cut-off function on the first part [0, 1] x [0, 1]). It follows easily that o’ + iz’ is smooth

and converges to zero at infinity.
There are obvious candidates for the z,y projections. We can take

T 4 iy = xo + iy + aet!T,

for appropriate a, 6, g, yo. This decays exponentially (in one of the ends).

To summarize, when the Legendrians take the above form, we can find local holo-
morphic ends converging to the associated Reeb chord. The sign of the puncture is

determined by Figure [0

5.4.3.1. Proving the chord crossing moves. We prove the chord crossing moves by
reducing to the case of two particular knots, one of which is shown in Figure [L0] and

the other is its reflection. Fach has a single Reeb chord at the origin.
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F1GURE 10. Adding a pair of cancelling links to M;. We only show the
part of the Maslov class located in {x? + y? < §}. The shaded region
represents the smooth map .

As explained previously, there exist smooth maps u : H — R* which are holomorphic
near oo, have boundary on L, and whose projections to R? are given by z + iy =

ae~F ) near oo, where § = 7/2 and a € {i, —i}. Both have positive punctures.

Let s be a compatible section for this knot, defining a Maslov class M,. By an isotopy
of M, we may suppose that M, is disjoint from {z? + y* < §}. By a similar linear
surgery argument given above, we can invert the cancellation process, and add a pair
of cancelling links to M,, without changing the Conley-Zehnder index associated to

C.

Referring to Figure [10, when we slide the rightmost link over, the virtual dimension
d(u) does not change. However, it is easy to see that M, - [u] must decrease by 1, and
hence the Conley-Zehnder index of the chord must increase by 1, since u has a positive
puncture. This proves the first chord crossing rule in Figure [§l The second rule is
proved in the same manner. The only difference is that u has a negative puncture,

which affects the dimension formula. We leave the details to the reader.

5.5. Comparison with other gradings

In [Etn04] §4.1], the author defines the grading of a Reeb chord ¢, joining p_ to
P+, to be the degree of the Gauss map restricted to either embedded arc joining p,
to p_, post-concatenated with a clockwise rotation from dpr(7°'L_) to dpr(7'L;). In
[EES02| §2.3], the authors define the Conley-Zehnder index of a Reeb chord ¢ in
the same way, except using a counterclockwise rotation in the last step. Then the
authors define the grading to be the Conley-Zehnder index minus 1. The grading,
in general, is only well-defined when we consider the “capping path” as part of the
data; however, in the case when the rotation number of the knot is zero, the grading

is independent of the path.
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The goal of this section is to prove that our canonical Conley-Zehnder indices (§5.2))
agree with the “gradings” defined above for knots with rotation number zero.

The argument is simple; let us suppose, without loss of generality, that all of the

crossings in our knot take the form shown in Figure |13}

FI1GURE 11. Local model for the Reeb chord. The upper strand has

negative slope

At the start, we use the s arising from surgery at the vertical tangencies, whose
Maslov class is a collection of linking circles at the vertical tangencies. As we travel

from p, to p_, we “pick up” each Maslov linking circle we pass along the way, thereby

obtaining a picture of the form shown in Figure [13]

(oo i
O 1 —@
O 1 —@

FiGURE 12. While travelling from p, to p_ along half of the knot, we
gather all the linking circles in the Maslov class.

It is easy to see that the signed count of the linking circles, say d, is equal to the
degree of the Gauss map when we close up by a clockwise rotation, since no vertical
tangengies are introduced when we rotate clockwise from a horizontal line to a line
with negative slope. If we instead rotated counter-clockwise to complete the loop,
then we cross another vertical tangency and would introduce a +1 to the winding
number. In other words, d equals the grading as defined in [Etn04] and [EES02].

-0
-0
-0

o - -e
P
P
P

o 4 -0
o 4 -0

FiGUuRE 13. Gather the linking circles on the other half of the knot
and cancel them with the ones we crossed over.

Now, cross all the links to the other side of the Reeb chord, which (by the chord
crossing rules) increases its index from 0 to d. Then, since the knot is presumed to

have rotation number 0, we can gather all the linking circles on the other half of the
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knot and cancel them with the ones near the chord, as shown above. At the end
of this process, we have killed the Maslov class, and hence the resulting s computes
the canonical Conley-Zehnder indices. Thus the grading d is equal to the canonical

Conley-Zehnder index, as desired. The verification of the signs is left to the reader.

5.6. Examples

5.6.1. Killing the Maslov class example. We compute the canonical Conley-Zehnder
indices for the knot shown in Figure [14], using the algorithm explained in §5.3.2)

Ficure 14. Killing the Maslov class for a knot with rotation number
zero, and the resulting canonical Conley-Zehnder indices. We apply the
dimension formula to the shaded region below.

5.6.1.1. Applying the dimension formula. Recall that the dimension formula is given
by:
du) = 2X() = 0|+ My [u] + 3 pieales) = 3 pen(e,9).
T, r_

When we apply this to the shaded region, using the fact that all the punctures are
positive, we obtain d(u) = 2+1+1—2—2 = 0. This is the expected dimension of the
space of parametrized holomorphic maps with the same underlying domain. Since the
domain is a four-times punctured disk, there is a 1-dimensional space of conformal
parameters P. The condition that d(u) = 0 implies that the expected dimensions of

the fibers of the parametric moduli space M — P are 0-dimensional.

Assuming that M is cut transversally in the parametric sense, any regular value of
the map M — P must have empty fiber, because of the R-action by translation on
the domain. After quotienting by this action, we obtain a discrete set of points in

M/R, (and most conformal structures do not contribute to the count).
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In this sense, any holomorphic curve which projects to the shaded region contributes
to the parametric count of holomorphic curves where we allow varying conformal

parameters.

5.6.1.2. One of the Chekanov-FEliashberg knots. We cancel the Maslov Class for the
Chekanov-Eliashberg knot shown in Figure[l], and obtain its canonical Conley-Zehnder

indices.







Chapter 6

The index formula

The main goal of this chapter is to prove that asymptotically non-degenerate Cauchy-
Riemann operators on surfaces with boundary punctures are Fredholm, and give a
formula for their Fredholm index in terms of topological data, i.e., provide an index
formula. Our index formula generalizes the result stated in [Sch95l Theorem 3.3.11]
(see also [Gerl8, Theorem 3.1.2] and [Wen20, Theorem 5.4]).

To actually prove the index formula we adopt the technique introduced in [Tau96, §7]
(subsequently generalized by |[Gerl8| Chapter 3]), and deform our Cauchy-Riemann
operator D by an anti-linear lower order term o B. As explained in [Tau96|, [Ger1§],
and [Wen20], as 0 — oo the kernel of D+ 0B concentrates near the positive zeros of
B and the cokernel of D + o B is represented by sections supported near the negative
zeros of B. With some further analysis, one concludes that the signed count of zeros
of B equals the index of D + oB.

Our argument is complicated by the boundary 9. The most apparent difference is
that the anti-linear perturbation B can have zeros on the boundary, and, as we will
show, the boundary zeros split into four cases, two of which contribute 0 to the index,
and the other two contribute +1 and —1. See Figure[ljand 3] This phenomenon leads
to the “relative Euler characteristic” term in the index formula depending on the signs
of punctures — this is a novel phenomenon when compared with the 93 = () case. The

details of this part of the argument are presented in §8]
If the asymptotics of D do not match the asymptotics of D + B for ¢ large, then

the Fredholm index will likely change during the deformation ¢ — oco. There are two
approaches to deal with this: one way is to try to find B so that the asymptotics of
D match the asymptotics D + 0B for all o € [0,00) — this is the approach taken in
[Ger18, Chapter 3] and [Wen20, §5.8]. The other approach is to pick B without
regard to D, and then analyze the change in index as an “index gluing” problem. This
is the approach developed in §7.3] and it leads to a natural definition of the Conley-
Zehnder indices as Fredholm indices of certain operators. The necessary analytic
ingredient to make this work is the linear kernel gluing operation. See [Sch95l §3.2],
[FH93|, and [Sei08], §11c¢] for similar gluing problems.

73
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Remark 6.1. There is other work which proves index formulas for Cauchy-Riemann
operators on surfaces with boundary punctures. See, for instance, [CEJ10, Appendix
A}, and [Sei08], §11le]. Our work differs from theirs in how we present the index
formula (e.g., they do not define Conley-Zehnder indices for Reeb chords), and how

we prove the result.

6.1. Statement of the index formula

Let D be an asymptotically non-degenerate Cauchy-Riemann operator for the data
(3,08, T, E, F,.C,[1]).

Briefly:

(1) ' = 't UT'_ is collection of punctures which may be on the boundary (we
denote the punctured surface by X),

(2) (E, F) is a complex vector bundle with totally real sub-bundle F' C E|s

(3) for each z € I', C, C ¥ is a chosen cylindrical /strip-like end with holomorphic
coordinate s + it (there are four possibilities for C,, depending on whether z € T'y
and z € 0%),

(4) [7] is an equivalence class of trivializations 7, : (E|c,, Flac.) — (C",R™) called
asymptotic trivializations. See §6.3.2| for more details.
We recall that Cauchy-Riemann operators are defined by their symbol. The asymptot-

ically non-degenerate condition means that for any 7 € [7], the coordinate represen-
tation D in the end C is asymptotic to d; — A7 as s — fo0o where A7 = —i0, — S(t)

is a non-degenerate asymptotic operator:
c*=([o,1],C",R") — C*>([0,1},C") or C*(R/Z,C",R") — C*(R/Z,C"),

as explained in
Theorem 6.2. Forp > 1, D: W' (E F) — LP(A®! ® E) is Fredholm and its index

is given by

ind(D) = nX(S, Te) + e (B F) + 3 pica(AD) = 3 pica(A

Z€F+ zel'_
where n is the complex rank of E, 7 is an asymptotic trivialization of (E, F'), and:

(i) The relative Euler characteristic X(X,T'1) is the count of zeros of a generic
vector field on 3 which is tangent to 9% and points inwards along I'_ and outwards
along I'y (e.g., equal to Js in the ends C). Boundary zeros are counted according to

the rules in Figure[I] Interior are zeros are counted as usual. See §3]for examples.



6.1. STATEMENT OF THE INDEX FORMULA 75

(ii) The Maslov index uf;,.(E, F') is the signed count of zeros of a generic section o
of (det £)®? which (a) restricts to the canonical positive generator of (det F')*? along
the boundary, and (b) is identically 1 in the asymptotic trivializations induced by 7.

The zeros are all interior.

(iii) The Conley-Zehnder index is the Fredholm index of any Cauchy-Riemann op-
erator on the trivial bundle £ = C", F = R" over an infinite strip/cylinder which
equals

Osu + JoOu + i = Osu + Jyoyu + Cu
at the negative end and 0, — A7 at the positive end. See Figure 2}

V=-z
count = —|—1 count = O count = 0 Count

F1GURE 1. Boundary zeros either contribute 1 or 0 to the index.

05 + 10, + C 0s — Al

FiGUuRE 2. The Conley-Zehnder index is the Fredholm index of any
Cauchy-Riemann operator on the infinite strip or cylinder which inter-
polates between the two asymptotic conditions. The matrix C repre-
sents complex conjugation.

Remark 6.3. If 0¥ = (), then this agrees with [Wen20, Theorem 5.4]. If I' = () then
this agrees with [M[S12, Theorem C.1.10].

Remark 6.4. The definition of the Conley-Zehnder index as a Fredholm index sug-
gests a way to define determinant lines for asymptotic operators, namely as the Fred-
holm determinant of the operator in Figure . This is similar to [Abol14], Definition
1.4.3] or [Par19), Definition 2.46].

A kernel gluing theorem analogous to the one in §7.3| should establish a relationship
between the Fredholm determinant of D, the determinant lines of the asymptotic
operators, and the Fredholm determinant of a different Cauchy-Riemann operator

D! where all the asymptotic operators are changed to —id; — C.
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The method of large anti-linear deformations considers a family D7 = Dy+o0 B (which
agrees with D! when o = 1). Moreover, B can be chosen so that D7 is Fredholm for
all 0 > 1. See for a precise definition of D°.

For large o, we can explicitly describe the kernel and cokernel of D? as the R-vector
space generated by certain sections concentrated near certain zeros of B (i.e., each
zero either contributes +1, or 0 to the index). In particular, the problem of orient-
ing the Fredholm determinant of D? reduces to the problem of orienting a vector
space generated by certain subsets of zeros of B. We do not pursue the question of

“coherently orienting” Fredholm determinants any further in this thesis.

6.2. Relative Euler characteristics for Riemann surfaces with boundary

punctures

In this section we give a more precise definition of the relative Euler characteristic
term appearing in the index formula. Suppose that (3,03, ', T'_, () is a Riemann
surface with punctures I' = I'y UT'_, some of which may be on the boundary, and
cylindrical /strip-like ends C, for each z € T'L. Each puncture in T'y has a cylindrical
end biholomorphic to [0, 00) x [0, 1] or [0, 00) X R/Z, and similarly for I'_ with [0, c0)
replaced by (—o0,0]. Let s+it denote the holomorphic coordinate in these cylindrical

ends.

Let V be a vector field on ¥ := 2~ ', ~T'_ which agrees with 05 in the cylindrical
ends, and which is everywhere tangent to d%. See Figure [3| for an illustration. By
choosing V' generically, we can assume that the linearizations of V' at its zeros are

non-degenerate. Let us agree to call such a vector field admissible for (X,0%,T'y)

bEY

F1GURE 3. Vector fields on surfaces with boundary punctures. Positive
punctures (i.e., in I'y) are placed at the top of the figure while negative
punctures are placed at the bottom. The relative Euler characteristic
X is the count of zeros weighted as in Figure .
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If p€ ¥ is azeroof V, and z = s+ it is a holomorphic coordinate with z(p) = 0, we

v=lo o [Z Z]

where the 2 x 2 matrix is invertible.

can write V' as

s
+ higher order terms,

If p is an interior zero, then we define the count of p to be the sign of the determinant
of the 2 x 2 matrix. We can deform our vector field near p so that a = 1, d = £1 and
b = ¢ = 0 — this uses the fact that GL2(R) has two connected components. After this
deformation, the local coordinate representation of V' is either z or z, depending on
whether the count of the p is +1.

Suppose now that p is a boundary zero. Then we can pick z so that it takes values
in H, in which case we must have ¢ = 0 and a > 0. We define:
(+1if a > 0 and ¢ > 0,

0ifa<0andc<0,

count of p =
Oifa>0and ¢ <0,

\—1ifa<0andc<0.

Unlike the case when p was an interior zero, we cannot freely deform the linearization,
since the linearization is required to map T'0Y into T'0X. The four cases above depend
on whether the coordinate representation of V' can be deformed to +z or +2, as shown
in Figure[l] Note that a € R'*! can be thought of as the linearization of the restriction
of V' to 0%, considered as a section of T9¥ — 0.

Proposition 6.5. The sum of the counts of the zeros of V' is independent of the
choice of V' and the coordinate systems used. It does depend on the assignment of

signs to the boundary punctures I'. The resulting integer is denoted X(X, 'y, T"_).

Proof. We do not actually use this invariance to prove the index formula, and hence
the proposition follows from the index formula. Indeed, one can use the large anti-
linear perturbation method from §8|to show that our count of zeros of V' equals the

Fredholm index of the operator:

frD(f)=df +i-df - j+p(=V)f

acting on sections of the trivial line bundle C which take real values on 9%. Here
 is a Hermitian metric on TS which is cylindrical in the ends. This completes the

proof. 0
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6.2.1. Formula for the relative Fuler characteristic. This relative Euler characteristic
is not too strange; indeed, we have the following simple formula which computes it:

Lemma 6.6. Let ¥ denote the unpunctured surface. Then
X(27F+7F—) = X(S) - ’Fint‘ - |8F—‘ )

where I'" and OI'_ are the interior punctures and boundary negative punctures,

respectively.

Proof. The proof is summarized in Figure [d] It is clear that by capping off:
(i) each interior puncture by a disk with a single interior zero (V(z) = %z2),
(ii) each negative boundary puncture with a half-plane of the form V(z) = z, and
(iii) each positive boundary punctures with a half-plane of the form V(z) = —z,

we will add 1 to the relative Euler characteristic for each interior puncture and each
negative boundary puncture. In the end, we obtain a vector field on an unpunctured
surface. As shown above, the relative Euler characteristic term is an invariant, in-
dependent of the choice of vector field, and hence we can use a different vector field

which is everywhere non-zero along the boundary. We conclude the desired result. [

o
i
r 1 7 }'Kﬂ
7 7 "\‘/fjm
(V)

FiGURE 4. Computing the relative Euler characteristic by capping off
each puncture. Each addition will change the relative Euler character-
istic by some computable amount, and we will obtain a vector field on
a surface without any punctures.

6.3. Asymptotically non-degenerate Cauchy-Riemann operators

6.3.1. Strip-like and cylindrical ends. Fix a Riemann surface ¥ with boundary 0%
and punctures I' = I', UT'_. Fix cylindrical ends around each of the punctures of
['; this means that we pick holomorphic coordinate disks or half-disks around each
z € I'y, and identify the disks with Ry x R/Z via the map (s,t) — e¥27¢+) and
the half-disks with Ry x [0, 1] via the map (s,t) — e¥"+%)_ Note that in order for
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this to make sense, we require picking lower half-disks around positive punctures and

upper half-disks around negative punctures.

Ca (P)
C.,
X(p)
Czl CZQ
C..(p) C.,(p)

FIGURE 5. A surface ¥ with I'y = {2z} and I'_ = {z1, 22} and cho-
sen cylindrical ends. The precompact sub-domain Y(p) is shown as the
shaded region. The bundle F has an equivalence class of unitary trivi-
alizations defined on the ends.

For each z € T, let C, denote the cylindrical end corresponding to z, and let C,(p) C
C, denote the closed which translated by p deeper into the end, i.e., if z is a positive
boundary puncture then C.(p) = [p, 00) x[0, 1], and similarly for the other possibilities
for z. See Figure . Let C(p) = U.cr C-(p), with C' = C(0). We let $(p) = S~ C(p),

so that ¥(p) is a precompact sub-domain of .

6.3.2. Asymptotically Hermitian structures. Suppose that (E,J) is a complex vector
bundle of rank n over ¥ and F C E lss; 1s a totally real sub-bundle. Similarly to
[Wen20, §4.1], we define an asymptotically Hermitian structure on (E,F,J) to be
an equivalence class of trivializations 7 of E|c ~ R?" which identify J with the
standard complex structure .Jy and send F' to R". Two trivializations are equivalent
provided the transition map between them converges to an s-independent unitary
transformation (i.e., multiplication by a t-dependent family Q(¢) € U(n)). The inverse

X = 77! of a trivialization will be called an asymptotic unitary frame.

To be more precise, we require that the transition between 7 and 7 is multiplication

by Q(s,t) and Q(s,t) — Qo (t) € WP for all k for some smooth ().

6.3.3. Sobolev spaces. We recall that the space of sections W[P(E) is well-defined
independently of any choice of auxiliary data on X for all k£ > 0,p > 1. These are

sections which are of class VV{;CP in any coordinate chart equipped with a trivialization
of E.
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For k —2/p > 0, the Sobolev embedding theorem (see [MS12, Theorem B.1.11])
implies that W,"”(E) sections are continuous, and hence we can define W (E, F) C

Wwihe (E) as the sections taking boundary values in F.

loc

For k = 1 and p € [1,2], we say & € T/Vlif(E,F) if, for any choice of H-valued
coordinates equipped with trivializations identifying F with R?" and F with R", the
doublinﬂ of ¢ (i.e., extension by & on —HI) is still of class W', It can be shown that
this agrees with the other definition of VVéf(E , F') when p > 2. See Remark for

more details.

Using the asymptotic Hermitian structure we can define Sobolev spaces which admit
Banach space norms. We say £ € W*P(E F) if € € VV{Zf(E,F) and 7o & € Wkp
using the standard Euclidean structure on the cylindrical ends (for any asymptotic
trivialization 7). To define a Banach space topology on W*?(E, F'), we introduce the
norm:

1/p

k
6l kg = 230 3 | [ 100t o e dsat] "+ sy

2€T £=0 a+b=¢
Here we make an arbitrary choice of metric g on 3, and fiber-wise metric 1 and
connection V on F — Y. It is straightforward to show that for any other choice of
g, 11, V we obtain an equivalent norm (since (1) is precompact). It is also not hard

to show that two different choices of 7 give equivalent norms.

The same process defines W*?(E) for k > 0. We denote WOP(E) =: LP(E).

6.3.3.1. Ezponentially weighted Sobolev spaces. Let o be any function which equals
|s| on the ends C, and is bounded in [—1,1] on 3(1). For § € R define:

WS (B, F) = {u € Wt s 7w e WH(E, )}

with the unique equivalence class of norms so that €% : W*P9 — WP is an isomor-

phism. This equivalence class of norm does not depend on o.

Note that the L? size of V¥(e°u) can be bounded by the LP norms of €7 u, e’ Vu, . . ., e** VFu
(by constants depending on o and §). We can therefore equivalently define W*P as
those u with e Vtu € LP for all ¢ < k.

6.3.4. Cauchy-Riemann operators with non-degenerate asymptotics. A first order par-
tial differential operator D : T'(E) — ['(A*'® E) is called a Cauchy-Riemann operator
if

D(f®&) =df ®&+(df - j)® JE+ f - DE

ITo make this precise, we double £ in the sense of distributions.
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for all real-valued functions f and smooth sections &. Here j is the complex structure

on X and J is the fiber-wise complex structure on F.

We begin with a discussion of the local coordinate representations of Cauchy-Riemann
operators. If z = s + it is a holomorphic coordinate, then ds — idt trivializes A%!.
Suppose that 7 : E — C" is a complex linear trivialization over E. Then 77 !(e;) = X,

and 77! (iey,) = JX, define a local frame for F.

Write & = 771 (u) = >, wp Xy = >, axXg + b J X}, where u = a + ib is a C"-valued
function. We obtain:

DO aXy) =) day ® X + (day, - j) ® JXi + a, - DX
D) b Xy) =Y dby ® JX; — (dby - ) @ Xy + by, - D(JX).
Hence, using ¢ ® JX; = ic ® X}, (for sections of A®! @ E) we obtain:
D(r " (w) = (duy +i - duy, - §) @ Xj + ax - DXy + by - D(JX},).

It is straightforward to compute dug+i-dug-j = (Osup+idyu)(ds—idt). In particular,

we have
n

D(r Y (w) = Y (Boup + 0wy - (ds — idt) @ X
k=1
We note that (ds — idt) ® X is a local (complex) frame for A®! @ E. We denote

1

the inverse trivialization by 71. If conjugate D by the complex trivializations 77" and

7w w(ds — idt) ® X, we conclude that

(6.1) rioDor ' = D (u) = Ou +i0u + S(s,t)u,

where S(s,t) is some smooth family of real linear matrices. Note that D, depends
both on the holomorphic coordinates used on the base and on the trivialization .

Let 7 be an asymptotic trivialization for £. Using the holomorphic coordinate in the
ends C', we can compute the coordinate representation for D using 7. We say that D
has non-degenerate asymptotics provided that (6.1)) satisfies

(6.2) sup ‘8§8f(5(5,t) — Sso(t))] = 0 as |s| = oo,
t
for all k,¢ € N, for some smooth family of symmetric matrices S, and the corre-
sponding asymptotic operator
c=([0,1],C",R"™) — C*°([0,1],C")
(6.3) A, = —i0; — Sxo(t) :
C*(R/Z,C") — C*(R/Z,C")

is injective. In this case we say that A, is non-degenerate. The two cases in (6.3)) are

whether the cylindrical end corresponds to a boundary or interior puncture.
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Since the transition function between two asymptotic trivializations converges to €2(t),
the condition that D has non-degenerate asymptotics is independent of the chosen 7.
Indeed, if 7,7, * — Q(t), then

A, = Q) AL Q) = =i, —iQt) T (1) — Q) T S ()QU1).

A straightforward computation shows that iQ(¢) Q' (t) — Q(¢) 1S ()Q(t) is still

symmetric.

6.3.5. Some facts about non-degenerate asymptotic operators. In this section we fix a
non-degenerate asymptotic operator A = —id; — S(t) on [0, 1]. The analogous results
with [0, 1] replaced by R/Z are left to the reader.

Proposition 6.7. The map A : C*([0,1],C",R") — C>°([0,1],C") extends to a

self-adjoint isomorphism
A:Wh([0,1],C",R™) — L*([0,1],C™).
By self-adjoint we mean that (Av, w) = (v, Aw) for all v,w € WH2([0, 1], C*, R").

See [Wen20, Corollary 3.14] for an alternative approach, yielding a proof in the R/Z

case.

Proof. It is clear that A extends to a bounded linear operator between the ad-
vertised Banach spaces. Since C*([0,1],C",R") is dense in W'%([0,1],C", R") it
suffices to prove the self-adjointness for smooth functions w,v. This follows from a
straightforward integration-by-parts computation, using the fact that the matrix S(¢)
is symmetric, and ¢ is anti-symmetric. We leave this computation to the reader. Note
that it is crucial that both u, v take boundary values in R", otherwise the integration

by parts will fail.

It suffices to prove that A is a bijection, since continuous bijections between Banach
spaces are isomorphisms. Observe that any element in the kernel of A must be smooth
(by 1-dimensional elliptic regularity). Since we assume that u — Au is injective for

smooth u, we conclude that A is injective on W12,

We will prove that A is surjective. Fix a smooth 7, and we attempt to solve A(§) =7

for a smooth &:

9¢ o .

5 T St)E=—n(t) < 5 ¢ ()€ =in(t).
(6.4) = D EDEW) = Fain),

> ) =F@#)€0)+F)™* /OtF(t’)in(t’)dt’.
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where F'(t) = —F(¢)iS(¢) and 3(0) = 0. This shows that we can solve A(§) = n for
many different choices of &, namely there is an R?>" dimensional family of solutions
corresponding to the choice of £(0). We claim that (exactly) one of these solutions
will satisfy £(0),&(1) € R™. To see why, consider the affine map:

f:€00) € R" — F(1)7%¢(0) + F(1)7! /O1 F(t)in(t")dt' € R*™.

This map parameterizes an n-dimensional affine subspace of R?>”. Note that the
associated linear subspace F(1)7'R" is transverse to R" (otherwise we could find a
vector v € R"! so F(1)"'v € R", and the above computation with n = 0 would
imply £(¢) = F(¢)"'v lies in the kernel of A).

Therefore f(R™) intersects R™ in a unique point f(£(0)) = £(1). Thus (6.4) with this

special £(0) shows that A is surjective onto the smooth elements 7).

To show that A is surjective in general, it suffices to prove that the image of A is

closed. This follows from the estimate

1€llwr2 < CUA© 2 + (€]l 22)

and the fact that W12 — L2 is a compact inclusion. This completes the proof of the

lemma. O

Proposition 6.8. There exists an orthonormal basis of L?([0,1],R") consisting of
(smooth) eigenvectors of A. The union of all the eigenvalues is a discrete set A C R

disjoint from 0.

Proof. The key observation is that the following composition is a compact self-
adjoint operator (called the resolvent of A):

R Y
This is because W'? C L? is a compact inclusion (Proof: if d;f, is bounded in
L? then |f,(z) — fo(z +1)] < ct'/2, and hence f, is equicontinuous). Self-adjoint
compact operators have orthonormal eigenbases whose spectrum accumulates only
at 0 (see [Sim15, Theorem 3.2.3]). The desired result follows. O

6.3.6. Formal adjoints. The purpose of this section is to define the formal adjoint of a
Cauchy-Riemann operator. Formal adjoints will play an important role in establishing
the Fredholm property. A good reference in the case when 93 = () is [Wen20), §4.7].
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Let D be a Cauchy-Riemann operator for the data (3,05, Ty, C, E, F,[7]) as ex-
plained above. Fix a j-invariant Riemannian metric g on 7% which is the Eu-
clidean metric in the cylindrical ends. The corresponding volume form is given by
dvol = g(j—, —).

Pick a Hermitian structure on (E, F') which agrees with the asymptotically Hermitian
structure in the cylindrical ends C'. This means that E is equipped with a fiber-wise
metric g which is J-invariant and F' is g-orthogonal to JF'. In other words, F' is

Lagrangian for the symplectic form g(J—, —).
We define C-valued Hermitian metrics on E (and T'%) by the formulas:

(X, Y)=g(X,Y)+ig(JX,Y).

By our conventions, u(X,JY) =iu(X,Y) and u(JX,Y) = —ip(X,Y).
The bundle isomorphism Y + u(—,Y) identifies TS with A%'. We use this to push

forward a Hermitian metric onto A%1.

Given two complex vector bundles F,, Fs with Hermitian metrics py, o we can endow

a Hermitian metric p; ® pe on Fy ® Ey by the formula:
i @ pa( Xy ® Xo, Y1 @ Ya) = p1(Xy, Y1) po(Xo, Ya).

Via this construction, the bundles E and A®! ® E are both equipped with Hermitian

metrics.

With these preliminaries out of the way, we say that D* : T(A®' @ F) — I'(F) is a
formal adjoint of D if

(6.5) Re / u(D(€),7) dvol = Re / u(é, D*(n)) dvol,

2 >
for all £ € To(E,F) and n € To(A» ® E, F*). Here F* C A% ® E is the totally-
real sub-bundle of maps which map T0%. into F', and I'¢(E, F') is the set of smooth

compactly supported sections of £ which take boundary values in F.

Since Re(p) is a Riemannian metric, formal adjoints are necessarily unique. We will
derive a formula for the formal adjoint in local trivializations below. By patching

together the local descriptions we deduce that formal adjoints always exist.

Let z = s + it be a holomorphic coordinate and 7 : £ — C" a local unitary trivial-
ization of F defined on the domain of z. Let Xy, .-, X,, be the unitary frame of F
induced by 7. Recall that we have an associated trivialization 7, : A®!' @ F — C"
which satisfies

7t (w) =Y wi(ds — idt) ® X
k
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The equation (6.1]) shows 7, 0 D o 771 (u) = dsu + i0;u + S(s,t)u.

To incorporate the boundary conditions, we require that z takes values in R x [0, 1],
2(9%) € Rx{0,1}, and 7 identifies F with R™. We do not require that z is surjective,
e.g., it could take values in D(1) NH, or i/2 + D(1/2).

Lemma 6.9. If D* is a formal adjoint for D, then for sections w with compact

support in the above coordinate chart we have
(6.6) 8,]>7 0 D* o 77 (w) = —dsw + idyw + S(s,t) w,

where [9,]* = (s, ;) and S(s,t)T is the transpose matrix.

Proof. The first thing we do is derive formulas for the Hermitian metrics . Because

T is a unitary transformation, we have
k

Unfortunately, 7 is not a unitary transformation because ds — idt is not a unitary

frame of A%'. We easily compute p(—,ds) = |0,|* (ds — idt) (by inserting d,, d; into

both sides). Since the Hermitian metric on A%! is pushed forward from T'S we have
10" pu(ds — idt, ds — idt) = pu(0s, ds) = 0> = |ds — idt|* = |0, 2.

We can therefore compute

p(r (), 7 (v) = Z,u(uk(ds — idt) @ X, ve(ds —idt) @ Xy) = 94> po(u, v).
ki,

It is also easy to compute that dvol = |d,|* dsdt.
Let w and u be C" valued functions which takes values in R™ on R x {0,1}. We
compute
p(r~ (), D" o 7 (w)) = po(u, 70 D" o7y ().
On the other hand, we have
(Do (u), 7 H(w)) = 105 po(m 0 D o 7 (u), w).

Since real linear combinations of X lie in F', we are allowed to apply the formal

adjoint property with ¢ = 7 'owu and n = 7, ! o w:

Re/u(D o7 (u), 7y H(w))dvol = Re/,u(T_l(u), D* o 77 H(w))dvol.
This implies that:

Re/,uo(ﬁ oDor (u),w)ds Adt = Re/,uo(u,T o D* o 77 Hw)) |8,)* ds A dt.
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In particular, |8S|2 70 D* o7 ! is the formal adjoint of D, := 7, 0 D o7~! with respect
to the standard metric pp and volume form ds A d¢. Equation (6.1]) gives a formula

for D, and so we can explicitly compute its adjoint:
Re / po(Osu + i0yu + S(s,t)u, w)dsdt = Re / po (g, —Osw + i0pu + S(s,t) w)dsdt.

The boundary terms in the integration by parts are given by
Re/ po(iu, w)dsdt = 0.
Rx{0,1}

It follows that |0|° 70 D* o 77t = =0, + i, + S(s,t)T as desired. O

As a consequence, if s 4 it is the coordinate system in a cylindrical end C, and 7 is

an asymptotic trivialization, then
roD*or =0, +i0, + S(s,t)7 — —0, — Aas s — oo,

where A,w = —idyw — S (t)w is the asymptotic operator for D, in the end C,.

6.4. Regularity and the Fredholm property

The references for this section are [Sal97, §2.3|, [Wen20, Chapter 4], [Sch95 Chap-
ter 3], and [MS12, Appendix B| (for the local L? elliptic estimates).

6.4.1. Local elliptic estimates. Our first result is the following local elliptic estimate
for u — Odsu + 10su.

Theorem 6.10. Fix r < 1 and ¢ > 1. There is a constant ¢, so that for all smooth
maps v : D(1) NH — C” satisfying u(D(1) NR) C R™ we have

/ a4 9yl + Byl dady < ¢y, /
D(r)nH

ul? + 0 + i0yu|* dady.
D)

Proof. The theorem follows from [MS12 Theorem B.3.2] which concerns weak so-

lutions of the equation
Aw = fo+ 0, f1 + Oy fa,

with w, fo, fi, f2 € LP(D(1)). The conclusion is that the W4 size of w on a smaller
disk is bounded by the L? sizes of w, fy, f1, fo. This uses the Calderon-Zygmund
inequality proved in [MS12] §B.2].

To apply their result to our setting, we extend u across the boundary by

u(m, _y> = u(x_, y)
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The extended function is no longer smooth. Let n = 0,u + i0,u (which potentially
has a jump discontinuity along R, but is still in L?). We note that

n(x, —y) = 0,1 — 10,1 = dpu + i0yu = n(z,y).

In particular, the size |n| is invariant under y — —uy.

Using the fact that (9, —i0,)(0, +i0,) = A we have

/ golut, Ag) dardy = — / 001, (9 +i0,)6)dady.
D(1)

D(1)
To see why, apply Stokes” Theorem separately on the upper and lower half-disks, and
then observe that the boundary terms will cancel; this uses u(D(1) NR) C R™. The
equality above satisfies the hypothesis of [MS12], Theorem B.3.2] and allows us to
conclude that W1 size of u is controlled by the L7 size of n and u. This implies the
desired result. O

6.4.2. Local elliptic reqularity. In this section we wish to prove that weak solutions
of D*(n) = f are in fact smooth, provided f is smooth. In order to talk about D*(n),
we require the choice of Hermitian metrics g on E, T3, as in §6.3.6|

More precisely, we wish to prove the following:

Proposition 6.11. Let ¢ > 1. If n € LL (A®' ® E), f is smooth, and D*(n) = f

loc

weakly in the sense that
Re [ u(D(E),n)dvol = Re [ (¢, f)dvol
> $
for all £ € Ty(E, F), then 7 is in smooth and lies in T'(A% ® E, F*).
The same holds true with (n, A%! @ E, F*, D*) swapped with (£, E, F, D) throughout
the statement.

Remark 6.12. Note that “weakly” solving the equation implicitly incorporates the
boundary conditions, since we allow the test functions to be non-zero along the bound-
ary. We do require, however, that the test functions take values the appropriate
sub-bundle F'.

Since smoothness is a local property, we can prove Proposition by restricting our
attention to a coordinate chart z = s + it on which we have a unitary trivialization
7 : E — C". Without loss of generality, let us suppose that z takes values in D(1)NH.
Writing 7(§) = u, 71(n) = w, and f := 7(f), we compute
D*(n) = f weakly = —d,w + idw + S(s,t)Tw = |05| > f weakly
D(&) = f weakly = Osu + idyu + S(s,t)u = f weakly.
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We can simplify this a bit further by observing that
—dgw + 10w + S(s,t)Tw = |05 > f
— 9w + 0w — CS(s,t)"Cw = — 8, f,
where C' is the matrix representing complex conjugation. Thus, Proposition [6.11

follows from:

Lemma 6.13. Let ¢ > 1. Write Q(r) = D(r) NH, and suppose that

we LIYQ1),CM), f e C®(Q(1),C"), and § € C®(Q(1), R?"*?")
satisfy
(6.7) Osu 4 i0u + S(s,t)u = f weakly,
in the sense that

Re / 1o(ut, ~Dyp + 10 + S(s,8)70) = Re / oS, 9),
Q(1) Q(1)

for all compactly supported test functions ¢ which take values in R™ on Q(1) N R.
Then w is smooth and takes boundary values in R". Moreover for £k € N and r < 1,

there exists a constant ¢ = ¢(k, ¢, S) so that

(6.8) HuHWk,q(D(r)mH) < C(H“”Lq(D(l)mH) + ”fHWk—Lq(D(l)mH))'

Proof. Throughout the argument we will need to shrink the domain countably many
times. For this purpose, fix a sequence 1 > ry > ry > --- > r = r. FEach time we
need to shrink the domain we will pass from €Q(r;) to €(r;41). To obtain the constant

in , we will only need to shrink the domain finitely many times.
Our first goal is to upgrade u to a W4 distribution. We observe that

(0s + i0))u = —S(s,t)u + f weakly.

Notice that the right hand side lies in L?. More generally, let us consider equations

of the form
(0s + 10y)u = F weakly,

where F' € L4. Our strategy is to approximate u by a sequence of smooth sections w,,

taking real values along the boundary so that:
(i) up, = u € L? and
(i) [1(0s + 10r)unl| Ly 15 Pounded by c1 || Fl| oqy)-

We will explain how to do this approximation at the end of the proof. See [Wen20),
§2.4] for another approach in the case with H replaced by C. See [MS12| §B.4]

for a similar bootstrapping argument (in a non-linear context). The estimate from
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Theorem then implies that wu, is bounded in the W' topology (on a smaller

domain €(r3)). Indeed, we have
HUTLHWL‘I(Q(TQ)) < C2(||UnHLq(Q(1)) + ||F||Lq(9(1)))-

Since the W14 spaces are reflexive, the Banach-Alaoglu theorem implies that some
subsequence of u,, converges in the weak topology to an element u' € W19, Since
(L9)* C (Wh)* we conclude that lim,, o (U, w) = (v, w) for allw € (L)*. However,
the same holds with ' replaced by u (because w,, converges to u in the L7 norm).
Thus u = u’, and hence u € W14, Moreover, the Banach-Alaoglu theorem implies the

W14 norm of u is bounded above by lim sup ||t,||;y1.4, and hence we conclude that
HuHWLq(Q(TQ)) = cQ(HUHLq(Q(l)) + HFHLQ(Q(l)))'

Suppose that we have shown that u is of class W* on some region (ra). Moreover,
suppose that the [|ullyy .o (o, is bounded by c([|ull Loy + | fllwr-14@q)) for some
c. Then we can differentiate the equation (6.7)) k& times in the s-direction to conclude:

k
(6.9) (05 +10,)0%u = 0% f — Z 0'S(s,t) - 0F*u = F, weakly.

=0
This differentiation is a bit subtle because the “weak” condition incorporates the
boundary conditions; we will explain this step in greater detail at the end of the

proof.

By our assumption on wu, the right hand side is in L9. The same argument given

above implies that O%u is in W17 on a smaller region Q(r9;42) and that

103l S €U0 ooy + 1955 o)) T CC) Ttllwraaray):

It is straightforward to use (6.7 to establish that, for a + b = k,

T2k

0°0%u = i*0Fu + lower order terms.

This equality should be interpreted as saying that both sides agree when integrated
against a test function which is supported in the interior of the domain (i.e., we do
not need to worry about the boundary). Since 9*u and the “lower order terms” are
of class W% we conclude that all the kth order derivatives are in W14(Q(rg;12)), and

hence w is in W*t14(Q(rop40)). Keeping track of the various estimates implies that

lullwrssar < € Ul Laqy + 1 lwra@ny)-

The Sobolev embedding theorem [MS12), Theorem B.1.11] implies that u is smooth
on Q(r). Part of the conclusion of the Sobolev embedding theorem is that u extends

smoothly to the boundary. We claim that u takes R™ values along the boundary. This
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follows from ([6.7)); pick any test function ¢ taking boundary values in R™. It is easy
to see (by integration by parts) that

Re/ o (Osu + 10yu, ) — pio(u, —0sp + 10pp)dsdt = Re/ o(u, ip)ds.
D(1)NH D

(HNR
If u did not take R"-values along D(1) N R, we could pick ¢ so that the right hand
side was non-zero. This would contradict (6.7)).

This completes the proof, modulo our explanation of how to pick the approximations
u, — u so that (i) and (ii) hold, and also why we can differentiate the weak equation
with respect to ds to obtain .

First we explain how to differentiate the weak equation. Suppose that (0s+id;)w = F
weakly and w, ' € W14, Then for any test function ¢ taking real-values along the

boundary, 0s¢ still takes real values along the boundary, and hence

(6.10) Re/,uo(w, (—0s + 10;)Osp)dsdt = Re/uo(F, Osp)dsdt.

The distributional derivative Oy is defined (by duality) by how it integrates against

sections 1 supported in the interior of Q(r):

Re/ug(F, Osh)dsdt = Re/—uo(ﬁsF,i/))dsdt,

However, the above holds even if ¢ is non-zero along the boundary (r) NR. To see

why, observe that
Re/ po(0sF,1p)dsdt = Re lim/ to(0s F, B(t/6))dsdt,
Q(r) 070 Jar)

where 3 : [0,00) — [0, 1] vanishes near 0 and equals 1 on [1,00). Since 5(t/6) is
independent of s, we can integrate by parts and conclude

Re/ o (05 Fy 1p)dsdt = Re lim po(F, B(t/0)0s1p)dsdt
Q(r) =0 Jaw)

= Re/ po(F, Os1p)dsdt.
Q(r)
In particular, this observation applied to (6.10]) yields
Re/,uo(ﬁsw, (—0s +1i0;)p)dsdt = Re/uo(asF, p)dsdt,

which implies that (05 4 i0;)0sw = O, F still holds weakly.

Finally, we explain how to choose the approximations u, — wu so that (i) and (ii)
hold. First we extend u as an LY distribution to D(1) by E(u)(s,—t) = u(s,t) for
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t < 0. This can be defined in the sense of distributions as
(Blu)o) =Re [ pufu(s,),p(s,1) + pls. ~0)dsd.
D(1)NQ
Let ® be a radially symmetric bump function of unit mass supported in D(1), and
let ®,(s,t) = ®(sn,tn). Then define u,, = ¥, * F(u). Clearly (i) holds. It can be
shown that

(P x E(u), (=05 +i0)p) = (E(u), (=0s + i0) (P * 9)) = (E(F), (P * ¢)).

This uses the distributional definition of E(u) and the assumption that (0s+i0;)u = F
weakly. It also uses the fact that convolution commutes with 0 + i0; (as it is a

differential operator with constant coefficients).

We therefore conclude that L7 size of (05 + i0;)(®,, * E)(u) is bounded by the L4
size of F. This proves (ii). We observe that since ®,, is a radially symmetric and
u(s,—t) = u(s,t), u, must take real values along the real axis. This completes the
proof. O

Note that a consequence of the above proof is the following smooth approximation
result:

Proposition 6.14. Let Q(r) = HN D(r) and ¢ > 1. Suppose that u € LI(2(1), C")
has the property that dsu + i0,u = F holds weakly for some F' € L?(€2(1),C"). Then
for any r < 1, the doubling E(u) lies in W¢(D(r)) and there is a family of smooth
functions u, on Q(r) taking real values on 9€(r) so that u, — u in W4(Q(r)).

Proof. Let E(u) be the doubling of u, as in the previous proof, and recall that
®,, x E(u) converges to E(u) in LY(D(r')) and is bounded in W4(D(r")). As we
argued above, this implies that some subsequence of ®,, x E(u) converges to F(u)
in the weak topology for W4(Q(r")). In particular F(u) is in W4(D(+')). Basic
properties of convolutions ensure that ®,, * E(u) converges to E(u) in the W4(D(r))
norm. Thus we can set u, = ®,, * E(u), as desired. O
Remark 6.15. Let u € Wh(Q(1),C", R"), i.e., B(u) € W4(D(1),C",R"). Then
(0s +1i0;) P, x E(u) = F,, converges to some element F' € L? (in the sense of distribu-
tions). We claim that
Osu + 10yu = F' holds weakly.

This is a sort of converse to the above proposition. Indeed, if ¢ takes real-values
along the boundary, we compute
(u, —0¢p) = lim (®,, * E(u), —0¢) = lim (0@, * E(u), p) = (F, p),
n—oo n—oo

as desired.
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Remark 6.16. If u € W'?(Q(1),C") with p > 2, then u has well-defined boundary
values. Suppose that u takes real values along the boundary. We will show that
E(u) € W,bP(D(1),C"). Let ¢ be a test function taking real values along the bound-
ary. Let h : H — [0, 1] be a function which (a) vanishes on R x [0, 1], (b) which equals
1 on R x [2,00) and (c) which depends only on the t coordinate. Let F = du (an LP

distribution). We compute:

(u,—0p) = lim (h(ot)u, —0p) = liin[a(é(h)(at)u, ©) + (h(at)F, ¢)].

g—00

Note that d(h)(ot) is concentrated on a region R, of area at most o~!. Since d(h) is

purely imaginary, we can write
(O(h)(at)u, g) = (A(h)(at)Im(u), Re(p)) + ((h)(at)Re(w), Im(y)).
Our discussion of R, and d(h) implies that

|7 (0(h)(et)u, )| < Clsup [Re(p)| [Im(u)] + |Re(u)] [Im(p)]).

Because Im(u) and Im(p) are both continuous and vanish on the boundary, we can

take the limit as ¢ — oo and conclude that lim, o(0(h)(ot)u, @) vanishes. We are
left with

This says that du = F weakly. As a consequence of Proposition we conclude that
E(u) € W'(D(r)) and u can be approximated in W?(D(r)) by smooth functions

taking real values along the boundary. This completes the proof.

6.4.3. Injectivity estimates for translation invariant operators. The next result con-

cerns various estimates for operators of the form
u > Osu + i0yu + S(t)u = dsu — Au

on the infinite strip R x [0, 1] with A a non-degenerate asymptotic operator. See
[Sal97, Lemma 2.4], [Wen20, §4.4], and [Sch95| §3.1.2] for similar results for the

infinite cylinder.

Proposition 6.17. Let D(u) = 0su — Au on the infinite strip R x [0, 1], where A is

a non-degenerate asymptotic operator. Let ||—|| denote the L? norm over [0, 1].

There exist constants ¢y, ¢z, ¢, so that, for all v € C3°(R x [0,1],C"*, R"), we have

(i) / lall® + 10sull? + Bl ds < e / | D(w)|? ds,

) [ el ds < [ 1D0]"as
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(i) [[ullyrm@xio,)) < o 1P oxioy), for p = 2.

The same result holds with [0, 1] replaced by R/Z.

Remark 6.18. Before we prove the theorem, we wish to make a few remarks.
(1) All of these estimates roughly measure the injectivity of D.

(2) The results are proved for smooth functions with compact support, although
they imply estimates on various Banach space completions of C3° by taking smooth
approximations. For instance, the reflection plus convolution technique used in the
proof of Lemma can be used to approximate v € W'(R x [0,1],C",R") by
smooth u, taking real values along the boundary.

(3) Note that (i) is (iii) in the case p = 2. After we prove the proposition, we will
be able to upgrade (iii) to include the case ¢ < 2. See Theorem [6.20}

(4) Note that (ii) can be considered as an estimate on a mixed (2,p) norm.

(5) We will give an elementary proof of (i), which is similar to the one given in
[Sch95]. See [Wen20| for an alternate proof of (i) which considers the Fourier trans-

formation in the s-variable.

(6) Our proofs of (i) and (iii) are directly inspired by [Sal97]. The proof of (ii)
will use the spectral properties of A proved in Proposition . See [Sch95] for an

alternative proof of (iii).

Proof (of Proposition [6.17). Suppose that D(u) = n, i.e., 9su = Au+mn. To prove (i),

2
I

the idea is to consider the quantity v(s) = ||u(s,?)||” = (u,u), where (—, —) denotes

the real inner product on L?([0,1], C™). We differentiate v(s) twice:
Y'(5) = (D, gu) + (u, D) = ||Osu]|* + (u, D(Au + 1))
= [|0sull” + {Au, Oyu) + O (u,n) — (Dsu,m)
= [|0ul® + | Aull” + (Au, n) + s{u,n) — (Dsu, n).
Here we have used the fact that d;Au = Adsu and (f, Ag) = (Af,g). We integrate

this equality over R. Since u is smooth and compactly supported the integrals of
v"(s) and Js(u,n) both vanish. We are left with:

[0l + aul? as = [ (0~ u s

Using Cauchy-Schwarz and 2ab < a? + b* we have

/(&u—Au,mds S/H@sUH [l + [ Aull f[n]} ds

1
<5 [ 10l Jul ds+ [ as,
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Recalling that D(u) = 7, it follows that

/MMW+MM%ﬁﬂ/WMM%&

Finally, using the fact that A : W12([0,1],C",R") — L*(C") is an isomorphism, we

conclude a constant ¢ > 1 so that |ju|”® + ||8yul|* < ¢||Aul|*, and hence
/||U||2 + | 0gull” + [|9eul* ds < 20/ 1D ()| ds,

as desired. This completes the proof of (i).
For (ii) we use the spectral properties of A. Let 4 denote the splitting of L?([0, 1], C")

into positive and negative eigenspaces of A. The operator exp(—sA) converges on F

for s > 0 while the operator exp(—sA) converges on E_ for s < 0.
We can decompose v = uy +u_ where uy(s,—) € E; and u_(s,—) € E_ for all s. It
is straightforward to show that

for s > 0: Os(exp(—sA)us (s + so,t)) = exp(—sA)n4(so + s, 1),

for s <0: Os(exp(—sA)u_(s+ so,t)) = exp(—sA)n_(so + s, 1),

where 1. = Osut — Au. Integrate the first ODE over [0, 00) and integrate the second
ODE over (—o0, 0], concluding that

uy (S0, t) = — /00 exp(—sA)ny(so + s,t)ds,
(6.11) -
u_(so,t) = / exp(—sA)n_(so + s, t)ds.

Following [Sal97, Lemma 2.4], the idea is now to interpret this as a convolution

uy = K4 *ny, and then apply Young’s convolution inequality to conclude (ii).

Here are the details of the argument. First, we show the mixed (2, p) norm satisfies

a variational definition:

1/p
{/ ||w]|” ds} = sup {/(u,g>ds : / llgll?ds =1, where p~' 4+ ¢ = 1} :
R R R

It is easy to show that > holds, and to show < it suffices to prove it when the left
hand side is 1. In this case we can simply take g = ||u||” > u (if p > 2 this is fine, if

p < 2 then we can take a sequence g approximating Hqu*z u).

We fix g and compute

[ st atsopiso == [ [ fexp=s o+ ), glsu))dsso
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It is straightforward to check that

(exp(—s Ay (so+ 5), 9(s0)) < e min [l (s0 + )] lg(s0)]|

where AT

min

is the smallest positive eigenvalue.

Switching the order of integration and using Holder’s inequality yields:

0 [e’] 1/P
| [ tesntsametso+ s).alsoasase) < [ e Himas [ / Hmu”dsO] .
RJO 0 R

As a consequence the variational definition of the mixed 2, p norm implies that

- e 1p
[wsras] <o | [ melras)
L/R J min R

A similar argument shows that

— e 1p
[rw@ras) <= [arras)
L/ R i R

where A, . is the largest negative eigenvalue.

Using the fact that ||n+| < ||n|| we conclude that

1 1
Jras< (= = [1pwiras
R min max R

This proves (ii).

To prove (iii) we again follow [Sal97, Lemma 2.4]. Fix p > 2. Let Q(r) = [—r,r] x
[0,1]. It is straightforward to apply Theorem and Sobolev embedding [MS12]

Theorem B.1.11] to conclude constants k1, ko, k3, k4 SO that
||U||w1,p(9(1)) < Kl(HD(u)HLP(Q(l.E))) + ||u||LP(Q(1.5))>7
HUHLP(Q(LS)) < Ko H“HWL?(Q(LE))) 3
lullwrz@asy < 83D 2@ + [l 2@e))
D)l 12(002)) < Ka D)l ooy -
The constant 4 can be explicitly computed as 4'~'/P. Combining these yields
HUHWLP(Q(l)) < Ki(1+ Kokgka) HD(U)HLP(Q(LS)) + Ki1kak3 ”UHL2(Q(2)) :

Using (a + b)? < 2P(a? + b”) we conclude

||u||€vl,p(9(1)) < 27k7(1 + Karkska)? ||D(U)||I£p(g(2)) + (K1kaks)? ||U||IZ2(Q(2)) :

It is straightforward to compute that
2

2
ull ay = | / s < a0 / s
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The above holds with Q(r) replaced by 2k + Q(r) for the same constants since D is

translation invariant. Hence we conclude that there is a constant C so that
2k+2

Full ey < CUDE sy + / ul ds).

2k—2

Summing over all k € Z yields

oy < 200D ey + [ ).

The factor of 2 is because the domains 2k +€2(2) cover R x [0, 1] “twice over.” Finally,

using part (ii), we conclude that

[l [jp1.0 ®Rx[0,1]) = 20(1+ &) [[D(u )HLP Rx[0,1])
Setting c3, = (2C(1 + c5))*/? completes the proof. O

The formula (6.11) can be used to prove the following regularity result. We still
assume that D = 0y — A is a translation invariant operator on the infinite strip or
cylinder. As in the proof of Proposition we assume that A\, < 0 < AT are the

max min

maximal negative and minimal positive eigenvalues of A.

Lemma 6.19. Let ¢ > 1. If w € L? and D(u) = n for smooth 1 with compact
support, then u is smooth. Moreover, for all k,¢ € N there are constants C,:f , and
Cy.¢ depending on 7 so that

612) 050 u(s, )| < Cyf e as s — +o0,

6.12 '
‘akﬁgu(s,tﬂ < C,;ZBA;inS as s — —oo.

Both estimates are of exponential decay type. In particular, v € W4 for all k& and
all q.

Proof. Let Q(r) = [—r,7] x[0,1]. By the local elliptic regularity result (Lemma|6.13])

we know that u is smooth, and that it satisfies elliptic estimates of the form

||uHWk+l,q(s+Q(l)) < C(‘|77||Wk,q(s+a(2)) + ||UHLq(s+Q(2))>~

We can take c to be independent of s since D is translation invariant. In particular,

it is clear that the L*([0,1]) size ||u(s, —)|| decays as s — oo.

Decompose u = uy + u_. It is straightforward to show that u, are still elements
of C*(R, W2(]0,1],C"*,R"™)). As in the proof of Proposition [6.17, we think of the

equation J,u, — Auy = ny as an ordinary differential equation which we can explicitly
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solve:

Os(exp(—sA)u(so + s)) = exp(—sA)n(so + s)
= exp(—NA)ui(so+ N)—uy(so) = /0 exp(—sA)n(so + s)ds.

Taking the limit as N — oo and using the fact that limy_ . |[uy(so + N)|| = 0 we

conclude that -
uy (S0, t) = —/ exp(—sA)ny(so + s,t)ds.
0

A similar argument shows that the other equation in (6.11]) also holds, and hence we
have:
0 00
u(sp, t) = / exp(—sA)n_(so+ s,t)ds — / exp(—sA)n;(so + s,t)ds.
oo 0

Suppose that 7 is supported in [—R, R]. Then for sy < —R, the first integral always
vanishes, and the second integrand is supported on the region where s > —sqg — R
and so we have:

Juso, =) < €985 [ [ ds = Ol R (as 50 -+ —o0),

A similar deduction proves that
[u(s0, =)l < Oy, R)e* == (as so — +00).

Now, by simply integrating the norm |lu(s, —)|| over s € [sg — 2, s¢ + 2], we conclude
that
(6.13) 1l 2oz < Cae™ as s — +oo

’ +
lull z2(sa@) < Coemax as s — —o0.
Using the elliptic estimates for ¢ = 2, we conclude that the W*? size of u on s+ Q(1)
also decays exponentially like (6.13)). Since the C* size is controlled by the Wk+22
size, we ultimately conclude the desired result (6.12]). O

We can upgrade the injectivity estimates to the following important result:
Theorem 6.20. Let D = d,u — Au with A a non-degenerate asymptotic operator.
Let ¢ > 1. The induced map D : WH(R x [0,1],C*,R") — LR x [0,1],C") is an
isomorphism.

Proof. First we prove the case when ¢ > 2. Part (iii) of Proposition implies
that D is injective and has closed image. Thus it suffices to prove that the image
of D is dense. If n is a smooth function with compact support, then (6.11]) gives an

explicit formula for some u satisfying D(u) = 1. As in the proof of Lemma|6.19} u is
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smooth and the formula (6.11]) implies that u and its derivatives decay exponentially
as s — +00, hence u € WhP,

Next we prove the case when ¢ < 2. We follow the argument outlined in [Sal97,
Exercise 2.5]. The idea is to prove an injectivity estimate for D : LY — W44 and

then upgrade this to a D : W4 — L7 injectivity estimate.
By definition, we set W=7 = (W1P)* where p is Holder dual to ¢, and

Jull -y, = sup (u, ).
lelly, =1
Let D* = —0, — A. By the above results (applied to —D*) we conclude D* is an
isomorphism W1'? — LP. Thus
¢ Hlullpa £ sup (u, D*(¢)) < clull, -
el =1
Observe that D* = —0;— A is the formal adjoint to D, and hence (using distributional

definitions) we have:
[ull Lo < cl[D@)]l -y,

In particular, if v € W14, then we can apply the above to u = d,v and conclude that
10sull o < c[ID(Osu)]| 4 -

Now it is clear that, in the sense of distributions, we have D(Jsu) = 9sD(u). We
claim that
10D (u)

Io1g < 2 1Dl a -

This is easy to see using the above variational definition of the W~ norm. Thus we
conclude that
10sull Lo < e |D(w)]] o -

It is clear that W14 norm is less than the L? norm, hence |ull,, < c||D(u)||L,-
It then follows easily that ||Oyull;, < ca||D(u)]|;q, and so we conclude the desired
injectivity estimate
[ullpre < cllD(w)]lL -

It follows easily that D(u) has closed range and hence it suffices to prove that the
image of D is dense. The arguments given in and Lemma show that we
can (explicitly) solve for compactly supported smooth functions and the solutions are
certainly of class W14, Thus D is surjective. This completes the proof that D is an

isomorphism. O
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6.5. Proof of the Fredholm property

The main result of this section is the following:
Proposition 6.21. Let p > 1 and let D be an asymptotically non-degenerate Cauchy-
Riemann operator for the data (X,I'y, F, F,C,[7]). Then the induced maps

D:W'Y(E F)— LP(A°' ® E) and D* : W"P(E, F) — LP(A™ ® E)
are Fredholm.
Similar arguments can be found in [Sal97] §2.3], [Sch95 Proposition 3.1.30], and
[Wen20), §4.5].
Proof. Let ¢, be a cutoff function supported in the ends which equals 0 on X(p —1)
and equals 1 on C'(p). We can choose ¢, so that its derivatives are bounded as p — 0.
We observe that

D(ppu) = 0s(ppu) — A(ppu) + A(s)ppu,
where A(s) is a lower order term which converges to 0 as s — £oo. We know that
0—A: W — LPis an isomorphism and so [|¢,ully, < C (95 — A)(p,u)]| for
some C. We estimate
lpullyr, < CUDu) Ly + 1A ppulls)
< C(IDW)ll o + |1A(S)ppull 1o + |00 - | )
= llepull, <UD e + 1l o)

where we pick p large enough so that C'|A(s)| < 0.5 on the support of ¢,. We also
use that dy, is supported in X(p).

Next we combine the local elliptic estimates from m (to finitely many disks covering
¥(p)) and conclude some constant C'(p) so that

I = p)ullyr, < Clo)UIDull o + ull Lo spray))-

Combining our two estimates (and updating the constant) yields

(6.14) [ullwro < CCUIDull o + [l o))

Crucially, p does not depend on u. Since W'? — L[P(3(p+1)) (inclusion followed by
restriction) is a compact operator, we conclude from ((6.14)) that D is semi-Fredholm;
i.e., has closed image and finite dimensional kernel. See [MS12l, Appendix A] for the

argument. The same argument shows that D* is semi-Fredholm.

Now suppose that D were not surjective. Since the image of D is closed, we can
apply the Hahn-Banach theorem to find w € LI(A%! ® E) so that (D(u),w) = 0 for
allu € WIP(E, F) and w # 0. But then w is smooth and takes boundary values in F*
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by the local regularity results. Moreover, in the ends we have (9, + A)w = A*w which
implies that w € WH(A%! @ E, F*) (using the injectivity estimates for 9, + A). We
conclude that w € ker D*. Since D* is semi-Fredholm, its kernel is finite dimensional.
This implies that coker D is finite dimensional, and this completes the proof that D

is Fredholm. The same argument works for D*. U



Chapter 7
Conley-Zehnder indices and kernel gluing

In this section our goal is to prove that the index behaves additively under a gluing

operation. See [Sch95| §3.2] for a similar argument.

Throughout this section we fix an asymptotic trivialization 7 (i.e., fix 7, for each
z € I'). Suppose that D is an asymptotic operator on (X, 'y, E, F') whose restriction
to the cylindrical ends C, equals D = 0,— A, with respect to 7, and where each A, is a
non-degenerate asymptotic operator. We have shown that D is Fredholm. Moreover,
it is clear that if D’ has the same asymptotic operators A, (in the same trivialization),
then we can homotope D to D’ while remaining in the space of Fredholm operators.
Then the index of D will equal the index of D’. Therefore, the index depends only
on the choice of non-degenerate asymptotic operators z — A, (and (X,I', E, F') of

course).

Introduce the reference operator D whose restrictions to the cylindrical ends equals
0s+10; + C with respect to the same trivialization 7. Here C' is the matrix of complex
conjugation, i.e., in each end we have D¥(u) = d,u + i0u + 6. The “al” stands for
“anti-linear.” The associated asymptotic operator is A* = —i9, — C. In other words,

D has all of its asymptotics equal to A2
In this section we will prove the following formula for index difference

ind(D) — ind(D™) = > pcz(A.) = Y pez(A.),

Z€F+ Z€F+

where pcz(A,) is the Conley-Zehnder index of A, defined in §7.1]below. This formula
determines how the index depends on changing asymptotic operators (i.e., we can
compute ind(D;) —ind(Ds) for any pair Dy, Dy). In §8/we will prove that ind(D?) =
nX + s (F, F), which will complete the proof of the index formula.

7.1. Conley-Zehnder indices as Fredholm indices

First we need to show that D* is actually Fredholm. This follows from:

Lemma 7.1. For o > 0, the reference operator A% = —i9, — oC is non-degenerate.

101
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Proof. We prove the strip case, leaving the (very similar) R/Z case to the reader.
Suppose u : [0,1] — C™ takes real values when ¢ = 0 and A% (u) = 0. A straightfor-

ward computation shows that
Oy =iou; <= Oz; +iy;) = o(y; +ix;) = u; = x;(0)(cosh(ot) + isinh(ot)).
In particular, since sinh(ot) > 0 for ¢ > 0, we cannot also have w;(1) € R™. This

proves that A®"“ is non-degenerate. 0

Fix a non-degenerate asymptotic operator A. We will define a special Cauchy-
Riemann operator on the infinite strip/cylinder which will interpolate between 9, — A
and 0; — A. Let s — B(s) be a [0, 1]-valued bump function which equals 0 on (—o0, 0]

and 1 on [1,00), and define:

DS% =0, — (1 — B(s))A™ — B(s)A.
As a corollary to Lemma the operator DSZ is Fredholm. We define the Conley-
Zehnder index of A as the Fredholm index of DG%:

poz(A) = ind(DG?).

It is clear that pcz(A) is independent of the choice of 8 used to define DG, since any
deformation of bump functions will keep DG% in the space of Fredholm operators.
Remark 7.2. See [Flo89al, page 595] for an argument which explains why ind(DS?)
is the spectral flow of the path of self-adjoint operators A(s) = (1 — (s))A% + B(s)A.
Note that, since 9, — A% is an isomorphism W — LP (Theorem [6.20) we conclude
that pcz(A*) = 0.
The main result of this section is:

Proposition 7.3. Let D, D¥ be as above, i.e., for a fixed choice of trivialization 7

and for each z € I the restrictions of D, D* are
D=20,—A,, D™ =9, — A,
Note that the operators D® and A, depend on the choice of triviliazation. We have

ind(D) = ind(D™) + Y pez(A:) = Y | pez(Az).

zel'| zel'_

Proof. The proposition follows from a kernel gluing lemma for stabilized operators

(Lemma [7.4)) proved in §7.3.1] O

The kernel gluing argument we will use is similar to the one used in [Sch95, §3.2].

See also [FH93|, Proposition 9]. The rough idea is to deform D by a parameter p so
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that it equals a “glued” operator D obtained from D? by gluing on the asymptotic

Z

operator DSZ for each z € I, as suggested by in Figure .

Note that at negative ends we actually need to glue DA(?ZZ on “backwards.” For this
reason, we define:
DAE =0, — (1 — B(s))A — B(s) A,

which interpolates from 9, — A on the negative end to 9, — A% at the positive end.
Our kernel gluing argument will imply two things:

(i) ind(D) = ind(D¥) + >er, ind(DG%) + 3. p ind(D%°),

(i) ind(D$?) +ind(D%°) = 0 = ind(D4°) = —pucz(A).
These results together imply Proposition [7.3]

Before we perform the gluing argument we will explain how to stabilize the relevant

operators in order to make them surjective. This is the topic of the next subsection.

as - Azo
CzZ
DAZO
as _ Aal
Dal glue (parameter = p)
0, — A" 0 — A
2 DA,
as - Az1 as - A22

FIGURE 1. Gluing together operators D*, DG% and backwards ver-
sions D4C to form D*, which can be deformed back to D through Fred-
holm operators. For large gluing parameter p, we will be able to relate
the kernel of D” to the kernels of DSZZ, DES, and D3,

7.2. Stabilizing Cauchy-Riemann operators

Let D be a Cauchy-Riemann operator on (F, F, ¥, T, C,[t]) as usual.

As we have seen in §6.5 the operator D : W'P(E, F) — LP(A*! ® E) has a finite
dimensional cokernel which can be identified with ker D* C W'P(A% @ E. F*).

Pick a basis ¢ : R? — ker(D*), considered as a map ¢ : R? — LP(A*! @ E).

(7.1) [chww%am@R%+mmm®Ey
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For our choice of ¢, this operator is surjective and its kernel is ker(D) @& 0. Since
ker(D) is finite dimensional, the above operator has a right inverse. Since having a
right inverse is open in the norm topology, we can smoothly “cut-off” the cokernel
elements ¢y, -, cq so that they vanish outside of X(pg) for py sufficiently large (i.e.,
they vanish on the ends C(py)).

This leads us to the following definition: a stabilized operator for D is any surjective
operator Dy of the form (7.1) where d = dim coker(D) and the cokernel elements
1, -+, cq are smooth and supported in X(pg) for some py. The preceding discussion

shows that stabilized operators always exist.

By computing the Fredholm index of ([7.1]) when ¢ = 0, we easily see that
ind(D*) = ind(D) + d = ind(D) + dim coker(D) = dim ker(D).
Since D™ is surjective, dimker(D**) = dim ker(D), and hence

(7.2) ker D% = ker D & 0.

7.3. The kernel gluing argument

Let D be a Cauchy-Riemann operator as above. Fix a single positive puncture z with
asymptotic trivialization 7, and suppose that D is asymptotic to s — A in the end
C,.
By perturbing D through the space of Fredholm operators, we may suppose that on
C, we have
D =0, — (1 — B(s))A™ — B(s)A.

Here f is the bump function from before (i.e., 0 on (—o0,0] and 1 on [1,00)). This
local model is nice because it is the beginning of a family of Fredholm operators,
namely

DP =9, — (1= B(s — 3p))A* — B(s — 3p) A.
We suppose that D7 is fixed away from C,. Consequently, the index of D? is constant

since it is always Fredholm (its asymptotics are fixed).

Introduce the operator D~ = lim,_,,, D? (pointwise limit). In other words, D~ agrees

with D on the complement of C, and equals 9, — A* on C,.
Observe that the restriction of D to C, is a translated copy of
Dy = DS* =0, — (1 B(s))A* — B(s) A.

We can therefore think of D? as obtained by gluing D" to the positive end of D~.
See Figure [2|
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D- Dr Dy* =D~

Q O, — AT 9, A g, — AN | 9, A
| [ T] 1

s=10 interpolate s=0

FIGURE 2. The relationship between D_, D? and D*. We can think
of D_ as the pointwise limit of D?. However, D? is always a translated
(and truncated) version of DT on C..

To perform the actual gluing argument, we will need to stabilize the operators. Let
¢ = (¢1,-++,¢q) be cokernel elements for D~ and let v = (7q,--- ,7s) be cokernel
elements for DT. We suppose that the ¢; are supported in X(py) and similarly the 7y

are supported where |s| < pg. These choices define stabilized operators:
D5 :WY(E,F) &R - LP(AY° @ E) (&,0) = D™ (&) + Y _ ajey,
DY - W(C", R") & R® — LP(C") (&2,0) = DT(&) + ) b
Then, for p > pg, we define:
D WY (E, F)aR @R — LP(A® @ E)

by (§,a,b) = D?(€) + > _aje;+ > bil(s — 3p).
Notice that D% is well-defined since (s — 3p) is supported in C,(2p) for p > py.

(7.3)

The following lemma establishes a relationship between D, D% and DJ.
Lemma 7.4 (Kernel gluing lemma). For p sufficiently large,
(i) DE, is surjective,

(ii) dimker D% = dimker D + dim ker D

7.3.1. Consequences of the Kernel gluing lemma. Before we give the proof we explain
why Lemma implies Proposition [7.3] First we observe that (i) and (ii) above

imply
ind(D%) = ind(Dg) + ind(DJ}),

since all the operators are surjective. Using ind(D%) = ind(D”) + d + ¢ and similar

formulas for ind(DZ), we conclude
(7.4) ind(D) = ind(D*) = ind(D~) + ind(D™).

Once we recall the definitions of DT, D~ and how they compare with D and D$Z,
we conclude Proposition [7.3in the case when I'y = {z} and T'_ = 0.
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More generally, we can apply Lemma [7.4] one time for each positive puncture and

conclude that Proposition 7.3 holds when I'™ = ().
There is an obvious variant of Lemma [7.4]{in the case of a negative puncture z, where
we consider the deformation

D =, — (1~ Bs +3p))A — B(s + 3p) A,

defined for s < 0. As above, we suppose D? is fixed on the complement of C,. The
same gluing argument shows that ind(D*) agrees with the sum of the indices of the

operators

DT =09, — A% D™ =0, — (1 —B(s))A — B(s)A* =: D%°.
Here D* extends to X (i.e., D? = D* is fixed on the complement of C,) while D~ is
defined on an infinite strip or cylinder.

By performing these deformations at all punctures (one at a time), we ultimately

conclude that
(7.5) ind(D) = ind(D™) + ) ind(D5%) + > ind(D%°).
Z€F+ zel'_

Finally, consider the following family of operators on the infinite cylinder or strip:

D? = 0, — (1 - A(s))A — B(s)(1 — Bls — 3p)) A" — B(5)(B(s — 3p)) A,
We can think of this as gluing D$% to the positive end of D%C. Indeed, this fits into
the framework considered in Lemma [7.4] and so we conclude that
ind(D”) = ind(D%°) + ind(D5?).

It is clear that if we let p become very negative, then D? agrees with d; — A, which
has Fredholm index 0 (by Theorem [6.20]). Since the Fredholm index of D? is constant

as a function of p we must have
ind(D4°) = —ind(DG?) = —pcz(A).
This combined with (7.5 completes the proof of Proposition

7.3.1.1. The proof of Lemma[7.4. The argument has two parts: first we prove DY is
uniformly surjective, and second, compute the dimension of its kernel. The first part
is used in the second part.

Proof. To prove that D is surjective, we will attempt to solve the equation D% (§) =

n for some n € LP. Fix three bump functions b7, b4, b4, all supported in C, by the
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formulas

0i(s) = B(s/p)  by(s) =Bl =s/p)  bys) = B2~ s/p),

as shown in Figure . By picking p large enough, we may suppose that (¢, ,¢q)
are supported where b5 = 1 and (71(s — 3p), - ,7vs(s — 3p)) are supported where
b5 = 0. This assumption will simplify some calculations later on.

Let n € LP(E) be some section. Since Dy has a bounded right inverse, we can find
& and ¢ = ) ajc; so that

D™ (&) + c1 = bhn.
Moreover we can achieve this so that ||(&,¢1)|| = |le1|l + |&i 1 is bounded by
C~ |Inll.» for a fixed constant C~ (by fixing a bounded right inverse for D). Here
|c1]] is any norm on R¢ (which we fix throughout the proof).

by P b 2p b 3p

F1GURE 3. Three bump functions drawn with slight vertical offsets to
better show their behavior.

Because of b5¢; = ¢; and b5bs = b5, we have
D™ (b5¢1) + ¢1 — bhn = D™ (05&1) + bher — bibhn = O(b5) @ &
Since b5, is supported in the region where D~ = D, we can rewrite the above as
DP(b5&1) + ¢ = bon + (905) @ &1

Observe that A = n — b4y is supported in the region where s > p. Since D is

surjective, we can find & and ¢§, = > byyx so that
DY (&) + ¢y = A(s + 3p, t).
We can achieve this with ||c4|| + [|&]| 1, < CT [|9];» for a fixed constant C*.
Let &(s,t) = &a(s — 3p,t) and ca(s,t) = ch(s — 3p,t). Since bBJA = A and bcy = co,

we conclude that

DP(b&) + ¢ = A+ (O1]) @ &.

Consequently, we have

DP(DhE + B0E) 4 ¢ +co = 1+ (0b5) @ & + (OV)) @ &s.
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Observe that the derivatives of b are of order p~!. We think of this as approzimately
solving Df (05&1 + V{2, ¢1, ¢2) = 1. Indeed, we have just shown that for any 1 we can
find &, ¢y, co so that

(7.6)  Nl€lwro + lesll + lleall < Clinll o and [ DG, e1,¢2) =l < Co™ Il
for constants C' independent of p.

The equation ([7.6) implies that D7, is surjective for p large enough, as follows: pick
pso Cp~t < 1/2. By (7.6) with n :=n — D% (&, ¢1,¢o) we obtain !, ¢l, ¢l so that

1
HDSI,Ot(flv C%, C%) - (77 - Dspt(fa €1, C2))HL1) < 4_1 HnHLP ’

and ||(&*, ¢}, )| < C271|In]l,,- In other words, if we try to solve for the error arising
from our first attempt to solve for 7, then D (&, ¢1,c0) + D5(EY,¢f,cd) is a better

approximation by a factor of 1/2 than our initial attempt.

By repeating this process, we can find a sequence £", ¢, ¢§ so that

€™, e el < €27 lnl and || 5D el ) = || <27 [l

The above series then converges to an element in the preimage of 1, as desired. This
completes the proof that DY is surjective for p sufficiently large. Moreover, we see
that D% actually has a right inverse which is bounded in norm by 2C. This uniformly

bounded right inverse will play a role later on.

Next we need to prove that dimker DY, = dimker Dy + dimker D}. First we will
prove that:

(7.7) dim ker Df, < dim ker D ; + dim ker D.

Suppose that (&, ¢y, ¢2) lies in the kernel of Df. Using the same bump functions from

before, we compute:
D™ (b58) + ¢1 = D?(b5€) + ¢1 = b(D"(&) + ¢1 + ¢2) + I(bh) ® & = O(b5) ® &

In particular, (b5, 1) is close to lying in the kernel of D3 (up to an error of size

o I€]]). Indeed, using the bounded right inverse for D, we can estimate:
[(65¢, ¢1) — ker(Dg)| < Cllgll 7"
On the other hand, we have:
0= (1-05)(D"(&) + 1+ e2) = D((1 = B5)€) +c2 — M ® &,

so the translated element ((1 — b5)¢, ¢o)(s + 3p,t) is close to the kernel of DZ.
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We can encode these as a linear map ® : ker D%, — (L? x R?) @ (LP x R?):

(bgfv cl)
(1= 5)E, e2)(s + 3p,t)

It is clear that ® is uniformly injective (we simply add together its components to

CI)(f, €1, c2) =

recover &, ¢1, ¢o — this defines a fixed left inverse). We will now estimate the rank of

®. By the preceding remarks, we have:
||(I)<€7 €1, C2) - ker(D;t) ©® ker(D;t)” < ¢ ng pil'
Let I be a projection onto ker(Dg) @ ker(D), so that:

I(1 = T0) 0 (&, c1,65) | < C"[I€]l p~"

Thus ® = IT o ® + (error of size p~!), where the error is measured in the operator
norm. Since P is uniformly injective, we conclude that II o & must also be injective

for p large enough. Hence 1o @ is an injection from ker(D%) into ker(Dg) @ ker(DJ),
proving ([7.7)).

Finally we prove the reverse inequality:
(7.8) dim ker D, > dimker(D_;) + dim ker(DZ}).

The strategy will be “glue” together elements in the kernels of D and obtain elements
approximately in the kernel of D%, and then use the fact that D% has a (uniformly)
bounded right inverse (which we proved above) to show that we can deform these

approximate kernel elements into actual kernel elements.

So, let (&1,¢1) € ker(Dy) and let (&, ¢,) € ker(DY). Let (&, ) = (&5, ¢5)(s — 3p, t).
Recall from that we must have ¢; = ¢y = 0.

Then it is straightforward to check that:

(7.9) DP(B5& + (1 = B5)&) = (983) (&1 — &)

Let ®(&1,&) = 0561+ (1= %)&s. First we show that @ is uniformly injective. Indeed,
the injectivity estimates for dyu — Au = 0 from imply that:

160l < Cligills,) < ClIRE &)

(7.10) / / ,
1]l < Cll&N (—poyr < CNIPEL S
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for a uniform constant C'[] In particular
(7.11) &) + 161 < 2C | @(41, &) -

Let B be a bounded right inverse for DZ,, and consider
® =P - BoDod.

Because of ((7.9)), Bo D o® has operator norm bounded by p~! (here we assume that
the operator norm of B is bounded as p — oo; the first part of our proof shows that

this can be achieved).

Then for p large enough, @' is also injective as it is a small perturbation of an injective
operator (i.e., the estimate (7.11]) will still hold, modulo increasing C' slightly).

Thus @' injects ker(D~) @ ker(D™) into ker(D%), establishing ([7.8). This completes
the proof of the Lemma. 0

IThe idea is to write

&1 =(1-pB7)6 + Bré
Then D~ (B7¢1) = 987 @ 1. Observe that B7¢; is supported in the region where D~ is translation
invariant. Thus we can apply the injectivity estimates and conclude that the WP size of 8{¢; is
controlled by the LP size of & on [0, p] x I. The constant C gets better (closer to 1) as p increases.
Similar considerations establish the second part of .



Chapter 8
The index formula for large anti-linear deformations

Fix a trivialization 7 of (X, T, E, F, C, [7]), as above, and let D* be a Cauchy-Riemann

operator whose restriction to each end C. is equal to 9, — A* (in the trivialization 7).

Our goal in this section is to compute the Fredholm index ind(D*). The formula will

be in terms of the following invariants:

(i) The relative Euler characteristic X := X(X,I'y,I'_) is the weighted count of
zeros of a transverse vector field which equals 05 in each end C, and is everywhere
tangent to 0% (the zeros are counted as explained in , see also Figure [1)).

(ii) The Maslov index pfy,, == is(F, F) is the signed count of zeros of a transverse
section of (det £)®? which (a) restricts to the canonical generator of (det F))®? along
the boundary and (b) equals 1 in each end C, (this last part uses 7). Notice that all

the zeros will necessarily be interior.

The main result in this section is:

Proposition 8.1. The Fredholm index of D : W'P(E F) — [P(A'Y @ E) is
ind(Dal) = nX + [l a5
where n is the complex rank of F.

The proof of Proposition [8.1 breaks into two parts. In we reduce to the case when
E is a line bundle (so E = det(E) and F = det(F')). In §8.2| we prove Proposition
in the case when FE is a line bundle by considering the ¢ — oo limiting behavior
of D + oB* where B* is a special anti-linear deformation (we only deform the

lower order terms). This is the strategy introduced in [Tau96, §7] and generalized in
|Ger18, Chapter 3.

8.1. Reduction to the case of line bundles

In this section we assume that Proposition [8.1]is true for line bundles, and we deduce
it holds for all bundles. We will split (£, F) into a direct sum

(E,F)=(C,R)®--- @ (C,R) ®(det(E), det(F))

(. /

Vv
n—1 copies

111
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in a way compatible with the trivialization 7. In order to do the splitting, we fix a

Hermitian metric g on (E, F') extending the Hermitian metric in the ends C..

Consider the trivialization 7. This defines a unitary frame Xy, --- , X,, in the ends. If
n > 1, we can extend X, over 9% as a non-zero section of F', which we may normalize
so | Xi| = 1. Let E; denote the u-orthogonal complement of X, and let F} = E;NF.

Note that Fj is n — 1 dimensional and is totally real for E.

Notice that X, -, X, are all sections of (Ey, F;) C (E,F) in the ends. If n > 2
then we can extend X5 as a nonzero section of (Ey, F}). We continue in this fashion
until we conclude that Xi,---, X,,_; extend as a global unitary frame in (F, F') (in

the sense that they are mutually p-orthogonal and all unit vectors).

Let E, be the p orthogonal complement to Xi,---, X, 1 and F,, = F, N F, and
notice that X, trivializes (F,, F;,) in the ends.

By construction, D? is given by
Dal(Z uka) = (85uk + z@kuk + Ek)(ds —odt & Xk)

in the ends. In particular D? splits in the ends. By perturbing D away from the
ends, we may suppose it splits everywhere. This means that if u takes values in
the line CX}, (resp., E,), then D¥(u) takes values in A% @ CX}, (resp., A® @ E,,).
It follows that the induced operator splits as a diagonal matrix of Cauchy-Riemann

operators asymptotic to the one-dimensional version of 9, — A%\

n—1 n—1
D [P W (CX, RX)] & (B, Fo) — [P LA™ @ CXp)] @ LA™ © E,).
k=1 k=1

Let D be the kth factor in the above decomposition. The Fredholm index is additive
under diagonal decompositions. Since Proposition applies to D! we conclude that:
n—1
ind(D™) = Y ind(Dy)] + ind(D2) = nX + i, (En, F)-
k=1
Finally, fix s a transverse section of E®? which restricts to the canonical generator of
F®? and which equals 1 ~ X®? in the end. Locally write s = 51 ® s5, and define

(81) 5/:<X1/\"'/\Xn_1 /\51)®<X1/\"'/\Xn_1 /\52).
This does not depend on the decomposition s = §; ® s9 since FE, is a complex line
bundle.

Then s’ is a transverse section of det(F)®? which restricts to the canonical generator
of det(F)®2. The signed count of zeros of 5" agrees with the count of zeros of s as they

locally differ by application of a fiber-wise complex linear isomorphism (namely, the
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map induced by (8.1])). Thus we conclude pf;, (E, F) = pf.s(En, F,,). This completes

the proof of the reduction to the line bundle case.

8.2. Large anti-linear deformations

Let (E,F) be a line bundle with asymptotic trivialization 7. As in the previous
section, we can consider 7 as defining a non-vanishing section X in the ends which
takes boundary values in F. In other words (£, F') = (CX,RX) in each end.

Our strategy will be to define a particular family of operators D?, ¢ > 0, whose
asymptotic form with respect to the trivialization 7 is equal to ds + i0; + cC. Since
we have shown A*7 = —id, — 0C is non-degenerate for all ¢ > 0 (Lemma , we
conclude that D is always Fredholm. Moreover, when ¢ = 1, D = D?. Therefore

ind(D¥) = lim ind(D?).

aT—00
Via another index gluing argument, we will be able to relate ind(D7) for large o to
the weighted count of zeros of a certain section used to define D7, and ultimately
conclude
ind(D?) = X + puyy,s for o > 0.

This will complete the proof of Proposition [8.1

8.2.1. Defining the family D°. We will now carefully define the family D? in such a
way which will facilitate the later analysis. Pick a Hermitian metric p on all of F so
that | X| = 1. Consider the section M = X @ X of F®? — 9C..

We can extend this section as a non-vanishing section of F®? — 9% as follows: on
any contractible open subset of 9%, let M =Y ®Y where Y € I'(F) satisfies |Y| = 1
using the metric p. Since there is a unique unit vector lying in F' up to +1, we
conclude that these local descriptions of M agree on their overlaps. Clearly, in each
end, M = X ® X. We should note that X may not extend over the boundary 95,

(but, as we have seen, M always does).

We extend M to the interior of ¥ as a section of £ ® E so that all of its zeros are
transverse. By the same considerations of the linearization of a vector field given in
§6.2, we can deform M near each zero ( so that, for some D(1)-valued holomorphic
coordinate z centered at (, and some unitary frame Y for F, we have M = —2Y ® Y
or M =2zY ®Y, depending on the sign of the determinant of the linearization of M
at ¢. By definition, uf;, (E, F) is the signed count of zeros of M. See Figure [1]
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It will be useful to recall that £ ® E is complex linearly isomorphic to Hom”!(E, E)
via the map Y ® X — pu(—,Y)X, where p is our chosen Hermitian metric. Let M,

denote the image of M under this isomorphism (so M, is a section of Hom™ (E, E)).

Next, we extend the vector field s (defined in the ends) to all of . We let V' be a
vector field which (a) is everywhere tangent to 9%, (b) equals d; in the ends, (c) has
non-degenerate zeros, and (d) its zeros are disjoint from the zeros of M. Unlike the

section M = X ® X, we expect V' to have boundary zeros.
As explained in §6.2] we can slightly deform V' (away from the ends), so that near

each interior zero p there is a holomorphic coordinate z = s + it so that V = —z0, or
V = Z0,, and near each boundary zero we have one of four possibilities V' = +20;,
V =4Zz0,.

=—2Y Y =ZY QY
count = +1 count =

FIGURE 1. After a slight deformation in a neighborhood of each zero,
we may assume the zeros of M have coordinate representations as either

—Zz Oor Z.
= 20, V= —z@s = Z0, V= —285
count = —|—1 count = O count = 0 count

F1GURE 2. The four models for a boundary zero of V. The first sign
is from the linearization of V' : ¥ — T and the second sign is from
the linearization of the restriction V : 0¥ — T9%.

By definition, the weighted count of the zeros of V' is the relative Fuler characteristic

X.
It will be important to fix a Hermitian metric 4 on T3, We can do this so that |9, = 1

on all the coordinate charts introduced above (including the coordinate charts on the

ends C, of course).
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We are almost ready to define the operator D?. Two further simplifications we can

do are the following:

(i) Via a small deformation of V' away from the ends and its zeros, we may suppose
that in the coordinate charts z = s+ it centered on the zeros of M, V takes the form
0s, and

(ii) via a small deformation of M away from the ends and its zeros, we may suppose
that M =Y ® Y for a unitary frame (with Y|ysx € F') on the coordinate charts near
the zeros of V.

8.2.1.1. Summary of the setup. we have the following:

(a) Holomorphic coordinate charts z = s + it centered on each zero of M and V.

Boundary holomorphic coordinate charts are valued in D(1) N H.

(b) Unitary metrics on E and T'Y extending the metrics in the ends. Moreover we
fix unitary sections Y for (£, F') defined on the domains of the coordinate charts from

(a), and also suppose that |J5| = 1 in each chart.
(¢) Near each zero of M, V = 0, and M equals —2Y ® Y or Z2Y ® Y,
(d) Near each interior zero of V, M =Y ® Y and V equals —z0; or zd,
(e) Near each boundary zero of V, M =Y ® Y and V equals £20; or 20, (the

+ signs are independent).

Fix Dg to be a Cauchy-Riemann operator on (E, F') which equals 05 4 i0; in C' (with
respect to 7) and equals O + i0; with on the local trivializations induced by (a) and
(b) above. This operator Dy is not Fredholm, since its asymptotics are degenerate.

We will perturb Dy by the following lower order term
¢ €T(E) = B(§) = u(—,V) ® M.(§) €T(A™ @ E).
Note that since M, is a section of Hom®!(E, E), £ + B(&) is anti-linear. We define
D? = Dy+o0B.

Before we proceed, let us verify that D? has the correct “al” asymptotics for o > 0.

In any of the asymptotic coordinate charts, we have M, = p(—, X)X and V = 0
hence M, (uX) = uX and

D% (uX) = (Osu + i0pu)(ds + idt) @ X + cup(—,0s) ® X.
= (Osu + i0pu + ou)(ds + idt) ® X,
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where we have used the fact that u(—,0s) = ds — idt in the ends (indeed, this holds
in all of our coordinate charts by the assumption that |05 = 1). Thus the local

representation of D? indeed equals 0, + 10; + oC', as desired.
As explained at the start of this section, this implies that the Fredholm index of D7

is constant for o > 0. Our task therefore reduces to the following lemma, which we

will prove by deforming o — +oc:

Lemma 8.2. The Fredholm index of D7 is equal
ind(DU) = X + MTMaS'
This lemma will complete the proof of Proposition [8.1]

8.2.2. Computing the local coordinate representations of D?. In this section we will

derive various formulas for D? in coordinate charts. We have just shown that
(8.2) in the ends C, we have: D’ = 05 + i0; + oC.

Near the zeros of V and M, we compute the coordinate representation of D? using

the s + it coordinate and the frame Y.

On a chart centered on a zero of M, we have M, = au(—,Y)Y, where o« = —z or
a =z, and V = 0,. Similarly, near an interior zero of V| we have M, = u(—,Y)Y

and V = ad,. In either case, we conclude:

at interior positive zeros: D7 (u) = Osu + i0yu — 024,
(8:3) at interior negative zeros: D’(u) = dsu + i0yu + oZu.
Next we compute the coordinate representation of D near the boundary zeros, which
we partition by their pair of signs (£, £) as in Figure [2}
at (+, ) type zeros: D’ (u) = dsu + i0yu + 024,

8.4
(84 at (—, %) type zeros: D°(u) = Osu + i0u £ oZu.

8.3. Bochner-Weitzenbock estimates and a linear compactness result

Following [Tau96, §7] and [Wen20), Chapter 5|, we show that D7 = D+ 0 B satisfies
a “Bochner-Weitzenbock” type estimate which will imply that kernel elements £ €
ker D? and cokernel elements n € ker D?* concentrate near zeros of B. The key step

is the following L? estimate:

Lemma 8.3 (Bochner-Weitzenbock estimates). Let £ € WY2(E, F), then

1Do€ |72 + o [ BE2 < ID7€N + 0 1€l 2 1DG(B() + B (Do(€)) 2 -
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Moreover, & — Dg(B(&)) + B*(Do(€)) is a zeroth order operator (which is translation
invariant in the ends). Similarly, if n € W1?(A'Y @ E, F*) then

1D5l1 72 + o* 1B* 032 < 1D 032 + o lIg]l 2 | Do(B*(m)) + B(Dg(n))]] 2 -

and n — Do(B*(n)) + B(Dg(n)) is also a zeroth order operator (also translation
invariant in the ends). We therefore conclude a constant C' = C(Dy, B) so that for

all £, 71 as above we have
1BEl: < o2 1D7€ll7 + Co™ el

(8.5) . B . B
1B* ()72 < o2 [ID"*nl72 + Co™ nll72 -

In particular, if D¢, and &, remain bounded in L? and o, — oo, then B¢, must

converge to zero in L?. This forces the mass of &, to concentrate near the zeros of B.

Proof. Thanks to Proposition and the subsequent remarks, it suffices to consider

the case when £ is smooth and takes values in F' along the boundary.

Let (—,—) denote the L? inner product. Naively, the estimate is proved by the

following computation
ID7¢|* = (¢, D7*D7¢)
(8.6) = (&, Dy Do) + o (&, Dy(B(€)) + B (Do(€))) + o | B
= | Do|l* + o (&, Dy(B(£)) + B*(Do(€))) + o> | B

Rearranging easily yields the desired result. Unfortunately, we cannot expect to be
able to apply the formal adjoint property in the first and third equality unless D7¢
and Dy¢ take boundary values in F*. One way to circumvent this issue would to be
assume that D& takes boundary values in F*. The lower order term B has been
constructed so that D?¢ would automatically also take boundary values in F*. It
seems plausible that smooth sections & which take boundary values in F' and for
which D¢ takes boundary values in F** are dense in W%(E, F')[] However, we will
not pursue this density approach here. Rather, we prefer to make the observation
that we have applied the formal adjoint property twice, once for D? and once for Dy,

and the failures of formal adjointness will cancel each other out.

Indeed, D? — Dy is a zeroth order operator whose formal adjoint is D?* — Dj. Formal

adjoints for zeroth order operators do not require any integration by parts, hence

(D7€ — Do&, D7E + Do&) = (€, (D" — Dg) (D7 + Dy)§).

IThis is suggested by the following observation: Locally write &€ = Y. The approximation result
Proposition shows that u can be approximated in W2 by u,, = ®, * E(u). By picking @,
appropriately, these approximations satisfy (s + i0;)u, € R. In general we would require that we
can approximate u by smooth functions u,, taking real values on the boundary and also satisfying
Oy, + au, + B, € R, where a, 8 are arbitrary complex valued functions.
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This simplifies to
ID7€]1* = |1 Dot = (&, D7 D7¢) = (¢, D™* D) + (¢, (DG D7 = D™ Do)).
Clearly D§D? — D?*Dy = o(D§B — B* D), and hence
(€ (Do D7 = D7 Do)§) = (€, Dyo BE) — (§, 0 B*Dok)
= (Do§, 0 BE) — (0 BE, Do§) = 0,
where we have used the fact that B¢ takes values in F* (which follows easily from
our construction of B and the fact £ takes values in F'). Thus

|D7EN)? — (¢, D7*D7€) = || Do&||* — (&, D" D).

This implies that the conclusion of holds, (even if the individual steps do not
hold). The first estimate from the statement of the Lemma then follows easily. The

second estimate is proved in the same way.

To show that L(§) = B*Dy(&) 4+ D§B(€) is a zeroth order operator, we will show that
L(f&) = fL(&) for all real-valued functions f and all sections £ (this implies that L
is described as a tensor). It suffices to prove this in the case when f is supported in

a coordinate chart z = s + it with frame Y.

We digress for a moment to derive formulas for Dj and B* on this coordinate chart.
Write £ = uY and B = ¢(ds — idt)u(—,Y)Y. We can assume that Y is a unitary

frame, i.e., |Y| = 1, but we do not assume that |0s| = 1.

Let 7 be an arbitrary smooth section of AM ® E taking values in F* along the
boundary. Write n = w(ds — idt) ® Y. Then we easily compute (similarly to how we

argued in §6.3.6)):
(8.7) B(&) = tp(ds —idt) @ Y = Repu(B(€),n) = Reugw |ds — idt|*.

Therefore we must have B*(n) = ¢ |ds — idt|* @Y, since this choice yields the desired

pointwise relationship:
Re (¢, B*(n)) = Reuwg |ds — idt|* = Re u(B(€), 7).
Recall that in we have computed a formula for Dj:
|ds — idt| > Dj(w(ds — idt) ® V) = (0w + idyw + Sw)Y,

for some matrix valued function S. The important part is that the leading order part
is —0 = —0;s + i0,. We then combine (8.7) with the above formula for D{ to obtain

(8.8) Dy(B(f€)) = =0f - plds — idt|* @Y + fDj(B(€)).
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This computes half of L(f£). For the other half, we use the defining property of

Cauchy-Riemann operators to conclude
(8.9) B*(Do(f€)) = B*(9f - (ds — idt) ® ) + fB"(Do(€)),
where 0 = 0, + i0,. Recall that we assume f is real-valued. Then our formula for
B*(n) with n =9f - (ds —idt) ® ¢ = 0f - u- (ds —idt) ® Y implies
B Of - (ds —dt) @ &) = Folds —idt|*ay = af - ¢ |ds — idt|* @Y.
Adding together and (8.9), the £0f - |ds — idt|* @Y terms cancel and we obtain
L(f€) = Dg(B(f€)) + B*(Do(f€)) = [ID5(B(&)) + B*(Do(§))] = fL(E),

as desired. A similar argument shows that BDj+DyB* is also a zeroth order operator.

This completes the proof. O

8.3.1. Local Bochner-Weitzenbock estimates for sections supported near the zeros. In
this section we will do a case-by-case analysis of the operator D’ near the zeros.
See [Wen20, §5.6] for similar results. To simplify the calculations ahead, let’s write
0 = 0, +i0;. In the next section we will explain how to rescale D? = 9 & oa(z)C to

D' = 0 + a(2)C. In this section we will focus only on the rescaled operator D?.

There are four possibilities for D!, namely 0+ 2C and 94 ZC. We have the following

estimates for these operators:

Lemma 8.4 (Local Bochner-Weitzenbock). Let v € W12(C,C) or v € WL2(H, C, R).

Then we have the following estimates:
||5UHiQ + ||zv]|7. < ||0v £ z@HiQ +2]v]l3
||5vHi2 + |l2v])3. < |0v £ ZTJH; .

Proof. Using the smooth approximation result Proposition [6.14] we may suppose

that v is smooth, compactly supported, and takes real values along the boundary.

To prove the inequalities, we will need to integrate by parts two times. Let us focus

on the first estimate. We start by computing:

(=0 % 20)(0 £ 20w = —00v + 200 — +200 — £20 + ER}
Using the fact that Ov = Ov we conclude that two terms cancel and we are left with
(8.10) (=8 4 2C)(d + 2C)v = —00v F 20 + |2|* v.

The naive idea is to multiply both sides by Re po(v, —), integrate, and use the formal
adjoint property for —9 & 2C' = (0 + 2C)* and —0 = 9*. This naive argument would

require that v and dv + 20 take real values along the boundary, which we do not
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assume. However, as in the previous section, the fact that we integrate by parts twice

will imply that the failures of formal adjointness will cancel out.

Indeed, we compute
Re/uo(v, —d0v)dsdt = Re / tio(v, —0,0v)dsdt + Re/,uo('u, i0;0v)dsdt.
It is clear that the can integrate by parts with respect to ds, and conclude
Re/ug(v, —90v)dsdt = Re/uo(ﬁsv, Ov)dsdt + Re/uo(v,iﬁtav)dsdt.

We can also integrate by parts with respect to 0;, at the expense of a boundary

integral term, and (after some simplification) end up with:
Re/uo(v, —00v)dsdt = Re/,uo(ﬁv, ov)dsdt — Re/Ruo(v, i0v)dsdt.
We do the same computation with 0 replaced by D = 0 & 2C, and conclude that
Re/uo(v, D*Dv)dsdt = Re/,uo(Dv, Dv)dsdt — Re/R,uo(v, iDv)dsdt.
Finally, we observe that

Re/,uo(v,iDv)dsdt: Re/uo(v,iév)dsdtiRe/,uo(v,iC'zv)dsdt
R R R

= Re/ po(v, i0v)dsdt,
R
where we have used the fact that C'zv takes real values along the boundary. Therefore
Re/uo(v,D*Dv)dsdt — || Dv|3, = Re/,uo(v,é*év)dsdt - ||51}Hi2
Applying Re po(v, —) to and integrating implies
|30 = 20|, = ||0|%, :FZRe/,uo(U,T)) P
We rearrange and estimate to conclude that
1902, + llz0]122 < |00 £ 20|50 + 2 |[0lf2 ,

as desired. The second estimate in the statement of the lemma (with D = 9 + 2C) is

proved in the same manner. O

8.3.2. Classifying the kernels of D' (siz cases). The second estimate in Lemma
implies that dv + Zo = 0 has no non-zero solutions — this takes care of three of the

six kinds of operators.
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Our next lemma shows that Jv+27 = 0 has either a one-dimensional space of solutions

or a zero-dimensional space of solutions.

Lemma 8.5. Suppose that v : C — C is in L?, then
_ 1
0—20=0 <= v=ci exp(—§ |2|?) for ¢ € R,
_ - 1,
ov+20=0 < v:cexp(—§\z| ) for c € R.

On the other hand if v : H — C is in L? and takes real values along the boundary,
then

—20=0 <= v=0
= 1
v +20=0 v:cexp(—§]2\2) for c € R.

Morally, this says that positive interior zeros and (+, +) zeros contribute one dimen-

sion to the kernel, but (4, —) zeros do not contribute to the kernel.

Proof. Observe that if we set v' = iv, then
v + 10" — 20" = i(O4v + 10y + 20),

and hence it suffices to study the equation dv — 20 = 0. Following [Wen20], Propo-

sition 5.22], we prove that the real part of v must vanish identically.

The second estimate from Lemma [8.4]implies that dv € L? and zv € L? (proof: both
Hé(p(zé)v)HLQ and ||zp(z0)v|| ;> remain bounded as § — 0). The L? elliptic estimates
then imply that v € Wh2,

Let y = Re(v). Since —Av + 27 + |2|>v = 0, we have
0=—Ay+ 2+

Apply Re po(p(z0)y, —) to both sides, and integrate by parts to conclude

0= /p(z&) |5y‘2 dsdt + Re/uo(ﬁ(p(zé)) -y, Oy)dsdt + /p(zé)(Q + |2?) y|? dsdt.

When we integrate by parts, we use d;y = 0 (which holds in our case). We can now

take the limit 6 — 0, since we have verified that Oy, zy € L?, and conclude that
= 112 2
0= |0y, + |2+, = y=0,

using d(p(z0)) = O(5). It follows that any L? solution of v — 20 = 0 as in the
statement of the lemma is purely imaginary (and hence vanishes along the boundary,
if the boundary exists).

We now observe that v = iexp(—3 |2|?) is certainly in L? and solves dv — 20 = 0.

Clearly any other solution v" will be v' = gv for some holomorphic g; moreover, by
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what we have shown above, g must be real. There are no non-constant holomorphic
functions defined on C or H which take only real values (the rank of the derivative

matrix would be always 0). Thus g = ¢ must be a real number.

In the case when v is defined on H, the only possibility is ¢ = 0, since otherwise v

would take non-zero imaginary values along the boundary.

Finally, we return to the second equation from the statement, d,v+10,v+ 20 = 0. We
have shown that this solution is conjugate to the first equation under multiplication
by . Therefore all solutions on the disk or half-plane are given by v = cexp(—3 |2|?)

for some real c¢. In this case we can have non-zero ¢ when v is defined on H.

This completes the proof. 0]

8.3.3. The formal adjoint near the zeros. Since we chose our metric so that |05] = 1 in
all of the special coordinate charts centered at the zeros of B, we can easily compute
the coordinate representations of D*:

D° =04 0:C = D”*(u) = -0+ 020
D’ =0+0z2C = D"*(u) = -0+0zC.
Let DT = —C o D% o C. The above yields:
D’ =0+020 = D”'(u) =0 F czC
D’ =0+ 0z2C = D”'(u) =0 F 02C.

Thus we can think of D’ + D' as defining a “duality involution” on the set of six

local model equations. This is illustrated in Figure [3]

To explain the labeling scheme used in the figure, we partition the zero set of B,

denoted Z, into six kinds of zeros:
Z=7TUZ uzZttuzZt-uzZ tuzZ ",

7** are boundary zeros (let’s agree

where Z* are interior positive/negative zeros, and
for this notation that the two £ signs are independent). The convention for assigning
labels is via the linearization: the first sign is the linearization of B allowing arbitrary
deformations, and the second sign is for the linearization only allowing deformations
along the boundary. The local form of D? near a zero ¢ and the corresponding count

is summarized in Figure 3]

It follows from the construction in §8.2.1| that the sum of the counts of all the zeros
in Z is equal to X + p] s
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0+ ozC 0 — o2C
( <£> 5 @ 900
count = +1 count = 0 count = +1
7++ 7+ 7+
J—ozC 0+ o0zC
count = —1 count = 0 count = —1
7 7+ 7

FiGURE 3. The six kinds of zeros and the coordinate representation of
D? in each chart. Two zeros are in the same box if the operators are
dual in the sense defined above.

Applying Lemmas and to DT yields the following result for D*.
Corollary 8.6. Suppose v : C — C is in L2. Then
—v—20=0 <= v=0
1
— W+ =0 < v= icexp(—§ |2?) for some ¢ € R.
Now suppose that v : H — C is in L? and takes real values along the boundary. Then
—vtz0=0 <= v=0

—+z0=0 <= v=0
1
—0v -2 =0 <= v:cexp(—§|z]2) for some ¢ € R.

Heuristically, this says that the zeros with count —1 in Figure [3| contribute a one-
dimensional subspace to the kernel of the formal adjoint D”* (and all other zeros

contribute nothing).

8.4. Linear compactness and a stabilization of D’

In this section we will relate the kernel and cokernel of D? to the kernels and cokernels

of the local models D!. We begin with an explanation of the rescaling scheme we use.
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8.4.1. Modified rescaling maps. Suppose that ( is a zero and let z be the special
coordinate chart centered at . By convention, z is either HHN D(1) or D(1) valued.
Let p be a bump function supported in D(1) which is 1 on D(1/2).

Let ®, : L*(C,C) — L*(%, C) be the modified rescaling map:
D, (v) = p-o?0(0'/%2).

Observe that || ®,(v)];2 < [|v]l;2 = liMy0 || Py (v)|| ;2. Dually, we let II, = @} be

the adjoint. It is easy to obtain the following explicit formula for II,:

I, (u)(2) = o 2 p(0™ 2 2)u(01/22).

The relevance of I1,, ®, is how they interact with D?. Suppose that D7 = 0+ oa(z)C
and let D' = 0 + a(2)C (where a = +2,+%). Then we easily compute

D% 0 &, (v) = 0/2®,(D*(v)) + (Op)a*v(c/?2).

Recall that the L? norm of Av()\z) is constant as function of A\. A similar computation

can be done using II,, and we conclude:

|1D7(®(v)) = 0 2@ (D' ()| 12 < () 0]l L2(D(o~Dio/2))
H01/2D1<Ho(u)) - H0<DU(U)>HL2 < c(p) HUHL2(D(1)\D(1/2)) :
We similarly note the behavior of D%* under ®, and II,:

[D7*(@4 (v)) = 020, (D ()| 12 < e(p) 191l 2(D(o D020
|o/2D (I, (u) — o (D7 (w))]] 12 < (p) [l 2 payp2))

These estimates will be important later on. They essentially say that a uniform bound
on ||D?(u)||;» and ||u||,» implies that || D*(v)||,» = O(c~/?) where v = I, (u).

(8.11)

(8.12)

CGZ:H:'

FIGURE 4. Rescaling sections near the zeros of B. The map &, takes
a section on the large domain and compresses it to fit inside the small
domain (and then cuts it off by p). The map II, does the opposite, it
first cuts off by p and then expands the domain of the section. The
factors have been chosen so that || (v)| ;. = ||p(c™/22)v]| ..
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8.4.2. A linear compactness result. In this section we will prove a compactness theo-
rem which concerns sequences &, with [|[D7(,)|| < C and o,, — oo. To set the stage,
let z¢ be the chosen holomorphic coordinate centered on the zero ¢ (as above), and

recall the modified rescaling maps:
D, c(v) = p- o Po(c'?2), and T, e (u) = o2 p(0 22 )u(o ™2 2,).
Let I, = ®¢ezlls ¢ be considered as a map
1, : L*(, E) —» € L*(C,C)o @ L*(H,C) = H.
Cez+ ¢ez*+

The same formula also defines II, on L*(3, A ® E). We can think of H as the

Hilbert space of L? sections on a disjoint union of finitely many copies of C and H.

We define an operator D' : H — H (with dense domain) whose restriction to each
factor equals the choice of 0 & a(z)C for a(z) = z, Z given by Figure . We similarly
define D'* : H — H where the local form is —0 + a(2)C, as appropriate.

The results of Lemmas and Corollary [8.6] give a complete classification of the
elements in ker D! and ker D%*. See (8.15)) in the next section for a summary of the
kernel of D' and D*.

We let Ry (§) = & — 3oy p(2¢)€ which we think of as the “remainder” after cutting
off. It follows easily from the definitions that

D?(R4(€)) = 0p ® & + Ro(D7(€)).
1€l1 2 < IR (&)l 2 + [To (E)] 2 < 21[¢€]] 2 -

Proposition 8.7 (Linear compactness). Let &, € WY2(E, F) be a sequence so that

(8.13)

1€nll 72 + [|1D7" (&) || 12 remains bounded for some sequence o, — co. Then

(a) [[Ro, (&n)ll 2 — 0.

(b) After passing to a subsequence, I1,, (&,) — k in L? for some element k € ker D*.
The same holds with (&,, E, F, D°", D' k) replaced by (n,,, A" ®@E, F*, D°»* DY“* c).
Proof. We will only prove the &, case, leaving the 7, case to the reader. To avoid

too much clutter, we suppress some notation and write o := o, &, := £ Keep in

mind that p is a fixed bump function.
Let’s begin the proof. Using (8.13)) together with the Bochner-Weitzenbock estimate
(8.5 implies that

o 1la 112 _ - _
IBRo ()72 < 02 [|0p]| o €172 + o2 ID7(E) 172 + Co 1€ 72
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However, R,(€) is supported on ¥~ D(¢1,1/2) ~ D(¢,1/2)~ - and it follows that
|B| > b > 0 for some fixed constant b on the support of R, (). Therefore we conclude
that

IRo(E)lI72 < 01 (Co™" + o0 ?) [|€l172 + 02 [ID7(E)I[72) = O ™).
This proves part (a).
For part (b), we use to conclude
DML (€)[| < o™ 2D ()l 2 + ¢ [IEll2) = O™ ).
Let v, = II,(§). Then |[v,||;. is bounded and ||D*(v,)|| = 0(051/2). We will now use
the local Bochner Weitzenbock estimates (Lemma to conclude that we have
[onll 2 + [|9val] 2 + ll2vnll 2 = O(1)
1D @)l 2 = O 7).

n

(8.14)

The first estimate above is actually enough to imply that a subsequence of v, con-
verges to some limit v, in L?; we will explain this step momentarily. The second

estimate will imply that D'(v.) = 0. This will complete the proof.

Before we move on, note that the L? elliptic estimates for 0 and the first estimate

above implies that v,, is uniformly bounded in W2,

We can phrase the next part of our argument rather generally. If we let
W= {ve Hand [ollya+ [20],2 < C},

(with the obvious induced norm) then the inclusion W — H is compact; we will prove
this below. To see how it applies to our problem, observe that the L? estimates for
0 and the first part of imply that ||v,|/;y12 + ||20n|| 2 is bounded, and hence
v, is bounded in W. Therefore, after passing to a subsequence, v,, converges to some
limit vs, in L% If ¢ is any test function (taking real values along the boundary) then
we have
(D", v5) = lim(D"*p, v,,) — 0,

and hence D'v = 0 weakly. By our elliptic regularity results v is smooth, takes real
values along the boundary, and D'v = 0 holds pointwise, as desired. We can then set

k = v to complete the proof.

It remains to show why W — H is a compact inclusion. It is well-known that
WL2(Q(r)) C L3(Q(r)) is a compact inclusion for Q(r) = D(r) or Q(r) = D(r) N H.
Thus, by a diagonal argument, we can pass to a subsequence v,, and that v, — v

for some limit v € L2 . (in the L2 topology).

loc loc
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We easily estimate

2 2
HUHHL2(Q(2’V)\Q(2’V*1)) < = HZUTL”L?(Q(Q’V)\Q(Q’V*))'
Since Q(2r) \ Q(r) is precompact, we must have
2
ol = tim o, <
oollL2(Q(2F)N(2k1)) nIL2(Q2F)NQ(251) = gk—1"
Since the right hand side is summable, we conclude that v, is actually in L?. Tt
follows that, for all k£, we have
2 2 2 2
[veo = vallze < llv = vallz2@ar)) + Z Vool z2 e na2e-1)) T 1UnllL20@ena2e-1y) -
>k
2 _
< flvs — Un||L2(Q(2’f)) +20%47F
Pick £ large enough that the last term is less than ¢, and then take the limit n — oo,
yielding
lim sup [|vee — w72 < €.

This implies that v, — vs in L?, completing the proof. O

8.4.3. Stabilizing D and computing its index. In this section we will stabilize D? by
adding a cokernel element c; for each zero ¢ with count —1 (Figure . We will also
“co”-stabilize it by adding a kernel element k. for each ¢ with count +1.

We define the following elements of L?(C,C) and L?(H, C):

1
at ¢ € Z* ke = iexp(—= |2|°) and ¢ =0,

2
1
at ( € 7~ ke =0and ¢, = iexp(—é 12]?),
1
(8.15) at € 2t ke = exp(—§ 2|*) and ¢, = 0,
1
at (€27~ ke =0and c, = exp(—§ 12]?),

at (€ZTUZ " k; =0 and ¢, =0,

The results of Lemmas and Corollary show that span..z(k¢) = ker D' C
H, and span;c,(c¢) = ker D™* C H.

Keeping track of the counts of the various kinds of zeros, we see that
(8.16) dimker D' — dim ker D** = X + 3.

Throughout the subsequent arguments, we will use k and ¢ to denote linear combi-

nations of the above basic kernel and cokernel elements.
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We consider @, (k) and ®,(c) as elements of W'2(E, F) and W'?(A%' @ E, F*), using
the special coordinate charts z; and frames Y defined above.
We define the stabilized operator by the formula:
D% W'(E, F) @ ker D — L*(A"™ ® E) @ ker D*
D5 (6.¢) = (D7(€) + Do (e), X, el (11, (€), ke o).

Note that the second factor is simply an orthogonal projection. The following result
will complete the proof of the index formula.

Proposition 8.8. The operator DZ is an isomorphism for o sufficiently large.

See [Wen20), §5.7] for a similar result.

Proof. We summarize the strategy. First prove that DZ is eventually uniformly

injective, in the sense that there are constants C, oy so that
(8.17) o >00 = [[(§,¢)l < CIDGE, )l

Second, we show that DY is eventually surjective. Then DZ is eventually an isomor-

phism, as desired.

We prove by contradiction; suppose not and then conclude a sequence o, — co
and elements (&,, c,) so that ||(&,,c,)| ;2 = 1 but [|[DG (&, ¢,)|l;2 — 0. Let’s agree
to abbreviate o = ¢, to avoid excessive subscripts during the course of this argument.
It is clear that

D7 (&)l 2 < 11D (&ns €n)ll 2 + Cllenll 2
for a fixed constant C'. In particular, we can apply our compactness result to &,

and conclude that, after passing to a subsequence I1,(&,) converges to k and R, (&,)

converges to 0. However, since k¢ form an orthogonal basis for ker D! we have

k= hm Z ||k¢||7 I, (&n), ke)ke

Therefore D7 (€, c) — 0 implies that k = 0. Therefore II,(&,) converges to zero in

L?, and since we know R, (&,) — 0, we conclude &, converges to zero in L.

In order to contradict our initial assumption, it suffices to show that the inner product
(®,(c), D?(€)) converges to zero (because then ||c,||” < [|DG(&ns cn)||” + € must hold
eventually, by Pythagoras’ theorem, for arbitrary €). Using the adjointness property

and , we have
(g (cn), D7 (&) = (Ca, T, (D7E)) = 012 (c,,, D' (I14(0))) + 0(1) = o(1),

where we use the fact that c, € ker D*. This completes the proof by contradiction,

and hence we have (8.17)).
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To prove that DZ is eventually surjective, we also argue by contradiction. Suppose
that it were not. Then by standard properties of Hilbert spaces, we could find a unit

norm sequence 7, k,, (with o, — 00) so that

Using II* = &, and ¢ = 0, we conclude that D%*(n,) = —®,(k,). Since this is
bounded in L?, we can apply the compactness result to conclude that I, (7,,) converges

to a solution of ker D'*. However the assumption that

(®o(c), 1) =0,

for all ¢ € ker D'*, allows us to conclude that II,(7,) converges to 0. It follows
that 7, converges to zero (since we already know R, (7,) converges to zero). Set
& = P,(k,) and ¢ = 0 to conclude that

0 =(D7 (P (kn)), 1) + (P (Kn), Po(kn)).
=(@o (D" (kn)) + (1), m0) + (Do (kn), D (kn))-
=(0(1), 1) + (@ (Kn), Do (kn)).

= [|5(kn)[| = o(1) = [[knll = o(1).

We have shown that both n,, k, converge to zero, which contradicts our assumption

that they were unit norm. This completes the proof. [l

Remark 8.9. It follows easily from Proposition [S.8 that
ind(D?) = dimker D' — dim ker D**.

To see why, write DZ in matrix form. Deform the operator by keeping the 1,1 entry
fixed and setting all the other entries to zero. This deformation does not change the

Fredholm index. It is easy to compute the Fredholm index after the deformation.

Equation then implies that ind(D?) = X + pf.s, which completes the proof of
Lemma . This in turn completes the proof of Proposition (the index formula for
ind(D*)). Applying our earlier result Proposition (relating ind(D) and ind(D))
completes the proof of our main result, Theorem [6.2]






Chapter 9
Uniform estimates for holomorphic curves in symplectizations

Consider the data (Y, A, «, J) of:
(i) a compact manifold Y21,
(ii) a contact form «,

(iii) a compatible complex structure Je on ¢ = ker o, which induces an admissible

complex structure J on R x Y, and
(iv) a closed Legendrian submanifold A.

The goal of this chapter is to prove that any holomorphic cylinder/strip
u:RxS— (RxY,RxA),

where S = [0,1] or S = R/Z, with finite Hofer energy is asymptotic to a trivial
cylinder over a Reeb orbit or chord, in the sense explained in §1.3.2l We will prove
this result assuming the Reeb orbit/chord is non-degenerate.

We will also prove that du satisfies uniform C* bounds for each & > 0. The main
techniques we will use to establish the C° convergence of pr o« and the C* bounds

on du are (i) a bubbling argument and (ii) elliptic bootstrapping.

9.0.1. Preliminaries. To state the precise result we will prove, we need to first give a

few definitions:

Definition 9.1. We can associate to («,.J¢) the almost Kahler triple (g,.J,w) on
R x Y where w = d(e?pr*a), and

(9.1) g=¢ew(—,J—)=do*+ pr*a’ + prda(—, J-).

This metric defines a translation invariant distance function on R x Y, which we will
use below.

Definition 9.2. Suppose that u: % — R x Y is a smooth map. We define

Hofer Energy of u = Sup/ wd(e’prra),
re? Js

where P is the class of increasing diffeomorphisms f : R — (0, 1).

131
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Another energy quantity which will play a role in our proof is the da-energy, defined
by
da-energy of u = / u*da.
)
It is straightforward to show that the Hofer energy of w is positive for every non-
constant holomorphic curve u. Similarly, the da-energy is non-negative for all holo-
morphic curves. It is also not hard to show that the da-energy of a holomorphic curve

u is bounded from above by the Hofer energy of .

Definition 9.3. Let u,v be two smooth maps defined on [0, 00) x S. We define

dist oo (5) (15 v) = distoee (U](s—1,541]x5> V|[s—1,541]x$)-
Theorem 9.4. Let u: [0,00) x S = (R x Y,R x A), where S = R/Z or S = [0, 1],
be a J-holomorphic map with finite Hofer energy. We have the following;:

(a) The derivative du satisfies uniform C* bounds in the sense that

sup, ; | V*du(s,t)| < oo for each k.

(b) If s, — oo is any sequence, there is a subsequence (still denoted s,,) so that

lim distee(s,)(u; T's + 09, ¢(t)) = 0, or

n—oo

lim disteeo(s,)(u; =1's + 09, c(1 —t)) =0

n—oo

9.2)

for some Reeb chord ¢ : [0,1] — (Y, A), or orbit ¢ : R/Z — Y, which we parametrize

to have constant speed equal to its action 7.

(c) If ¢ is a non-degenerate Reeb chord and (9.2) holds then we have

lim disteee(s)(prou(s,t),c(t)) =0, (or c(1 —1t)).

S§—00

(d) If ¢ is a non-degenerate Reeb orbit and (9.2)) holds then

lim inf disteees)(prou(s,t),c(t+1to)) =0, (or c(—t +ty)).

500 toER/Z
In other words, pr o u(s,t) is asymptotically always close to one of the orbits in the
R/Z family of orbits {v(t + to) : to € R/Z}.
Remark 9.5. In the next Chapter, §10, we will upgrade the above to conclude that

o o u(s,t) converges, and, in the orbit case, that pr o u(s,t) converge to a fixed

parameterization of the limit orbit ~(t).
Remark 9.6. After reparametrizing those with negative sign via the map (s,t) —

(—s,1 —t), so the domain changes to (—o0,0] x S, we conclude

lim distcoo(isn)(u, (T's + 09, ¢(t))) =0

n—oo
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holds in all cases. As explained in [1.3.2] the two types of convergence depend on

whether o o u converges to 4-o0.

9.0.2. On the necessity of the non-degeneracy assumption. It seems to be an interest-
ing question as to whether or not the limit
lim prou(s,t)
S§——+00

exists without the non-degeneracy assumption.

It is illuminating to compare with the case where (W, L, J) is a compact symplectic
manifold with Lagrangian L and compatible almost complex structure J. It can be
shown that every finite energy holomorphic curve w : [0, 00) x [0, 1] — (W, L) satisfies
limg oo w(s,—) =p € L.

In other words, every holomorphic strip has a well-defined asymptotic limit, even
though the set of asymptotics is not discrete (i.e., the asymptotics are degenerate).
Rather, the set of asymptotics forms the manifold L. In some sense, the set of
asymptotics is degenerate in a controlled way, analogous to how the critical points of

a Morse-Bott function are degenerate/]

In [Bou02|, the author proves asymptotic convergence results in the case when c is
a Reeb orbit in a Morse-Bott family of orbits, in the sense that there is a compact
manifold ¥ foliated by orbits of R, and the linearization of the Reeb flow operator is

non-degenerate when restricted to variations lying in the normal bundle to X.

Indeed, a non-degenerate orbit v can be considered as a simple case of a Morse Bott
family of orbits. The analysis in which proves that wu(s,t) converges to ~(t),
i.e., that there is a fixed limiting parametrization of the orbit, is fairly similar to
the analysis in [Bou02|, which proves that a holomorphic curve is asymptotic to a

well-defined parametrized Reeb orbit in the Morse-Bott family.

9.0.3. OQutline of the proof. Our proof Theorem has four steps. The first step will
reduce the proof of the C* bound for every k to the case k& = 0. The main technique
in this step will be elliptic bootstrapping. The next step will be to show that if |du|
is unbounded, then a non-constant holomorphic plane or half-plane with boundary
on R x A with finite Hofer energy and zero da-energy exists. The third step will be
to show that there are no non-constant planes or half-planes with finite Hofer energy

and zero da-energy. The first three steps together prove the uniform C* bounds.

INote that the Morse-Bott condition for f is not just that the critical points form a manifold L; it
also requires that the Hessian Vdf is non-degenerate when restricted to the normal bundle of L.
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Finally, in the fourth step, we will investigate the asymptotic convergence of u(s,t)

as s — oQ.

9.1. Elliptic bootstrapping and bounding higher derivatives

In this section we will prove the following lemma:

Lemma 9.7. Let u, : D(z,,3) = (RXY,RxA) be a sequence of holomorphic curves

whose first derivatives are uniformly bounded. Then sup,, |V*du,(z,)| < oo for each
k.

Here D(z,r) is the domain D(z,7)NR x [0, 1], as shown in the figure below for various

@

values of z.

[ ]
22
21

FIGURE 1. The domain D(z,1) is a partial disk. Shown for three

2
points 21, 2, 23.

Remark 9.8. In the statement of the lemma we use metric g from (9.1)) to mea-
sure sizes. We use the Levi-Civita connection V associated to g to take the higher

derivatives. Any translation invariant metric will suffice for this lemma.

In our proof of Lemma we will require two analytical results: the Sobolev embed-
ding theorem and the elliptic estimates for the Laplacian. We state these prerequisites
here.

Lemma 9.9 (Sobolev embedding theorem). For every bounded Lipshitz domain © C
R? there exists constants cp(€) ¢1(2) > 0 so that

Hf”com) <a HfHWL4(Q) < e Hf“W%?(Q) :
Proof. See [MS12 Theorem B.1.11] for a more general result. O

Lemma 9.10 (Elliptic estimates for the Laplacian). For every pair of domains 4, Qs C
H with Q; C €, there exists a constant c(k, 2, s) so that

||u||Wk+272(Q1) < C(HA“”WM(QQ) + ||u||wk+1,2(92))a

for all smooth u : Qy — R? satisfying the Dirichlet boundary conditions u(RN) = 0
or the Neumann boundary conditions dyu(R N §s) = 0.

Proof. See [RS01, Lemma C.2] for a short proof. O
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Note that we will only consider Q = D(0,r) or Q = D(0,r) N H, when applying
Lemmas [9.9] and [9.10

Proof (of Lemma . This argument is inspired by the proof of [RS01, Lemma
C.3].

In search of a contradiction, let us suppose that ‘deun(znﬂ is unbounded. Then,

passing to a subsequence, we may assume that lim,, . ’deun(zn)| = 0.

Let us redefine our curves by translating in the vertical direction w,, := T, o u,,. This
does not change the sizes of the derivatives. We pick T, so that u,(z,) converges to

some point p € R x Y, after potentially taking a further subsequence.

Write z, = s, + it,,. By passing to a further subsequence, we may suppose that ¢,
converges to a point to, € [0,1]. By replacing u,(s,t) := u,(—s, —t), we may suppose
that ¢ € [0, 3]. We consider two cases, either to, = 0 or ts € (0, 3]. We will prove
the case t,, = 0, i.e., when the points z, are converging to the boundary, and leave

the other (simpler) case to the reader.

Consider the function v, (s+it) = u,(s, +s-+it). Since z, = s, +it, and t, converges
to 0, eventually v, is defined on the half-disk D(0, %)

FIGURE 2. The half disk D(0, 1) is eventually contained in D(it,, 3).

Since v, (it,) = u,(2,), we conclude that v, (it,) and v,(0) both converge to p. There-
fore p lies on R x A. Choose now a coordinate chart ¢ : U — B C R?*" centered at p
which identifies (R x A) N U with (R® x {0}) N B and so that the induced complex
structure dyp - J - dp™! is equal to Jy along R™ x {0}. To see that such a coordinate
chart exists one can, e.g., pick the first n coordinates x1,--- ,x, for R x A and then
define the remaining coordinates y1, - - - ,y, by exponentiating the vector fields J0,,

(which are transverse to R x A since J is compatible with w).

By the assumed C! bound, we conclude that v, eventually maps D(0,§) into U. Thus

we may (eventually) define the R?"-valued function w,(z) = o v,(2).
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1

Then, abusing notation and letting J := dy - J - dp™", we conclude that w, satisfies

the boundary value problem:
Oswy, + J(wy,) - Oyw, =0
(9.3)
wy(s,0) € R" x {0}
We decompose w,(s,t) into its real and imaginary parts:

Xn(s,t)]

wy(s,t) = Yo (5.

We easily compute that Y,,(s,0) = 0 and 0 = 0,Y,,(s,0) = —0;X,,(s,0). This means
that X, satisfies the Neumann boundary conditions and Y,, satisfies the Dirichlet
boundary conditions. Therefore we conclude from Lemma that, for k£ > 2, w,
satisfies the elliptic estimates:

94)  Mwnllwezwem) < celllAwnllyeamesm-1)) + 1wnllwe-r200/m-1))-
Here we abbreviate D(r) := D(0, 7).

()

0

FIGURE 3. Nested disks D(d/k).

In order to use (9.4), we compute
(0s — J(wy)0p) (Oswy, + J(wy,)0pw,) =0
— Aw, = 0[J(w,)]0sw,, — 0s[J(w,)]0sw,.

Our strategy will be to use (9.4) and (9.5) to bootstrap the initial C* bound to a
W*2 bound on the disk D(d/k), for all k. To be more precise, we will prove:

(9.5)

(9.6) sup lwnllwe2 s my < 0

by induction on k. The base case k = 1 holds from the initial C'* bound.

Since w,, is uniformly bounded in C!, we conclude from ([9.5)) that Aw, is uniformly
bounded in L?*(D(4)). Therefore (9.4) implies that holds with k = 2.

It is well-known that:

(9.7) sup ||wn||Wk!2(®(r)) <00 = sup ||J(wn)||Wka2(D(r)) < o9,
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for all £ > 0, since J is smooth.

It is also easy to see that the following quadratic estimate holds:

(9.8) ||fg||W1’2(Q) < ||f||W1v2(Q) ||9HCO(Q) + ||fHCO(Q) ”gHWl»?(Q) :
In particular, applying to (9.5 implies that
sup HAwnHWL?(D(é/Q)) = sup ||0¢[J (wy,)] 05w, — Oy [J(wn)]ﬁtwn||W1,2(®(5/2)) < 0,

since we know J(w,,), w, are uniformly bounded in W22(D(§/2)) and C*.

Then we easily conclude from the elliptic estimates (9.4) that the desired result
holds with k = 3.

To continue the bootstrapping argument, we will require another quadratic estimate;

for W*? with k > 2 we can use the following estimate:

(9.9) HngkaQ(Q) < Ck HfHWW(Q) HQHWW(Q) :
It is easy establish for k£ > 2 by induction using

1fgllwrz@y < Ifgllwrro@) + IVF - gllwrro@) + 15 Vallwrraq) -

The base case when k& = 2 follows from a similar observation:

19l < f9llwrz@) + IV Vol + IV gl + 1f - VVgl e

The first term above can be estimated using our first quadratic estimate , together
with the Sobolev embedding for C° € W22, The last two terms can be estimated
using |lab||;> < ||lal|2 ||b||co and the Sobolev embedding theorem. The hard term to
estimate is |V f - Vgl|;2. To do so, we will use the Sobolev embedding theorem for
W4 c W22, and the Holder-type inequality

IVF- Vgl < IVl IVl

Returning to our bootstrapping argument, we can now conclude from ((9.7) and
that

sup HAwnHWZ?(D(J/z)) = sup ||0;[J (wy,)] 05w, — Oy [J<wn)]atwn||W272(D(5/2)) < 0.

Then applying the elliptic estimates (9.4]) proves in the case k = 4. The argu-
ment repeats, without any further modification, to conclude for all k.

We are almost finished with the proof. Recall that we assumed:

lim |deun(zn)} =00

n—o0
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in search of a contradiction. Since ¢ o u,(z) = w,(z — s,), we conclude that w, is
also unbounded in the C**! norm near z, — s, = it, (since p is a diffeomorphism

between compact domains, it distorts the C**! size by a bounded amount).

Since t,, converges to 0, it, eventually enters the disk D(§/(k + 3)). On this domain
the C*+1 norm is bounded by the W*+32 norm, by the Sobolev embedding theorem.
Then ((9.6) with k replaced by k + 3 contradicts the fact that the C**! size of w, is

unbounded. This contradiction completes the proof. 0

9.2. The bubbling argument

In this section we will prove the following lemma:

Lemma 9.11. Suppose that u, : D(z,, %) — (R x Y,R x A) is a sequence of holo-

morphic curves.

Then we have the following alternative: either sup,, |du,(z,)| < oo, or there exists a
non-constant holomorphic plane vy, : C — RxY or half-plane v, : H — (RxY,RxA)

with
(Hofer energy of v,) < limsup(Hofer energy of u,)

n—oo

(da-energy of vs,) < lim sup(da-energy of u,).

n—oo

Remark 9.12. The case that will be of interest to us is the following: suppose we
have a single holomorphic curve u : [0, 00) x [0,1] — R x Y with finite Hofer energy.

Suppose that the derivative of u is unbounded. Then we will set

Up = ulD(zn,%)

for a sequence of points with sup,, |du,(z,)| = oco. This forces lim, o s(z,) = o0,
and so

lim sup(da-energy of u,) = 0.

Then Lemma [9.11| will imply the existence of a finite Hofer energy plane or half-plane
with zero da-energy. In we will show that such planes/half-planes cannot exist.

This argument shows u must have a bounded derivative.

One technical result needed in the proof of Lemma is known as “Hofer’s lemma,”

Lemma 9.13 (Hofer’s Lemma). Let d : X — [0,00) be a continuous function on a
complete metric space; and let ¢ >0 and 2/ € X. Onecanfind 0 < e <€ andz € X
so that

(i) dist(z, 2") < 2¢€/,
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(ii) d(y) < 2d(x) for all y € D(x,¢).
(i) ed(x) > €d(a’),

Hofer’s lemma was introduced in [HV92, Lemma 3.3] (moreover, they show that the
lemma gives a characterization of completeness). We will give the proof here for the

reader’s convenience.

Proof (of Lemma . Let €, = 27"€¢, and define a (potentially terminating) se-
quence x, as follows: let xy = 2/, and choose x,.1 € D(x,,€,) so that d(x,.1) >
2d(x,,). If no such x,; exists (i.e., the sequence terminates at x,,), then we conclude
that, for all y € D(x,,€,) we have d(y) < 2d(z,), so (ii) is satisfied with z = x,,

€ = €¢,. By construction, we have
Gnd(.’En) 2 QEnd([anl) = Enfld(l'nfl) 2 s 2 €0d(.’l30) = Eld(l'/),

so (iii) would also be satisfied. Since dist(zg, z,,) < €g+€14- - +€, < 2¢p, we conclude
(i) also holds.

Thus the proof of the lemma is reduced to proving that the above recursion terminates.
In search of a contradiction suppose it does not converge. Then the sequence z,
converges, however, d(z,) is unbounded since d(z,) > 2d(z,—1). This is impossible,
and so we complete the proof. 0
Proof (of Lemma (9.11)). Let u, : D(z,,3) = R x Y be a sequence of holomorphic
curves. Without loss of generality, let us suppose that the derivative du,(z,) is
unbounded. By passing to a subsequence, we may suppose that R = |du,(z,)|
satisfies lim,, o, R, = 400.
Now pick 0 < €, < 1/6 so that lim,,_, €/, = 0 but lim,,_, €, R], = +oc.
Introduce the function d,(z) = |du,(z)|, and apply Hofer’s lemma with ¢ = €/, and
2’ = 0 to conclude ¢, < €, and x, so that

(i) x, € D(zn,2€,),

(i) |dun(y)] < 2|dun(z,)| for y € D(zn, en),

(ili) € |dun(z,)| > €,RL,.
The reader may complain that d,, is not defined on a complete metric space, but it
is easy to see that every point and ball considered in the recursive proof of Hofer’s
lemma will remain entirely in D(z,, 3¢,,). Since we chose €/, < 1/6, we see that we

can cut off d, outside of D(z,,3¢)) (and obtain a continuous function defined on all

of R x [0,1]) without affecting our conclusions.

We abbreviate R, := |du,(x,)|. Note that by item R, is still diverging to oco.
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The idea now is to rescale the domains of u,, by the factor of R, '; we introduce
vyt D(0, Ryen) N Ry (R x [0,1] — 2,,) given by v,(2) = up(z, + R, 2).

The domain of v,, seems a bit awkward, but we can simplify it by writing z,, = s, +1t,

and observing that

Ro(R % [0,1] — ) = R X [~t, Ror, (1 — t) R].

Im(z) = (1 —t,)R,

«0 ) D(0,¢,R,)

N -

Im(2) = —t, R,

FI1GURE 4. The domain of the rescaled map v, is the shaded region.
Depending on the limit of ¢, R,,, the domain is either expanding to cover
the entire complex plane C, or an upper or lower half-plane.

We can pass to a further subsequence so that ¢, R, and (1 —t,)R, converge in [0, co].
There are then three cases to consider: if either ¢, R, converges to a finite number,
then the domains of v, converge to an upper half-plane. On the other hand, if
(1 —t,)R,, converges to a finite number, then the domains of v,, converge to a lower

half-plane.

To be precise, by “converge to a half plane” we mean that there exists a half plane H
with the property that any compact set in H is eventually contained in the domain

of v,.

If both ¢,R, and (1 — t,)R,, diverge to oo, the domains of v,, converge to the entire

complex plane C.

It is straightforward to conclude that
(9.10) |dv,(0)] =1 and |dv,(2)] < 2
for all z in the domain of v,, (using [(ii)). As we did in the proof of Lemma we

now replace v, := T, ov, where T, is a sequence of vertical translations. This does
not affect (9.10). We choose T,, so that v,(0) converges (taking a subsequence if

necessary ).

The Arzela-Ascoli theorem implies that v,, converges in CP . to a continuous function

loc

VUso : 2 = R xX Y with where € is either a half-plane or C. If €2 is a half-plane, then

the aforementioned C?

o convergence implies that v, maps the boundary onto R x A.
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By our elliptic bootstrapping lemma (Lemmal9.7)), we conclude that the higher deriva-
tives of v, are uniformly bounded on compact sets. Here we use the fact that if z
lives in a compact set of €2, then eventually z has a neighborhood in the domain of

v,, identical to one of the partial disks considered in Lemma [9.7]

The Cf_ bounds allow us to upgrade the conclusion of the Arzela-Ascoli theorem to
conclude that (i) the limit map vy is smooth and (ii) v, actually converges in C2 to

Voo In particular, vy, is holomorphic. Moreover, by the CL _ convergence, we conclude

that |dvw(0)] = 1, and hence vy, is non-constant.

It remains only to prove the bounds on the energies of v,. This follows from a fairly
standard argument, which we will briefly explain. If v,, has energy greater the F,
then for € > 0 there is a compact domain K C €2 on which v, has energy greater
than E — €. Eventually v, is defined on K, and since v, converges to vy, in C(K),
we conclude that the energy of v, on K is eventually greater than E — 2¢. Therefore
E — 2¢ < limsup(energy of v,,).
n—oo
Since E was an arbitrary number less than the energy of v, and € > 0 was also
chosen arbitrarily, we conclude that
energy of v,, < limsup(energy of v,).
n—oo
This argument works verbatim replacing “energy” with “da-energy.” This argument

also applies if we set
“energy” of u = /u*d(ef(”)da).

Then we can take the supremum over all f as required by the definition of the Hofer

energy. This completes the proof of the lemma. 0

9.3. Holomorphic curves with zero da-energy

Our main goal in this section is to prove that there are no holomorphic planes or
half-planes with finite Hofer energy and zero da-energy. As a first step, we prove the

following lemma:

Lemma 9.14. Let X be a connected Riemann surface, and let v : > — R X Y be a
holomorphic map with zero da-energy. Then there is a leaf L — R x Y of the Reeb
foliation (the foliation spanned by d, and R) so that u factors smoothly through L.
Proof. Since the da-energy is the integral of u*pr*da, and pr*da is a J-compatible

symplectic form on the contact distribution pr*¢ C T(R x Y'), we conclude that

im(du) C ker pr'da = RJ, ® RR.
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Pick a point z € ¥ and let u(z) = p. Choose coordinates x1, z2,y1, - , Yo, centered
on p so that d,, = J, and 0,, = R (this is possible since J, and R commute). On an

open set around z we conclude that d(y; o u) = 0 for all ¢, since
im(du) C span {0,,, Oy, } -

In particular u factors smoothly through the locus where y; = - -+ = y2,_o = 0, which

is evidently part of some leaf £.

This argument shows that set of points z € ¥ which land in £ is an open set.
However, since the complement of £ is a union of other leaves, we conclude by the
same argument that the set of points which don’t land in £ is also an open set. By the
connectedness of 3, we conclude that all points u(X) C £. Our argument also shows
the factorization of u through the inclusion £ — R x Y is smooth. This completes
the proof. O

It is easy to classify the leaves of the Reeb foliation: each leaf is of the form R x

where v is a Reeb flow line. In particular, if £ is a leaf, then
(9.11) I''o+ireCr(0,7(1)) €L

is either a diffeomorphism or the universal cover (depending on whether v is a closed
orbit or not). Also note that the fact that J is assumed to be admissible implies that
(9.11]) is holomorphic.

We compute the following formula:
I*d(ef@pra) = f/(0)ef Ddo A dr.

Combining Lemma with (9.11]) allows us to prove the following:
Corollary 9.15. Let X be a simply-connected Riemann surface. If u: ¥ - R x Y

is a holomorphic curve with zero da-energy, then there exists a holomorphic map

w: X — Csothat I' ow = u. If u has finite Hofer energy, then
(9.12) sup/ w*(f'(0)e!@do Adr) < o0,
fe? Jx

where P is the collection of functions from Definition [0.2]

With this results in place, we can now prove the following lemma:
Lemma 9.16. There are no non-constant holomorphic planes u : C — R x Y or

half-planes u : H — (R x Y,R x A) with finite Hofer energy and zero da-energy.

Proof. We argue by contradiction. By Corollary [9.15] we conclude a either a map
w:C — C oramap w:H — C so that the energy (9.12) is finite.
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Consider the case when u : H — R x Y. Since u(R) C R x A and the inverse image
I'"Y(R x A) is a union of horizontal] lines 7 = const, we conclude that the induced
map w satisfies w(R) C L for some horizontal line L. Then w can be doubled by the

Schwarz reflection principle to obtain a holomorphic plane w : C — C.

The doubling process increases (9.12)) by a factor of 2, since the energy only depends
on the horizontal coordinate which is unchanged when we reflect.

Thus it suffices to prove the case w : C — C. We observe that the integral of
f'(0)ef@da A dt over a region of the form [a, b] x R is always infinite. In particular,
if w surjects on [a, b] X R, then the integral (9.12)) would be infinite.

Picard’s little theorem asserts that w must surject onto C or C minus a single point.
In particular, we can find a < b so that w surjects onto [a, b] x R. This completes the

proof.

If the reader does not like using Picard’s theorem, we can also argue as follows. Recall
that under the stereographic projection p : C — CP', the Fubini-Study form wpg is

pulled back to
. do A dT
P wrs = (

1+ 02+ 72)%
(See [MS17, Exercise 4.3.4]). Now observe that

+oo 1
/_Oo —(1+02)2:C<OO.

If we define )

1
’ _ -

fllo) =~ TS
and f(o) = [7_ f'(0')do’, then f : R — (0,1) is an increasing diffeomorphism, and
hence is in the family P of functions from Definition [9.2l Moreover, it is clear that

do Adr

* _ flo) g1

(9.13) Prwrs = Axo 2 < e’V f'(o)do A dr.
In particular, we conclude that the composite p o w : C — CP' has finite Fubini-
Study area. By the removal of singularities theorem (see [MS12, Theorem 4.1.2]) we
conclude that p o w extends to a holomorphic map CP' — CP'. In particular, p o w

is surjective, and hence w : C — C is surjective.

Thus w surjects onto R X [a, b], contradicting (9.12)) (as we already explained above).
This completes the proofﬁ 0J

2The o coordinate is the real coordinate on C, even though it corresponds to the “vertical” coordinate
in the symplectization. This conflict between “horizontal” and “vertical” is a bit unfortunate.
3After writing this, the author came up with another proof: by a bubbling argument, it suffices to
exclude non-constant maps w : C — C satisfying with bounded derivative. Non-constant maps
with bounded derivative are affine, and hence are surjective.
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In Remark [9.12] we explained that if a holomorphic curve
u:]0,00) x [0,1] > (RxY,R X A)

with finite Hofer energy had an unbounded first derivative, then the bubbling lemma
(Lemma would produce a finite energy plane or half-plane with zero da-energy.
This conclusion is obviously incompatible with Lemma [9.16| above. Thus we have
concluded the first part of Theorem [9.4 namely that for every holomorphic curve
w:[0,00) x [0,1] = (R X Y,R x A) with finite Hofer energy we have

(9.14) sup, ; | V*du(s, t)| < oo,

for all k.

Proof. Remark together with Lemma imply the C! bound (k = 0). The
result for k£ > 1 follows from Lemma O

Before we end this section, we wish to prove two more lemmas concerning holomorphic

curves with zero da-energy.

Lemma 9.17. Let u : R x R/Z — (R x Y,R x A) be a non-constant holomorphic
curve with finite Hofer energy and zero da-energy. Then there exists a Reeb orbit
¢:R/Z — Y of action T and a real number o so that either

oou(s,t) ==£Ts+ o9 and prou(s,t) = c(£t).

Proof. First we prove that the map u must lie in R x v for a closed orbit v. The
argument is similar to the proof of Lemma [9.16} observe that otherwise the composed
map u : RxR/Z — C — CP! would have finite Fubini study area, and would therefore
extend to a holomorphic map CP* — CP'. As argued previously, this would imply
the map u has infinite Hofer energy (by considering regions [a,b] x R C C).

Let I'(s,t) = (T's,(t)) where v : R/Z — Y is the underlying simple Reeb orbit,
parametrized to have constant speed equal to its action. Then I' parametrizes the leaf
which contains the image of u, so can write u = ['ow, where w : RxR/Z — RxR/Z
is a holomorphic map. We know that w has bounded derivatives, and hence w’s lift
C — C takes the form of an affine map, which must map iZ into iZ, and hence has
the form z — kz + 0o/T where k € Z and oy € R. It follows that

u(s,t) = (Tks + og, c(kt)).

Redefining T' := Tk and c¢(t) = c(kt), i.e., replacing the simple orbit by its multiple
cover, we obtain the desired result. 0]
Lemma 9.18. Let u: R x[0,1] = (R xY,R x A) be a holomorphic curve with finite
Hofer energy and zero da-energy. Then there exists a Reeb chord ¢ : [0,1] — (Y, A)
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and a real number og so that either
ogou(s,t) =Ts+ oo and prou(s,t) = c(t),

or
gou(s,t) = —=Ts+ op and prou(s,t) =c(l —1).

Proof. The argument is similar to the proof of Lemma [9.17] If u is constant, then

we can take T"= 0 and c¢ to be a constant map. Thus let us suppose that u is non-

constant. Since the strip R x [0, 1] is simply connected, we can apply Corollary

to conclude a holomorphic map
w: R x [0,1] — C satisfying I' o w = u.

Here I' : C - R x Y is defined by 0 o I'(0,7) = ¢ and pr o I'(o,7) = ¢(7) for some
Reeb flow line ¢ (which is potentially non-embedded).

Since u has boundary on R x A, w must have boundary on T"}(R x A). As shown in
Figure 5, T~}(R x A) C C is a collection of horizontal lines 7 = const corresponding

to the places where v(7) intersects A.

Without loss of generality, suppose that w(R x {0}) lies in the line 7 = 0, and
w(R x {1}) lies in the line 7 = T. If T < 0, then we replace w(s,t) := w(—s,1 — 1),
so now 1" > 0.

We apply the Schwarz Reflection principle repeatedly to reflect w across horizontal
lines until we have extended w to a map w : C — C, with the property that w still
has bounded derivatives. To give some details of the construction, the first step is
extend w to a map R x [—1,1] — C by defining w(s, —t) = w(s,t). The subsequent
steps are similar, and we leave them to the reader. See Figure [f] for an illustration of

the construction.

Note that if T = 0, (i.e., both boundaries of w lie on the same line), then the
extension w : C — C has a bounded imaginary part (noting that the original map w
has a bounded real part because its derivative is bounded). However, it is well-known
that there are no non-constant functions with bounded imaginary partﬁ Since we

assume that w is non-constant, we conclude that 7" > 0.

Because the extension w : C — C has a bounded first derivative, w must be an affine
function w(z) = az 4 0p. Since w sends the linest =0tor=0andt=1to7="1T,

we must have a =T, and 09 € R. Thus we conclude that
w(s,t) =Ts+iTt+ 0y = oou(s,t) =Ts+ o9 and prou(s,t) = c¢(Tt),

4proof: apply z — €'* to obtain a bounded holomorphic function.
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or
gou(s,t) = —=Ts+ oo and prou(s,t) =c(T(1 —1t)),

depending on whether or not we replaced w(s,t) by w(—s,1 —t). Finally, redefine

c(t) := ¢(Tt) to obtain the desired time 1 parametrization. This completes the

proof. 0

e N

FIGURE 5. T7!(R x A) is a collection of horizontal lines. The holomor-
phic map w : Rx [0, 1] — C (shown as the shaded region) has boundary

on I"HR x A).
T
te0,1] w(s,t)
0
te[-1,0] w(s, —t)
=T
te[-2,—1] w(s, t+2) — 2T
=27

FIGURE 6. Extending a function w(s,t) with w(s,0) € {0} x R and
w(s, 1) € {T'} x R to a holomorphic function C — C.

9.4. Asymptotic convergence to Reeb orbits and chords

In this section we will analyze the convergence of the chords prou(s, —). Our goal is to
prove the rest of Theorem [9.4] Let u : [0,00) X S — (R x Y,R x A) be a holomorphic
map with finite Hofer energy. Pick a sequence s, tending to +oo. Consider the

translated curves
1
Uy [—§sn, o0) xS = (RxY,R x A) given by v,(s,t) = u(s + sp, t).

Note that v, (0, —) = u(s,, —).
It is clear from (9.14)) that sup,, ‘V’“dvn(s, t)‘ < C}, for constants C}, independent of

n. Moreover, the Hofer energy of v,, is bounded from above.
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The da-energy of v, equals the da-energy of u, on the region [s,,00) x S. As a

consequence, the da-energy of v,, is tending to zero.
As we have done before, replace v,, := T,, o v,, where T,, are vertical translations of

R x Y, and T, are chosen so that v,(0,0) converges.

The Arzela-Ascoli theorem implies that v,, converges in Ct° to a limiting holomorphic

loc
map Vs : R X [0,1] = R x Y. By the same argument given in the proof of Lemma

9.11], the da-energy of v, is zero, and its Hofer energy is finite.
The Lemmas and apply, and we conclude that

Voo (8, 1) = (09 + T's,c(t)) or ve(s,t) = (09 — T's,c(1 — 1))
for some Reeb chord ¢ or orbit. Note that ¢ may be constant (in which case T = 0).

The C.-convergence of v,, to v implies that

(9.15) lim disteeo(s,) (un(s,t); 00 +T's, c(t)) = 0,

n—oo
and a similar conclusion for negative punctures. Thus we have proved the second

assertion of Theorem [0.4]

To complete the proof of Theorem , we need to upgrade the convergence of ((9.15)
by removing the dependence on the subsequence s,. For this part we assume that

the limit Reeb chord or orbit ¢ is non-degenerate.

First we focus on the case of chords. For concreteness, let us suppose that in (9.15))
prou,(s,,t) converges to ¢(t); the case ¢(1 —t) is similar. We argue by contradiction:
if im0 prou,(s,t) does not converge to c(t) , then we can find another subsequence

sl — 00 so that lim, . pro u,(s),t) converges to a different Reeb chord ¢/(17t).

By further taking subsequences, we may suppose that s, < s/, < s,41. We consider

prou,(s, —) for s € [s,, /] as a path of chords joining prou,(s,, —) and prow,(s.,, —).
Since c(t) is assumed to be a non-degenerate Reeb chord, there is a C'' neighborhood
U of t — ¢(Tt) (in the space of chords of A) so that the only Reeb chord in U is c.
The C! topology is metrizable, and hence we can find a smaller open set U’ so that
ceU, U CU.

Since (U’)¢ is open around ¢ and U’ is open around ¢, eventually pr o u(s,, —) € U’
and prowu(s!, —) € (U')°. Then we conclude s” € (s,,s) so that prowu(s”, —) lies in
U~U'.

By the same argument leading to (9.15), some subsequence of pr o u(s!, —) must
converge to a map t — ¢’(T"t) for some Reeb chord ¢”’; moreover pr o u(s!,—)

converges in U ~U’. This contradicts the construction of U~ U".
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Therefore lim,_,o disteee(s)(u(s, t), c(t)) = 0, as desired.

The argument for orbits is similar, except one can only conclude that

lim inf distoo(s)(u(s,t),c(t +t)) = 0,

s—00 toER/Z

as desired. This completes the proof of [9.4]

9.4.1. Non-degeneracy and nearby Reeb chords/orbits. To see why, non-degeneracy of
a chord implies the chord is isolated in the C! topology, we can argue geometrically
as follows. If cx(—) was a sequence of different Reeb chords converging to ¢(—) in C*
then (i) the periods Ty of ¢; converge to T and (ii) the starting points ¢;(0) converge
to ¢(0). This implies that the points (Ty,c(0)) € R x A lie in the inverse image
@ 1(A) for the Reeb flow . However, the transversality assumption implies that
(T,c) € ~!(A) is an isolated point of ¢ '(A). This contradicts the convergence of
the sequence (T, cx(0)).

A similar description is possible for orbits, but we can also argue using the definition
of linearized operator from §3.3] Recall that if another Reeb orbit ¢; is sufficiently
C! close to a fixed orbit ¢p, then we can reparametrize ¢; = ®;(n(t)), where 1 solves
the non-linear equation 7'(t) + I (n(t))®'(n(t)).

Then, by definition of linearization, we conclude that:

' (t) = JS(E)n(t) = B(n) - n(t) - n(t),

where A = —J9, — S(t) is a non-degenerate asymptotic operator. Then, if we can
find a sequence of solutions ¢, which converge in C! to ¢y, then we can rescale the
resulting 7, to obtain a non-trivial element in the kernel of A, which we assume is
impossible. The only possibility is if 7, = 0 holds identically, in which case ¢, is a

reparametrization of cg.



Chapter 10
Exponential decay

Let 0,7,z be the coordinates from Remark [£.2] centered on a non-degenerate Reeb
orbit or chord ¢. We say that o, 7 form the tangential coordinates, while x forms the

transverse coordinate.

Suppose that o, 7, x are the coordinates of a holomorphic map w : [sg, $1] xS — Rx Y,
where S = R/Z or S = [0,1]. In the latter case, we suppose that u takes boundary

on A, which is equivalent to 7 = 0 on [sg, s1] x {0, 1}.

Let f denote the average fol fdt, and let oy = a(s.) for s, = %(so + 51). In the
S =[0,1] case, set 79 = 0, while in the S = R/Z case set 19 = 7(s,).

We have the following exponential convergence result:

Theorem 10.1. For € > 0 sufficiently small, there exists M = o(1) as € — 0 so the
following holds. Whenever o, 7, x are the coordinates of a holomorphic curve u, and

7,z are C**! e-small, the following estimate holds:

J4
D V] + V7 = m0)| + [Vi(0 = 00)| < My(e 2070 4 e70(179)),
k=0

for all s € [sg, s1]. Here § > 0 depends only on the asymptotic operator A.

We give the proof at the end of §10.7.5|

10.1. The PDE near an orbit or chord

As explained in the proof of Lemma [4.7] we have the following equations
0o —Or=FE1-7-Ox+Fp-v-x+F3-x-0x+Fy- o271
(10.1) 0o+ 0, T=FEy - T-0x+FEy - x-T+FEyy-x-0x+FEoy-x-7
Osx+ JOx +S()xr =FE31 -7 -0x + FEsg-x-x+ FEs3-x-0w+ E3y - x - 7.

where E;; are all smooth tensor valued functions of 7,z. For future use, we let:

Rj:Ejl-T-(?tm—l—Ejg-x-x+Ej3-x-8tx+Ej4-:U-T.

149
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10.2. Differential inequality for the transverse coordinate

In this section we prove a differential inequality for the x coordinate.

Lemma 10.2. Suppose that o, 7,2 solve the above holomorphic curve equation

(10.1)). Let v(s) = %||w||2 There exists € > 0 with the following property. Sup-

pose that 7 and z are C? e-small on [sg, 1] X S, where S = R/Z or S = [0, 1], and
that the asymptotic operator A = —Jo,x — S(t)z is non-degenerate. Then

Vs) = r(5) = (0 + AP,
where d = d(A) > 0 is the largest constant so that d?||€||* < 3 | A(E)]].
Proof. A straightforward computation establishes that
7'(s) = 10sz]|* + {2, ,0s).
We replace 0,x = Ax + R3, to obtain
(x,05052) = (x, Adsx + OsR3) = (v, ADsz) + (x, 05 R3),

where we have used the fact that A is s-independent. Since x and Jdsx both take
boundary values in R™, (or we are on R/Z), we can use the self-adjointness of A to

conclude

(x, ADsz) = (Ax,0s) = ||Aa:||2 + (Azx, R3).

Applying d? ||z||> < % ||Az||*, we conclude:

1
3
" 2 1 2 2 2 2 1 2
7= dy 2 (10" + ([ A7) + (G 105" + 5 [ A" + {Az, Rs) + (2, OsRy)).
Thus, in order to prove the lemma, it is sufficient to prove that

1
(10.2) (A, R3) + (2, 0:1s)| < g(HAxH2 +21|0s%),

provided the C? sizes of  and 7 are less than e. We will now proceed to do this. It

is fairly easy to estimate:
1 2
(A, Ry)| < 5 || Az,

provided e is sufficiently small (using ||z||y1.. < Ca||Az| since A : W'? — L? is an

isomorphism).

It is similarly easy to estimate:
1 1
[(,04(Es1 - 7) - O+ 0s(Eso - 3 + s - 0 + By - 2))| < 5 | Az||* + 5 |0,]|%

one uses Cauchy-Schwarz, 2 ||a|| [|b]] < |lal|” + [|b]|*, and ||z, < Ca || Az -
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The remaining term involves second derivatives of x and needs to be integrated by
parts. We have

(x, B3 - T - 0;0sx) = —(Ohx, B3y - T - Osx) — (v, 0¢(Es31 - T) - Os).

In the R/Z case we can always integrate by parts. In the [0, 1] case we use the fact
that 7 vanishes at both endpoints. Then it is clear that both terms can be bounded
above by %(HAtz + [|8,z||*). Combining everything gives (10.2)), and this completes
the proof. 0

10.3. The relationship between 7"’ — 2y and exponential estimates.

There are many results in the theory of holomorphic curves which involve quanti-
ties decaying exponentially. Many of these results begin by establishing an estimate
involving the combination 4" — §?~, and usually v is the L? size (squared) of some

quantity. We give four examples from the literature, arranged chronologically:

(i) In [Flo89b, Lemma 5.2|, Floer establishes an estimate of the form
(10.3) 7"(s) = 0%(s) 2 0

for a certain quantity v : R — [0,00). Since 7 is non-negative and defined on all R,
~ must be identically zero. This is part of the argument Floer uses to show that the
Floer homology of L with L; (the graph of df in 7%L) can be computed in terms of
the Morse complex of f.

(ii) In [Sal97, Lemma 2.11], Salamon considers the quantity

) =3 [ lets. o a

where £(s, t) solves an equation of the form 0,{+Jy0, £+ S5 ()€ = 0. He then shows that
7 satisfies (10.3)) for s sufficiently large, using the assumption that £ — Jo0,& + S ()€
is an isomorphism. Salamon then shows that v(s) decays exponentially with rate ¢,

for s sufficiently large.

(iii) In [RSO1, Lemma 3.1], Robbin-Salamon consider a function v : [0,00) — R

satisfying inequality of the form
V(5) = 8(s) > —coe ™

The authors use to show that ~y(s) decays exponentially with rate d, provided € > 9.
(iv) In [HWZ02, Lemma 3.6], Hofer-Wysocki-Zehnder consider the L? size

2 (s) = / RECUIRE
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where z is a R*2-valued coordinate near a Reeb orbit measuring the directions
transverse to d, and R. They show that v : [—r,r] — RT satisfies the estimate
(10.3). The authors then use (10.3) to show that v(s) < Ae™°0*) 4+ Be=0(=5) for

appropriately chosen constants A, B.
We will prove the following lemma:
Lemma 10.3. Let v : [-r,7r] = R", a : [-r,r] - R and x : [-r,7r] — R be

smooth functions satisfying
(10.4) A= 8%y > a — K,

for some constant § > 0. Suppose that k < K;e " PU+%) 4+ Koe=P0=9) for Ky, Ky > 0

and D > 9. Then
s40.5
v < Cle—é(r+s) + 026—5(r—8) and / Oé(S) ds < Ale—é(r-i-s) + A2€_6(r_8),
s—0.5

where the inequality involving « holds only for s € [—r+ 1,7 —1], while the inequality

involving 7 holds for all s € [—r,r]. The constants are given by

K, + Kye 2Pr
Cl = /y(_T) + 1D2 _252
_ () = 5v(r) Ky
C= = T mm_o

A; = (40 4 26%)C; + 2P K

N

—_r 0 r

FIGURE 1. Plots of Ce 00 +3) 4 Che9(=9) for various values of C and
C5. The values (', Cy are the values taken by the function at the left
and right endpoints, respectively.

Proof. We begin by introducing the function

K Kjg
. d(r—s 1 D(r+s D(r—s
ﬁ—f}/_Be ( )+ e ( )+ e ( )’

for a constant B to be determined at a later stage. It is straightforward to observe
that
,8” _ 525 _ '7” . 52’7 + [Kle—D(r+s) + KQG_D(T_S)] >a > 0.
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The trick now is to observe that

d
(10.5) d—(e"ss(ﬂ/ +66)) >0 = e %(B' + 03) is increasing.
S
Now we will pick the constant B > 0 so that ' + 03 is non-positive at the right

endpoint s = r. We compute

B'(r) +66(r) =+ (r) + 0y(r) — 20B + (D+0)Ky— (D — §)Kle—2Dr'

D2 _ 52
Therefore K
F(r) +86(r) <7(r) +5x(r) + =2 — 26B.
This leads us to make the choice
v'(r) +0v(r) K
B = )
% 2D —0)

With this choice of B we can conclude from ((10.5)) that 5'(s) + d3(s) < 0 holds for

all s.

Then we can integrate ('(s) + §5(s) < 0 to conclude
eB(s) < e " B(—r) for s € [—r,7].
Thus B(s) < e +9)3(—r), and hence
~(s) < B(—T)e_‘s(Hs) + Be™00—s),

We estimate §(—r) as follows

K + K 672Dr
5(_T) < 7<_T) + 1D2 _252

We set Cy; = B. This completes the first part of the proof.

= Cl.

To estimate the integral fssjo%‘r’ a(s)ds, we will use a convolution trick. We introduce
a smooth symmetric bump function p which is supported in (—1, 1) and which equals
1 on [—0.5,0.5], as shown in Figure 2|

-1 —0.5 05 1

FIGURE 2. The bump function p. We have ||p[|;, < 2. Moreover, this
can be achieved with |p”[|,. < 47% 4+ € < 40, because one can take
a smooth e-approximation of the C* function 0.5 — 0.5 cos(27x) which
interpolates from 0 to 1 over an interval of size 0.5 (we need two copies
of this function).
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We convolve both sides of (10.4) with p, yielding

(P") %y =8 (p*7y) > pra—pxk.
This holds only on the restricted domain s € [—r+1,r—1]. For functions f supported

n [—1,1] it is simple to estimate

o) < max ()] 1l < € 1l G+ 4 G0,
s'€[s—1,s+1]

A similar conclusion holds with 7 replaced by x. We conclude
prals) < ("l + 0% lpll ) (Cre™U ) 4 Coe ™))
+ e |lpll . (Kie Pt 4 Kpem Prme)).
Using the fact that D > 9, and ||p[|;: <2 and ||p”||;. < 40, we obtain
pxa(s) < [€°(40 + 26%)Cy + 2eP K] e F) 4 [2(40 + 262)Cy + 2P K] 700

Setting A; := €(40 4 26%)C; + 2¢P K, we conclude

5+0.5
/ a(s)ds < pxa(s) < Ape 0+ 4 4,700,

—0.5
This completes the proof. 0
Remark 10.4. A simpler proof in the case when k = o = 0 (with different constants
(4, Cy) is possible using a slightly different argument: observe that 5 = v —ccosh(ds)
satisfies B” — %5 > 0, and hence cannot attain a positive interior maximum. Thus if ¢
is chosen so that [ is non-positive at both endpoints, then § must be everywhere non-
positive, hence v < ccosh(ds), as desired. This is the argument used in [HWZ02),
Lemma 3.6].

10.4. Exponential estimates on the 1¥/? norm of the transverse coordinates

Throughout this section let u : [sg, s1] x S — R x Y be a holomorphic curve so that
pr o u(s, t) remains sufficiently close to the non-degenerate Reeb chord ¢ so that the
differential inequality from can be applied.

We have the following result:

Lemma 10.5. Let €, d be the constants from Lemma [10.2 and suppose that x, 7 are

C? e-small on [sg, s1]. Then there is a constant C, depending only on the asymptotic

operator A, so that:
s+0.5
10 6 / / |J}| + |8 l‘| + |atl’| dsdt < C ||{L‘|| ) ( —d(s—s0) + e—d(51—5))’

for s € [so +0.5,s1 — 0.5].
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Proof. Note that the estimate holds for s € [so+0.5, so+1]U[s; — 1, s1 —0.5], simply
by making C' larger than 3/e~.
For the other regions, we will apply Lemma to the differential inequality from

§10.2l In this case we have x = 0, and we conclude that for s € [sy + 1,51 — 1] that

s+0.5
/ 105 + | A(@)[|* < er(w)fem ™) 4 e %],
s—0.5

where
YV (so+ 1) —dy(so+1)
2d

It is clear that ¢,(z) < O ||z||%:, where Cy is independent of . Since C) depends on

c1(z) = 3e%(40 + 2d%)y(—so — 1) + 3(40 + 2d*)e

d, it implicitly depends on the asymptotic operator A.
Next we use ||z||* + [|8,z||> < Ca||A(z)|?, and conclude that

s+0.5
/ ||JI||2 + ||asx||2 + ||at$||2d8 S C Hx”él [e—d(s—so) + €_d(sl_s)],
s—0.5

for a modified constant. This completes the proof. O

Corollary 10.6. Assume that o, 7,z solve (10.1]) and z, 7 are C? e-small on [sg, 1] x
S. Write:

S1
ol en) = / el + 8.z + 9yl ds

S0

Then [[2|y121(.5,) < C1 [|2][o1 where C1 is independent of sg, s1. Keep in mind that

50,51
|—|| denotes the L? norm over S. Moreover, if we write:

S1 1
||x||wl,1(50,51) = / / |z| + || + |Opx| dtds
S0 0

Then [|z([y11(5.6,) < C2 2] o1 where Cy is independent of s, s1.
Proof. We begin by proving the estimate on the mixed norm. We have:
so+k+0.5 so+k+0.5 9 5 5
/ ]l + l|0sz| + [|Gp[| ds < C[/ ]| + 105 )* + || Q]| ds] /2.
so+k—0.5 so+k—0.5

This can be proved by Cauchy-Schwarz and estimating (||x|| + ||0sx|| + ||9:z||)?. The

exponential estimates give:

s0+k+0.5
/ ”‘IH2 + Hastz + Hatl'H2 ds < C H-’L'Hél (e_dk + e_d(sl—so—i-k))'
so+k—0.5

Taking square roots and using the above estimate, we have

so+k+0.5
/ [l + 195z + |9z ds < C" [l (e7%/2 4 e7dCrs03/2),
so+k—0.5
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It is easy to see that this sum is finite, and bounded independently of sy, s;. This

completes the proof of the first part.
For the second part, we simply use the fact that fol If1de < f]l- O

10.5. Uniform convergence for the tangential coordinates

Suppose throughout this section that o, 7,z solves (10.1)) on [0, 00) x S.

Proposition 10.7. There exist two constants o, 7y so that

(10.7) Slerolo disteee (s (0, 00) + 81i_}1£10 disteee () (7, 70) = 0,

where distceo () is the C'* distance for the restriction to [s — 1,54+ 1] x S.

Proof. This uses a trick I learned from [Bou02] §3].

We know that from the bubbling analysis that, for any sequence s — 0o, there is a
further subsequence and constants og, 79 (depending on the subsequence), so that

Elim disteoe (s, (0, 00) 4 disteee s,y (T, 0) = 0.
—00

Let us abbreviate the above by saying that o(sg,t), 7(sg,t) converges to oy, .

If we can show that there are oy, 79 so that every sequence has a convergent subse-
quence with the same limits og, 79, then ((10.7)) follows. This argument is called the

subsequence trick, and we assume the reader is familiar with it.

Rotate the coordinate system, if necessary, so that 7 has 0 as limit point (i.e., 7o = 0

is a limit for some subsequence).

The trick is to integrate the first two equations of ([10.1)) over [sq, $1] X S to conclude:

1
(108) /0 0(817 t) - O-(SO’ t)dt S O ||x||W1’1(80751) )

and

1 S1
(10.9) /0 H(s0,1) — 7 (50, £)dt +/ o(5,1) = (5, 0)ds < C |]lyngoran -
S0

Corollary implies [|z[lyy11(40 5 < C 2] o1, Where € does not depend on the size

of the domain.

Thus the left hand sides of (10.8)) and (10.9) converge to zero whenever sj, st both

converge to oo, and the C? size of x, 7 remains e-small on [s}}, s7].

We can find a sequence si, s} where o(s,t), 7(sf,t) converges to gp,0 and s} is the
largest number so that the C? size of x, T remains € small on [s, s7+1]. In particular,

there must be some point so that the C? size of z, T is at least ¢/2.
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A subsequence of o(s},t) must converge to oj. But clearly we must have o = oy,
by (10.8). Similarly, a subsequence of 7(sf,—) must converge to 0 in distoe (s,
by (10.9)), but this contradicts the fact that the C? size was at least €¢/2. Thus we

conclude that we can take s} to be any number larger than sj. It follows by the
subsequence argument that the s — oo limit of o, 7 is unique, and hence ((10.7]) holds,
as desired. 0

The above argument also shows that the average of o converges exponentially to oy,

and a similar result for 7.

Corollary 10.8. Let d := d/2. Suppose that x, T are ¢ C*-small on [sg, s1] x S. Then
15(5) — 6(s.)dt] < C |zl (€736 1 e=861=9)),

and, if S =R/Z,
17(s) — 7(s.)dt] < C ||l on (€756 1 e=561=9)),

where s, = 1(sg+ s1) and f is the average of f.

Proof. Without loss, suppose s < s,. The above argument implies that

[0(5) = a(s.)dt] < C |zl

$,8%) °
Cover [s,s,] x S by finitely many intervals I of the form [¢" — 0.5,s" + 0.5] and for
each apply the exponential estimate to conclude:

Iz lwraery < Cullzllpragy < Collzflon (€727 4 70610,

To get the full W norm over [s, 5., we need to sum the above for all s’ in “lattice”

of step length 1 contained in [s, s,]. We can estimate this from above as

Ze—é(s—so-f—k) + 26_6(51_5*_k) < 03[6—6(5—50) + 6_6(51_5*)] < 2036_6(8_80).
k=0 k=0

A similar argument works when s, < s, but with e %1% instead. Adding the two
estimates concludes the desired result. The same argument works for 7 in the R/Z
case, using that o(s,0) = o(s, 1). O
Remark 10.9. Henceforth, we will typically denote 7 (s.) = 0¢ and 7(s.) = 7o.

10.6. C* exponential estimates on the transverse coordinate.

The goal in this section is to establish C* exponential estimates on x. The key
idea is to bootstrap the W'? exponential estimates in Lemma to establish C*

exponential estimates on .
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10.6.1. Elliptic bootstrapping. We will need to use the following linear elliptic esti-
mates for 0 = 0, + Jo0; and A = 9% + 9?2

Lemma 10.10. Consider a sequence 0.5 = py > p; > ps > --- > 0.1. Abbreviate
the domains Q) = [—py, pr] X S. There exist constants Ly so that for & > 1

(10.10) Hx||Wk2(Qk) < Lk<||gx||wk71,2(gk_l) + “x”kalﬂ(Qk_l))

for every smooth function z : Qy — R?", with z(s,0),z(s,1) € R" when S = [0, 1].
Similarly there are constants c; so that for £ > 2

(10.11) I7llwre < LellATI w220,y T 1T lwe-10, )

for every smooth function 7 : Qg — R, with 7(s,0) = 7(s,1) = 0 when S = [0, 1].

Proof. We prove the case when S = [0, 1], leaving the easier S = R/Z case to the

reader.

First we prove the elliptic estimate for 0, following [RS01], Lemma C.1]. If x has

compact support with R™ boundary conditions, we compute

/ ‘51:‘2 = / 0,z|” + |0y dsdt.
Q1 Qg1

Now let 85 be a bump function which is 1 on 2, and supported in €2;_;, and compute
%20 < 182w, ) < 1182 p2e-1y + [1d(B2) | 120, )

< 1Bzl 2, ) + H(aﬁ)xuy(gk,l) + Hﬂa(m)HL'z(nk,l)

< Ck(HaxHLQ(Qk_l) + ”xHLQ(Qk—l))’
A similar estimate holds with z replaced by V*x (since @ commutes with derivatives).
Summing over £ =0,--- , k — 1 we conclude

||$||Wk2(9k) S Lk(Hé"EHW’“*L%Qk_l) + ||I||Wk71,2(Qk_1))7

as desired.

To establish the elliptic estimate for A7, we insert an intermediate domain €, C ' C

Qr_1 and compute

||i7||wk»2(9k) < C/(HgiTHchflj(Q/) + HZ’THW’f*l»?(Q’))‘

Observe that 0 = 0, — Jy0, is conjugate to 0, and hence satisfies the same elliptic
estimates. Since J(iT) is real along the boundary, we can apply these estimates to
d(iT). Thus

HéTHW’“*LQ(Q’) = c”(||857HW,€,2,2(Qk_1) + HéTHwkf&?(Qk_l))'
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It is easy to see that 90 = A, and hence the combination of our two estimates yields

the desired result (10.11]). U

10.6.2. Bootstrapping the estimate for the transverse coordinate. The main result of

this section is the following exponential estimate on the x coordinate:

Lemma 10.11. There is C}, > 0 so that for € > 0 sufficiently small we have the
following: Suppose that z, o, 7 solve (10.1)) and x, 7 are C**! e-small on [sg, s1]. Then:

k
S|V (s, )] < Cillallon (76 4 70012,
/=1

for s € [so + 0.5, — 0.5], where § = 1d.

We can easily modify the statement to get an estimate which holds on all of [sg, s1],
although this modification obscures the fact that the first derivatives of x control the

higher derivatives on the interior.

Corollary 10.12. For e > 0 sufficiently small there is Dy = o(1) as € — 0 satisfying
the following. Suppose that x, 0,7 solve (10.1]) and z, 7 are C**! e-small on [sg, s1].

Then:
k

N Vi (s )] < Die 0670 4 79,

=1
for s € [sg, s1]- O
Proof. The estimate is trivial to establish on the ends [so, so + 1] U [s1 — 1,51] (i.e.,
we can pick Dy = €), and hence it suffices to establish the estimate on the interior
interval [so + 1,51 — 1].
Fix some s € [sg + 0.5, 51 — 0.5], and let Qy = [s — px, s + px) X S, as in §10.6.1} The
holomorphic curve equation for x implies that:

Or = —S(t)x + Rs.

It is straightforward to estimate |Rslly1.2,) < o(1)[[z|y22¢q,) as € = 0. One
inspects (10.1)) and uses estimates of the form |la-b-¢|l ez < |lallgn 0]l el ez,

ete.

Hence, for e sufficiently small we can estimate:
Hg'x“Wl,Q(Ql) < C HxHWI’Q(Ql) + 0<1) Hx”W2’2(91) )
where C' depends on S(t). Then we apply the elliptic estimates to conclude:

|2l w2z, < 2020 [2llyreq,) -
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Continuing in this fashion, we conclude, up to || Rslyyrrizq,) < o(1) [[2[yrs2zq,) as
€ — 0, which yields:

ez, < 27 Lisa - LaC* 2y,

provided € is sufficiently small.

Lemma then yields:

|2 [l120,) < Cllllor (72070 4+ e72172)),
Finally, the Sobolev embedding theorem yields

12l ooy, < Dr llzllen (€767 4 e70179)),

where Dy depends only on S(t), the constants Ly, ..., Lyio, and the constant from
the Sobolev embedding theorem. Since (s,t) lies in Q442, we conclude the desired
result. O

10.7. Exponential convergence for the tangential coordinates

In this section we prove exponential decay estimates for the 7 and ¢ coordinate. The

argument splits into two cases, depending on whether S = [0,1] or S = R/Z.

10.7.1. Differential inequality for T when S = [0,1]. The idea is to prove that

satisfies a differential inequality for which we can apply Lemma [10.3|

Lemma 10.13. Introduce the quantity:

I(s) = %/0 (s, 0)[2 dt.

There is ¢ > 0 (depending only on the constant from the Poincaré lemma for [0, 1])

and € > 0 with the following property: if the C? sizes of x, 7 is less than ¢, then
10.12 I 2P(s) > 2(107 |2 + [0l — [AG)]|?
(10.12) () = cT(s) 2 (IO + 107" = [|A)I])-

Proof. The proof uses the Poincaré inequality for functions on [0, 1] which vanish on

both endpoints. In particular, there is a constant ¢ so that:
2
C 2 1 2
el < ol

Using the holomorphic curve equations ([10.1]), we compute
I7(s) = |0s7|1> + (7,0,057) = |057|]* — (7, 8:050) + (T, D5 Ry)
= H@STH2 + (OyT, 050) + (1,05 Rs) = H837'H2 + HaﬂH? + (0,7, Ry) + (7,05 Rs),
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We have used the fact that 7 vanishes on both endpoints in order to do the integration

by parts.
We easily estimate (by inspecting (10.1)):
0, B}l < S(10 I + A IP),
provided the C° sizes of x, T are sufficiently small.
Similarly, we estimate:
(7, 0sRy)| < é(llaﬂll2 (10577 + | A@)I),

provided the C? sizes of 7 and x are sufficiently small, using the Poincaré inequality
when we need to estimate terms involving |7/,
Then we conclude:

I"(s) = T(s) > (107" + 10,7I” — | A() ),

W =

as desired. O

10.7.2. Differential inequality for T when S = R/Z. The analogous differential in-
equality in the case S = R/Z is a bit harder to establish, since we cannot apply the
Poincaré inequality to 7. However, we know from Corollary that the mean of 7
converges exponentially to 0. Therefore, it suffices to establish a differential inequality
for

F(s,t) = T(5,1) — 7(s)
There is a Poincaré inequality for functions with mean 0, and hence there is hope

that we can argue as we did in the previous section. We compute:
1
Osf = —0,0 + Ry —/ Ry =: —0;0 + R, and 0,f = 0;0 + Ry.
0

Then we conclude:

Lemma 10.14. Introduce the quantity: I'(s) = %fol |f(s,t)|* dt. There is ¢ > 0
(depending only on the constant from the Poincaré lemma for R/Z) and € > 0 with

the following property: if the C? sizes of x, T are less than e, then

1
(10.13) I(s) = T(s) = (1041 + 1011 = A — 0,21,
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Proof. The argument is similar to the one in the previous section. We have
[7(5) = [0S 1 + (£, 0:0.1) = |0:FI* = (f, 0:0s0) + (f, 0a(B2)
= 017 + (Orf, 0u0) + (£, 0u(R2)
=017 + 10 1° + (Ouf, Ba) + (, 0:(R3)),
Once again, it is easy to estimate:
(0, Ba)| < é(H&tfll2 + | A@)I),

by inspection of the terms appearing in Ry from ((10.1)), provided that € is sufficiently

small.

The harder term to estimate is the one involving ds(Rj). We have

1
(10.14) [(F,0:(Ro) < U0FI° + N0 1P + IA@) + 10:])-

Most of the terms are straightforward to estimate, using the Poincaré inequality
whenever we need to estimate || f||* < ||0,f]|>. For instance, one of the terms appearing

involves 0, fol R5, which can be estimated as follows:

{f; 1>/O Os(Bza - - 7) < Co|lfI| (lall + 10szll) < Colllaf I + 1A + 19z ]|*),

where C1,Cy = o(1) as € — 0. Arguably the hardest term to estimate is:

1
<f, E31 T . asﬁtx — / E31 T . &ﬁtx).
0

However, we can integrate this term by parts to get the second derivatives off of x
and then bound the result by (10.14)), as desired. Then, as in the previous section,

we conclude:
I"(s) = T(s) = —(10:f1I” + 10:f11° = [ A@)II” = 10s2]1%),

as desired. 0

Wl =

10.7.3. W2 exponential estimates for the tangential coordinate. Suppose that x, T

are C? e-small on [sg, 1] X S, so that the previous results apply. Then we have

Lemma 10.15. There exists a constant 7" which is o(1) as € — 0 so that the following
holds. If S = R/Z, and 15 = 7(s.), or S = [0,1] and 79 = 0, then

5+0.5 1
/ / 7 — 1ol 4+ O+ |02 < T(emees0) 1 emelor=),
s—0.5 0
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Proof. Appealing to either the differential inequality ((10.12), in the case when S =
[0, 1], or (10.13]), in the case when S = R/Z, we conclude that:

1
["(s) = &0(s) 2 (101 + 10 fIF) = 5,
where f =7 or f =7 — 7 depending on whether S = [0,1] or S = R/Z, and
< D} e (07 4 o~ 2a=)

by appealing to the C! exponential estimates in the previous section (note that the
C! estimates hold on all of [sg, s1]). In particular, assuming that ¢ < 24, shrinking it

if necessary, then we can apply Lemma to conclude:

s40.5
/ AP+ 10 F11P + 1|0 f (7 ds < T (e 4 7179,
s 5

—0.

where T' = o(1) as ¢ — 0. However, 0,f = 0,7, f =7 — fol 7, and, O, f = 0,7 — fol R,
which implies that:

s+0.5
/ 17 = 7oll* + 1057 |* + 07| * ds < T (e 4 71790,
s—0.5

Here we have used:
1A < ll7 = 7ol + |7 — 70l ,
and Corollary which asserts that:

7= 0] < Cllallgn (€706~ + =017,

We conclude the desired result. 0
Remark 10.16. Henceforth, let 20 < ¢ and 20 < d, so that our results apply.

Thus we see that there are two conditions placed on §, one comes from the spectral
properties of A (namely, d), while the other condition (namely, 26 < ¢) comes from
the Poincaré inequality for R valued functions on [0, 1] with vanishing endpoints and

functions on R/Z with zero mean.

10.7.4. Bootstrapping the estimate for the tangential coordinate. We bootstrap the

previous exponential estimate on the 7 coordinate.

Lemma 10.17. For each € > 0 sufficiently small there is T, = o(1) as ¢ — 0 with
the following property. Suppose that x, o, 7 solve (10.1]) and z, 7 are C**! e-small on

[80, Sl]. Then:
k

DIV = ) (s, 0)] < Tife ) 00,
=1
for s € [sg, s1]. Moreover, T} can be chosen o(1) as € — 0.
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Proof. As we argued previously, it suffices to establish the estimate on the interior

interval [sg + 1,51 — 1].
Fix some s € [sg+ 1,81 — 1], and let Q. = [s — pg, s + pr] X S, as in §10.6.1, The
holomorphic curve equation for 7 implies that:

A(T - 7'0) = 85R2 - 8tR1.

It is straightforward to estimate [|0s Ry — Oy | yyr(q,) < 0(1) |2]lyprsesq,) as € = 0.

This only relies on having C**! bounds on 7, x.

Hence,we can estimate:

1A = 70)lwreo,) < o) [[2llwrranq,) -
Then we apply the elliptic estimates for A to conclude:

I — TO||Wk+2’2(Qk+2) < o(1) HxHW’“”’Q(QkH) + Liga |7 = TOHW’C“’Q(Qkﬂ) )

Continuing in this fashion,

Qpia) = o(1) HxHWkJF2*2(Ql) + Liyo- - Lo |7 — 7'OHWW(Ql) :

|7 — 7-0||W’€+212(
Applying the W12 elliptic estimate for 7 from §10.7.3 the W**22(Q);) estimate on x
from the proof of Lemma [10.10] and the Sobolev embedding theorem, we conclude

that
T — TUHC’C(Q,CH) < Tk(e—é(sfso) + 675(5175))’

where T, = o(1) as € — 0, as desired. O

10.7.5. Exponential estimates on the o coordinate. The goal in this section is to use
the equations ((10.1)), and the estimates on x, 7, to derive exponential estimates for o.
We have the following result:

Lemma 10.18. For sufficiently small € > 0, there exist constants S, = o(1) as € — 0
so that the following holds. If z, 7 are C*™! e-small, then, for all s,t € [sq, s1] X S we

have:

k
Z }Vf(a(s,t) — ao)‘ < Sk(efﬁ(sfso) + 6*5(8175))’

where oy is the average value of ¢ along the central circle s, = %(30 + s1).

Proof. It is trivial to use ([10.1)) to estimate:

k

1ot = ol = 32 s )] < 105 5

=1 =1

Ed
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for some S}, = o(1) as € — 0. This is because the derivatives of o can be expressed
entirely in terms of the derivatives of 7,x. The tricky part is estimating the ¢ = 0

term. We have:
|0(s,t) — 0o = |o(s,t) = a(s)| + [o(s) — T (s.)].

The first term can be bounded in terms of 0,0, and hence the desired estimate holds
for this term. For the second term we appeal to Corollary to conclude:

7(5) = (s0)] < Cllzflgo (77700 4 707,

This completes the proof. 0
Proof (of Theorem[10.1]). One simply combines Lemmas|(10.11} [10.17, and [10.18 [
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